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Introduction



Motivation

o Follow up to my talk at Lattice 2025 in Mumbai...

e The Dirac operator normal equations, DD = DT n, are solved
with Krylov methods like the conjugate gradient (CG).

o Long setup times make multigrid and other deflation methods
ineffective for HMC ensemble generation, where there is there is
one light-quark solve per configuration (per time-step).

e The RBC/UKQCD collaboration needs up to 40,000 CG iterations
per DWF solve for light quarks on large lattices... Expensive!

@ The dream is for a “fast-set-up-time multigrid.”
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Renormalization Group Blocking
Initially, two HMC-generated ensembles (Ny =2+ 1, ID + MDWF) &; and &,
“Fine” (&f): Sy[Uy], 243 x 64 x 12, a=* ~ 2 GeV, mx = 300(3) MeV
“Coarse” (E.): Sc[Us] 123 x32x12, a~! =1 GeV, m, = 307(5) MeV
Then produce a coarse (a~! ~ 1 GeV) RG-blocked ensemble £ with effective
action S°[U.]:
S o [lavg) e 6, Uy
Using a blocking kernel ~ G[U,, Uy| =11, ,6(Uc(, ) — gp[Uy; , p1])
APE Blocking:

Uf,l Uf"'_)
- —
¢= Z Uss Use
" 9[Uf] = P[(1 — a)U1Uy,2 + aC/6]
Ufy4 Uf’5

— This is a cheap procedure!
e



RG Correspondence
The low energy physics of S; and S? strongly correspond

Observables on HMC-generated £ and &. agree within 2 — 7%. Observables on RG-blocked
£ agree to 1% with &.

&¢ (HMC) &, (HMC) &% (RG-Blocked)

{ { {
(O)s (O)c (0)k .
size | 285 x64x12 | 125 x64x 12 | 12° x 64 x 12 $,(U;) good scaling property s
B 1.943 1.633 - e elPe
am; 0.000787 0.008521 0.007494
amy, 0.019896 0.065073 0.064150
a~1(GeV) || 2.001(18) 1.015(16) 1.010(16) |
am,.; | 0.004522(12) | 0.007439(86) | 0.00847(21) blocking kernel low energy
ma(MeV) 3003) 7307(5) 30808) N |  GlU., Uyl observables agree
mg(MeV) 491(5) 506(8) 507(11)
mo(MeV) | 1557(71) 165227) | 1685(52)
Fr(MeV) 138(2) 1472) 151(3)
fx(MeV) 155(2) L 166(3) 169(4) J EAUA
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Operator Correspondence



Mapping Between Grids
Interpolation (I : ¥, — Wy)

Lo = [T+ TE) Paiy - TE0(@) = 5 [Us (@)@ + ) + Ul — )bl — ).

n=0

Restriction (R: ¥y — W) l
R

Reov = I(J:rov

Gauge fixing: we transform lattices to (near) Landau gauge.
@ Approx. smoothness allows us to drop parallel transport in T),: U, — 1.

o This increases accuracy of fine—coarse mapping.
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Low Mode Subspaces

For a successful preconditioner, we want

1(D'D);' R~ (D'D);"

(D'D)y = Zkf,i [s,:) Wyl and (DTD). = ch,i [Ye,i) (Ye,il

Matrix elements: (¢f,,,| [(DYD)ZY R(DYD)y [ .n)

fine eigenvector index
20 40 60 80 100

fine eigenvector index

Diagonal structure = I(DTD)7'R(DTD); ~ 1

Overlap: [(Ite,i,¥y,q)]

coarse eigenvector index
20 40 60

% 20

bl ;
5 40 06
2 05
‘l!:.’, 60 04
s 03
£ 80 02

100

I|tpc,i) and [y ;) have large overlap.

Fine low modes have support on ~20 coarse low

modes.

— (D'D). is a good approximation of (DD); in low-mode space!
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RG Preconditioner



Preconditioner: First Pass

The preconditioner takes the form

N
P SR A
o <;wz Acyi R

— First term: identity I; needed to fine [ —
make M1 surjective f ef =lec

— Second term: applied to residual

. . . R I
¢ gives coarse approximation of
the error,

1 Te =Rrf —— > ec
&y =I(D'D) " Rry~ (DTD);'rp =ep 5 e el

4 Aei

— wj; is a tunable parameter: rescales

restrict — solve on coarse — interpolate

per-mode
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First Pass Result

RGPCG with M~! using N = 500 coarse evecs and w; = 0.02 for all i:

res vs. iters, src =DTn
T

o9 ’ — CG 5k, my

—— PCG, w=0.02, 500 evecs

=

%w\m\\
6 —t
0 1000 2000 3000 4000 5000
iteration

— Only very small improvement
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Noise and Filtering

The problem is high-mode pollution introduced in interpolation

Ex  True error after 400 iters: ex = T« — X400

(e,87) R 0.65  (ex, Fenenyés) ~ 0.95

Significant improvement after filtering with exact fine eigenvectors, Fi = >, [¥¢ ;) (¥y |, or
a Chebyshev polynomial filter.

10
fine =
T éf
102
©
-g <+ Couples
K7 R I  to high-mode
< noise!!!
1074}
_—>
coarse vte [bei) (Bl i
f ZL c, ;\ ci
1 0-6 L A " L R
0 500 1000 1500 2000
iteration

(RGPCG with exact filter Fy)

@ These filtering methods are far too expensive! Need another approach ...
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4D Chiral Improvement



5D and Spin Structure

We propose projecting the preconditioner onto 4D walls and physical

LH/RH spin components

@ RG blocking is based on physical observables

@ Exponential localization of near-zero modes: |¢,,(z)| ~ e~ **

© myes is bigger on Ef: D({?W

couples to bulk and mixes chiralities more

5th dimensional fall-off of low-lying vector

logio @]

—— Fine (1k cg), sO
—— Fine (1k ¢g), s1
—— Fine (1k cg), s2
—— Fine (1k cg), s3
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Improved Preconditioner

N
_ w
M =1+ Psss Iup (Z Ryp P54
Where
Psoa = 2(1—75)8s0 + 2(1+75)0s,0.-1, P45 injects into 5d vector
fine (5D) .
-
e Physically motivated ! ef
7))%4 l T 7)-1% 5
o Reduces operation cost by 1/Ls fine (4D)
T4D €4D
@ Reduces coupling to high-mode Rwl T Iip
pollution, while preserving most
of the low-mode information comree Te —4D> €c
> lwel ) (wel|
7 A( i
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Tuning

T ---- CG, gf 300
N ‘ —— PCG, M;3ynys, 50 evecs
[ —— PCG, M;Jynys 100 evecs
3 ‘ —— PCG, Migpys, 250
@ Number of coarse low modes (right): | iDphys: 250 evecs
H H =210 PCG, M;31yss 500 evecs
N =100 is optimal

@ Tuning m by £10% has negligible effect  ~

@ Incorporating more s-slices (near walls): -
less improvement -

4 2000 8000 10000

4000 6000
. iteration
@ w; (right): hand-tuned per 5-10 modes
(T’@d) or Computed from Raylelgh Model vs hand-tuned preconditioner weights
. amf =7.49 x 4
quotients (blue): 9300, amf ~7.49x10

—o— Rayleigh quotient w;
—— hand-tuned «,

wrQ,i o TR0 12 /(IR (DTD) pIyi?)  os

s

Note % ~ 3, so deflating first 10-20 modes

can improve k significantly

0 20 40 60 80 10
eigenmode number i
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Current Results and
Performance



Tuned RGPCG

RGPCG with M, Dl, 100 evecs, same wrg — very similar on different configs
—> No additional per-configuration tuning needed

gf 300
0 --- CG
—— PCG, My, N =100
-2
-4
o
2
o -6
K]
-8
-10 =1
-12
0 2500 5000 7500 10000 12500 15000 17500 20000
iteration
gf 350 gf 400
0 -—- CG ° --- CG

—— PCG, Mz, N=100 —— PCG, Mz, N=100

-6
-8
“10 -
-12 =12
o 2500 5000 7500 10000 12500 15000 17500 20000 o 2500 5000 7500 10000 12500 15000 17500 20000
iteration iteration
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Performance 1

Condition number:

A’I'TL(l.'L‘
R =

/\min

For CG, /k controls worst-case convergence (“iters to €7 < v/k In(2/€))

Preconditioner NG iters to |r| ~ 10710 | Cost (flops/iter)
CG (no Prec.) | ~2947.1 ~ 19400 ~ 3.4 x 100
D ~ 2218.7 ~ 16550 ~ 5.4 x 1010
M, ~ 2123.1 ~ 15500 ~ 3.9 x 10

Table: Convergence Analysis of PCG Strategies, N = 100

Veip 0.72, S9t4D 115 = net improvement
Veca

Costog
@ RGPCG reaches 10710 precision in residual in 20% fewer iterations, 15% higher cost

@ Slight overall reduction in convergence time
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Performance 11

At strange quark mass: o — CG, mf =0.019896
—— PCG, 100 evecs

@ CG convergences much faster -

@ PCG improvement is similar: -2

VE4p

~ 0.80 -4
VEca

(Compared to %é[é ~ 0.72 for light quark,

5000+ iterations to 1076 prec,) 0 250 500 750 N motn_ 1250 1500 1750 2000
iteration

Plans to work with physical light quarks... (we hope for greater improvement
due to bigger x and more iters to €)

Setup Cost

@ RG-blocking: C-shifts + SU(3) projection (cheap), one tuning per
HMC (negligible)

@ Coarse eigenvectors: N = 100 takes ~ 1-2k outer CG iterations
@ wj: one tuning per HMC
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Conclusion



Summary

o Using RG (APE blocking), we can generate S2[U.] with low-energy
physics matching that of S¢[Uy]

o Low-mode correspondence gives us a coarse near-null space with
minimal setup time! Avoids cost of conventional Multigrid.

@ Previously, the approach was hampered by high-mode pollution.
Filtering remedies are prohibitively expensive.

o We find that restricting the RG preconditioner to the physical 4D
components on the walls reduces high-energy noise while also
reducing the cost by a factor of L

o Current results show RGPCG has 15 — 20% speedup, (and we're
looking for future improvements)
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Outlook

@ Develop more systematic tuning of w; values
Q@ Try using 4d (Wilson) eigenvectors, rather than Ps_4¢3"

@ In order to deflate the first 10-20 fine modes, try using an
overcomplete spectrum of low modes at different m; and Mg

@ Run at physical mass (and larger volumes)
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