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Brief review of matrix product states (1+1D)

We want physically relevant states, instead of states in an exponentially large Hilbert
space.

ci1,i2,...iN

i1 iN
...

|ψ⟩ =
∑
i1,...iN ci1,...iN |i1, ...iN ⟩

dN parameters

A A A...χ

i1 i2 iN

|ψ(A)⟩ =
∑
i1,...iN Tr[Ai1Ai2 ...AiN ] |i1, ...iN ⟩

d× χ2 parameters

Find MPS with minimal energy density to
approximate groundstate:

e[ψ(A)] = 1
L

⟨ψ(A)|H |ψ(A)⟩
⟨ψ(A)|ψ(A)⟩ , e0 = min

|ψ(A)⟩
e[ψ(A)] ≥ Etrue

H

Mr,d,χ
MPS
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Applying tensor networks to QFT

How to study continuous theories with a discrete ansatz?

• Method 1: take the continuum limit of MPS → CMPS and RCMPS (downsides:
hard to break translation invariance, or extend to higher dim).

• Method 2: discretize the quantum field (downside: not variational).

Ψ(x)

x1

x2

E.g. mapping to lattice bosons:

ψ̂(x) =
∑

sites n
ânfn(x)

• Method 3: use discrete methods while keeping the true continuum theory.
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Our proposal

Research Goal
Use a basis of Daubechies wavelets to study interacting quantum fields governed by a
local Hamiltonian. Apply MPS techniques to approximate the groundstate of the theory.

• The main benefits of wMPS:
• the approach is variational,
• it can be applied to interacting theories, and
• it can be used with standard MPS algorithms

• Much related work connecting wavelets and QFT and/or tensor networks: e.g. a
Hamiltonian formulation of Daubechies-discretized momentum-space, a
wavelet-MERA approach for free theories, etc. [Bulut and Polyzou ’13, Evenbly and
White ’16, Haegeman et. al. ’18, Witteveen and Walter ’21, Dutta et. al. ’22, Alves
’24, Basak and Ratabole ’25, Basak et al. ’26,...].
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Daubechies Wavelets



What do we want in a basis?

• Finite range → only local interactions. Do not want to use, e.g. Fourier transforms.
• Sufficiently regular (for our purposes, need continuous first derivative).
• Vector space of functions at fixed width included in vector space at smaller width

(refining leads to better approximations).
• Orthonormality between functions at different sites.
• Numerically tractable.
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Haar wavelets - scaling function

1

1 s(x)

Represent a subspace of L2(R) with translated
Haar wavelets of width one:

sn(x) = s(x− n), n ∈ Z

or increase the resolution

sr(x) = 2r/2s(2rx), n ∈ Z+

Properties:
• Orthonormality:

∫
dxsrn(x)srm(x) = δnm

• Compactly supported
• Inclusion of subspaces Sr = {srn(x)}|n∈Z: S0 ⊂ S1 ⊂ ... ⊂ Sr ⊂ Sr+1 ⊂ ...
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Haar wavelets - wavelet function

Can consider orthogonal complement Wr to Sr
s.t. Sr+1 = Sr ⊕ Wr

Wr = {wrn(x)}|n∈Z

and write down wavelet transforms.

1

1 w(x)

Inverse wavelet transform (IWT):

s1
2n = 1√

2
(sn(x)+wn(x)), s1

2n+1 = 1√
2

(sn(x)−wn(x))

Wavelet transform (WT):

sn = 1√
2

(s1
2n(x)+s1

2n+1(x)), wn = 1√
2

(s1
2n(x)−s1

2n+1(x))
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General properties of Daubechies wavelets

• Haar are simplest, order N = 2. Not sufficiently regular → need higher N .

• No analytic expression, found as fixed point of WT

s(x) =
N−1∑
i=0

his
1
i (x), w(x) =

N−1∑
i=0

gis
1
i (x)

weights hi and gi := (−1)ihN−1−i are determined by∫
dxs(x) = 1,

∫
dxsn(x)sm(x) = δnm,

∫
dxxkw(x) = 0 for 0 ≤ k ≤ (N/2 − 1)

• Compactly supported on [0, N − 1]
• For N ≥ 6, have continuous first derivative.
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Back to our problem: basis for QFT

To discretize fields, we use N = 6, 8 wavelets.

• We start with only the scaling functions (i.e., stay at fixed r).
• Then, we add wavelet functions for a multi-resolution analysis.
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Wavelet MPS



A variational approach

H

1. Start with ψ̂(x) in Daubechies basis

ψ̂(x) =
∑
n

(
ârns

r
n(x)+

∞∑
j=0

b̂r+jn wr+jn (x)
)

2. Restrict to |ξ⟩ ∈ Hr with

⟨ξ| :P (ψ̂†, ψ̂) : |ξ⟩ = ⟨ξ| :P (ψ̂†
r, ψ̂r) : |ξ⟩ ,

where ψ̂r(x) :=
∑
n∈Z s

r
n(x) ârn.

3. Restrict to Fock states with d bosonic
states.

4. Consider MPS manifold, states with
bond dim χ.
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ârns

r
n(x)+

∞∑
j=0

b̂r+jn wr+jn (x)
)

2. Restrict to |ξ⟩ ∈ Hr with

⟨ξ| :P (ψ̂†, ψ̂) : |ξ⟩ = ⟨ξ| :P (ψ̂†
r, ψ̂r) : |ξ⟩ ,

where ψ̂r(x) :=
∑
n∈Z s

r
n(x) ârn.
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∣∣∣∣∣
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A variational approach

H
Hr+1

Hr

Hr
d

Mr,d,χ
MPS

A A A... ...χ

in

F(srn)
∣∣∣∣
d−1 excitations

|A, r⟩ =
∑
...,in,in+1,...(...A

inAin+1 ...) |..., in, in+1, ...⟩
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Lieb-Liniger model
• Simple model: gas of interacting, non-relativistic bosons in one-dimension

H =
∫
I
∂xψ̂

†∂xψ̂ + cψ̂†ψ̂†ψ̂ψ̂ − µψ̂†ψ̂.

• Integrable, can compare with exact energy densities and CMPS studies.
• We do not truncate operators, but find exact result taking ψ̂(x) → ψ̂r(x).

• Then the Hamiltonian becomes
Hr = 22r

∑
n,m

âr†
n Knmâr

m + 2rc
∑

n,m,l,k

Γ4[m − n, l − n, k − n]âr†
n âr†

m âr
l âr

k − µ
∑

n

âr†
n âr

n

Hr = h h h h... ...
χMPO

• Knm and Γ4 are zero for site separations ≥ 5, depend only on s(x):

Knm =
∫
dx∂xsn(x)∂xsm(x), Γ4[a, b, c] =

∫
dxs(x)sa(x)sb(x)sc(x)
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Results: error scaling
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Results: correlation functions (c = 200)

0 2 4 6 8 10
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Leveraging refinement

sr+1
2n (x) =

N
2 −1∑
i=0

h2is
r
n−i(x) + g2iw

r
n−i(x),

sr+1
2n+1(x) =

N
2 −1∑
i=0

h2i+1s
r
n−i(x) + g2i+1w

r
n−i(x).

• Better way to initialize at
higher resolution: for some
χ̃ ≥ χ, we have
Mr,d,χ

MPS ⊂ Mr+1,d,χ̃
MPS .

• Mathematically elegant: uses
full power of wavelet
technology.
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• Better way to initialize at
higher resolution: for some
χ̃ ≥ χ, we have
Mr,d,χ

MPS ⊂ Mr+1,d,χ̃
MPS .

• Mathematically elegant: uses
full power of wavelet
technology.

• Very important for numerics:
only practical way to push
beyond r = 6, and beyond
finite bond dimension effects.
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Mapping to higher resolution

1. Start with MPS at resolution r,
|A, r⟩

2. Add wavelet modes, initialized in
the vacuum.

3. Perform IWT to get r + 1 scaling
modes ({sr

n(x), wr
n(x)} → {sr+1

n (x)})

A A A

V V V

U (1) U (1) U (1)

U (2) U (2)

U (3) U (3) U (3)

• Final state has resolution r + 1 and same energy as initial MPS.
• Now want to convert this to a single-site MPS state:

Ã Ã Ã... ...
∣∣∣Ã, r + 1

〉
=

• Three technicalities: (i) constructing the IWT circuit, (ii) converting back to MPS
form, (iii) restoring translation invariance.
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∣∣∣Ã, r + 1

〉
=

• Three technicalities: (i) constructing the IWT circuit, (ii) converting back to MPS
form, (iii) restoring translation invariance.

Molly Kaplan Wavelet Matrix Product States for Quantum Fields July 27, 2026 17/23



Mapping to higher resolution

1. Start with MPS at resolution r,
|A, r⟩

2. Add wavelet modes, initialized in
the vacuum.

3. Perform IWT to get r + 1 scaling
modes ({sr

n(x), wr
n(x)} → {sr+1

n (x)})

A A A

|0⟩ |0⟩ |0⟩

U (1) U (1) U (1)

U (2) U (2)

U (3) U (3) U (3)

• Final state has resolution r + 1 and same energy as initial MPS.
• Now want to convert this to a single-site MPS state:
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Results: refinement

A refined state with lower energy than |A, r⟩. Allows us to reach higher resolution, and
get there faster.

(i)-(ii)

(iii)

optim
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Further directions

• Modifying the approach to study relativistic QFTs (in progress with Sophie Mutzel
and Antoine Tilloy).

• In principle, can use the wavelet approach for higher-dimensional TNS, but is this
possible numerically?

• A full understanding of the approximate projection onto translation invariant states.
• Exploring other bases.
• Mapping CMPS to wavelet MPS, to better understand CMPS properties.

H
Hr+1

Hr

Hr
d

Mr,d,χ
MPS

A A A

|0⟩ |0⟩ |0⟩

U (1) U (1) U (1)

U (2) U (2)

U (3) U (3) U (3)
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Extra slides



IWT as a circuit

ψr+1
2n = h0ψ

r
n + h2ψ

r
n−1 + h4ψ

r
n−2 + g0ϕ

r
n + g2ϕ

r
n−1 + g4ϕ

r
n−2

ψr+1
2n+1 = h1ψ

r
n + h3ψ

r
n−1 + h5ψ

r
n−2 + g1ϕ

r
n + g3ϕ

r
n−1 + g5ϕ

r
n−2

ψrn−2 ϕrn−2 ψrn−1 ϕrn−1 ψrn ϕrn

a(1) a(1) a(1)

a(2) a(2)

a(3) a(3) a(3)

ψr+1
2n ψr+1

2n+1

A A A

V V V

in jn

Rewrite circuit in Fock basis
to contract with isometries
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Problem 1: convert to MPS

• As is, the output of refinement is not an MPS.
• To regain this form, we use time evolving block decimation (TEBD).

(i)

A

V

A1

SVD U1 V1
s1 (ii)

V1 U1
s1 s1

A2

SVD U2 V2
s2s1 s1

(iii)
V2 U2

s2 s2s1

A3

SVD U3 V3
s3s2 s2

• Subtlety: must invert singular value matrices.
• Final result is a two-site MPS → make it single-site?
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Problem 2: restoring translation invariance

• Possible to use two-site MPS (repeating sites A and B), but...
• More computationally expensive, and
• multiple refinements eads to exponential growth in size of the unit cell.

• But, expect some translation invariance will be maintained → can find U s.t.
U †A = BU = C.

• (Do this by constructing a transfer matrix with fixed point U).
• End result: single-site MPS with same or better energy.

Upshot
Algorithm for resolution refinement of MPS in the Daubechies wavelet basis. This
initializes an MPS that can then be optimized variationally.
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