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Figure 2: Untwisted Action

Figure 3: Untwisted Action again

Figure 4: Twisted Action
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Figure 10.2: Integration of SA curves (in red) starting from U0 as well as from a gauge-transformed config-
uration UG

0
, both belonging to the critical manifold M0 (in black). The thimble is pictorially represented

with a bowl emanating from M0. The gauge transformation G connecting U(t) and UG(t) is shown in green.
The same gauge transformation connects U0 and UG

0
in the critical manifold M0.

the nG Takagi vectors of H(S;U0) with zero Takagi value62 and N+

U0
M0 spanned by the n+ Takagi vectors

of H(S;U0) with positive Takagi value. The number of such vectors is n+ = n� nG, with n = V d(N2 � 1)
the total number of degrees of freedom and nG = V (N2 � 1) the number of gauge degrees of freedom, which
means that n+ = V (d � 1)(N2 � 1). We can easily compute the Takagi vectors {vG(i)} spanning TUG

0
J0

given the Takagi vectors {v(i)} spanning TU0J0. Consider a couple of configurations U(t0) and UG(t0) with
|ci| ⌧ 1, so that they are close to M0, that is63
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UG
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Let us set

G(n) = ei gn,aT
a

The previous considerations lead to setting UG
µ̂ (n; t0) = G(n)Uµ̂(n; t0)G†(n+ µ̂), which imply

62Directions tangent to M0 at U0 represent infinitesimal gauge transformations around U0.
63We generically take |ci| ⌧ 1 in order not to leave TUJ0 while leaving the critical point U . This condition is automatically

ensured for directions corresponding to �i > 0: for these directions ci = nie�it0 with t0 ! �1, so that we can safely take
ni = O(1). For directions corresponding to �i = 0, however, the coefficients ci have to be taken small explicitly.
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so …

What is the problem?

… that is to say …

" "
… you know this … … and you want to get this …

YOU CAN’T BE SERIOUS! … this is the prototype of an ill-posed problem! … and on top of this …

C(t) =
X

k

ck e
�Ekt ! ⇢(E) =

X

k

ck �(E � Ek)

" "
You are looking for an anti Laplace Transform which is a singular distribution!
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In this note we study (a) the Gauss-Legendre quadrature method applied on the Cauchy Integral
formula and on the theorem of residues; (b) the inverse Cauchy problem aiming at the implementation
of numerical analytical continuation; (c) the two previous problems which under the light of a
modified Cauchy Integral formula are suitable for the implementation of di↵erent types of quadrature;
(d) a modified version of the Cauchy Integral formula with the help of which we show that it is
possible in case of an analytical function to get its values at points that stand beyond the contour
integral, as long as both the contour and the points of interest belong entirely to a simply connected
domain of analyticity of the function. In the Appendix we discuss the possibility of implementing a
generic type of quadrature to attack the inverse Cauchy problem.

1. Gauss-Legendre quadrature method implemented on the

Cauchy Integral formula

A fundamental theorem in complex analysis states that: if a function f(z), defined in a domain D

of the complex plane, is analytic everywhere within and on a simple closed contour C, taken in the
positive sense, and if z0 is any point interior to C (see Fig. 1), then the following equation holds:

f(z0) =
1

2⇡i

I

C

f(z)

z � z0
dz . (1)

Eq. (1) is the well known Cauchy Integral formula and says that for an analytic function f on a
contour C and in its interior, all values of f inside C are entirely determined by its values on the
contour.

If for the contour C we assume a circle of radius R centered in z = 0, the Cauchy Integral
formula can be equivalently written in the form

f(z0) =
1

2⇡

Z 2⇡

0

f(Re
i✓)Re

i✓

Rei✓ � z0
d✓ , (2)

where now the Cauchy Integral formula has been translated onto the real axis. The integral on the
(rhs) of Eq. (2) can be computed numerically with the use of some quadrature method. Being the
weight function a constant, the Legendre-Gauss quadratute is the appropriate method to employ.
Let us remind that for some function g(⇠) the standard formula for the Legendre-Gauss quadrature
takes the form [1]:

Z 1

�1
g(⇠) d⇠ =

nX

k=1

Hk g(⇠k) + E , (3)

1

CAUCHY FORMULA

f(zi) =
1

2⇡i

I

C

f(z)

z � zi
dz

If you know the function on the contour, you can compute it at any point inside
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elsewhere, in the direct way!
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o o o o o o
… but then if you know the function on the contour, you can compute 

elsewhere, in the direct way!

WHAT YOU WANT TO DO IS TO GO NUMERIC:

given a quadrature scheme, you input n points and solve for n points…

M. Aliberti, Finite Temperature and Density, Thu at 14:40
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You will recognise the Laguerre quadrature scheme
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… In the end … DOES IT WORK?!

… It is fair to say… IT WORKS!

… provided we look for  smooth overlaps …!

(… of course, provided they show up …)

BEWARE! This is not always the case!

There are lucky functions and unlucky ones…

IMPORTANT OBSERVATION

The most direct (and easy) approach to this self-
consistency argument simply asks for changing 
the input data at fixed quadrature scheme … In 
fact, in our approach

f(si) =
X

j

e�tj(si�1) F (tj)
bi =

X

j

Aij xj

This stays fixed!
"



YOU CAN’T BE SERIOUS! 

… you are not going to play with an exponential …


… you are going to play with a delta function!



Well, not a a surprise … if we plug into the game 


we get a linear system which is (tremendously) ill-conditioned!

YOU CAN’T BE SERIOUS! 

… you are not going to play with an exponential …


… you are going to play with a delta function!

f(s) = e�sE



The obvious thing to do: REGULARISE!

We go for TYCHONOV REGULARISATION, i.e.

to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

Well, not a a surprise … if we plug into the game 


we get a linear system which is (tremendously) ill-conditioned!

YOU CAN’T BE SERIOUS! 

… you are not going to play with an exponential …


… you are going to play with a delta function!

f(s) = e�sE



The obvious thing to do: REGULARISE!

We go for TYCHONOV REGULARISATION, i.e.

to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

… but then … what is your choice for      ?�

Well, not a a surprise … if we plug into the game 


we get a linear system which is (tremendously) ill-conditioned!

YOU CAN’T BE SERIOUS! 

… you are not going to play with an exponential …


… you are going to play with a delta function!

f(s) = e�sE



to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

… but then … what is your choice for      ?�

We play the same game as before!



to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

… but then … what is your choice for      ?�

We play the same game as before! #
For a good choice of 

these are two curves going on top of each other!

�

f(s) = e� 0.25 s



to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

… but then … what is your choice for      ?�

We play the same game as before!

For a good choice of 

these are two curves going on top of each other!

�

f(s) = e� 1.5 s

#



to solve Ax = b you minimise ||Ax� b||2 + ||�x||2

… but then … what is your choice for      ?�

We play the same game as before! #
For a good choice of 

these are two curves going on top of each other!

�

f(s) = e� 0.25 s

This is actually a regularised delta function!

… which is well defined for a given choice of

  - number of points in the quadrature formula

  - value of the Tichonov parameter



Now you will guess what is going to happen…

f(s) = 0.9 e� 0.25 s + 0.7 e� 1.05 s + 2.0 e� 1.5 s

#

##

Of course, you cannot let your eye decide … you have to FIT! …   Can we do?  YES, WE CAN!



The fitting procedure

- A candidate solution is a superposition of (regularised delta functions) templates.


- The cost function is the norm of the deviation of the candidate from the signal we want to describe.


- The cost function only depends on energies: given the energies, the amplitudes are computed via a (non 
negative) least squares solution of a linear system.


- We start with an educated guess for one contribution (de facto, the effective mass) and at each iteration a new 
contribution is selected, trying different starting values in a grid of candidate energies. 


- We stop when either the cost function stops improving, or a new contribution falls on top of another one, or 
the amplitude associated to the new contribution is negligible.


- Once you sit on a solution, you take into account random variations to optimise it.




In Del Debbio, Lupo, Panero, Tantalo, Phys.Rev.D 110 (2024) 7, 074509, a challenging toy model was suggested
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Conclusions/Outlook

-  Numerical quadratures enable direct computation of anti Laplace Transforms.


- This is viable provided the linear system is regularised in a convenient way.


- Spectral densities can be got by fitting the signal to a superposition of templates, which turn out to be 
regularisations of delta functions (see next talk).


- Next steps: experiments with noise, proper lattice correlators (we are quite confident…)


- Other integral inverse problem can be addressed as well. 


