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Overview

• Earlier 𝜅 and 𝑎0(980) spectra were extracted without TQ interpolators [Wilson et al.,
PhysRevD.91.054008 (2015); Dudek et al., PhysRevD.93.094506 (2016)].

• Dedicated four-quark studies conflict: one found an extra light 𝜅-like level, the other no extra
𝜅/𝑎0(980) level [Prelovsek et al., PhysRevD.82.094507 (2010); Alexandrou et al., JHEP04(2013)137 (2013)].

• Both omitted disconnected diagrams, which 𝜒PT shows are not negligible [Guo et al.,
PhysRevD.88.074506 (2013)].

• A later study included both, and found an extra 𝑎0(980) level [Alexandrou et al.,
PhysRevD.97.034506 (2018)].

All diagrams via
Stochastic LapH

smearing

Correlator
matrices /
GEVP

Finite-volume
spectrum Lüscher’s QC

Do TQ operators alter the spectrum? If so, does the scattering description change?
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Resonances of Interest

𝜅 ≡ 𝐾∗
0 (700) 𝑎0(980)

Quantum numbers 𝐼(𝐽𝑃) = 1
2(0+) 𝐼𝐺(𝐽𝑃𝐶) = 1−(0++)

Strangeness 𝑆 = 1 𝑆 = 0

Dominant channels 𝐾𝜋, 𝐾𝜂 𝜋𝜂, 𝐾𝐾, 𝜋𝜂′

Rest-frame irrep 𝐴1𝑔 𝐴−
1𝑔
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Ensemble Info

Collaboration Hadron Spectrum Collaboration
Fermion action 𝑁𝑓 = 2 + 1 anisotropic Wilson-clover
Lattice extent (𝐿/𝑎𝑠)3 × (𝑇 /𝑎𝑡) = 323 × 256, 𝐿 = 3.74 fm

Pion mass 𝑚𝜋 ≈ 230 MeV
Anisotropy 𝜉 = 𝑎𝑠/𝑎𝑡 = 3.451(11)

Temporal spacing 𝑎𝑡 = 0.033357(59) fm

𝑁cf 𝑎𝑡𝑚𝜋 𝑎𝑡𝑚𝐾 𝑎𝑡𝑚𝜂 𝑎𝑡𝑚𝜂′

412 0.03953(17) 0.08348(14) 0.0979(30) 0.165(12)

5/18[Edwards et al., PhysRevD.78.054501 (2008); Lin et al., PhysRevD.79.034502 (2009)]

https://doi.org/10.1103/PhysRevD.78.054501
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Extracting the Finite-Volume Spectrum

• We extract the finite-volume spectrum from correlation functions of a basis of interpolating
operators.

𝒞𝑖𝑗(𝑡) = ⟨0|𝑂𝑖(𝑡 + 𝑡𝑠)𝑂𝑗(𝑡𝑠)|0⟩.

• Isolate the contribution from the 𝑛-th state using GEVP, single pivot:

𝜆𝑛(𝑡) ∝ 𝑒−𝐸𝑛𝑡 for large 𝑡.

• For each momentum, solve a GEVP in the flavor basis

𝜂̃ = 𝑢𝑢 + 𝑑𝑑, ̃𝜙 = 𝑠𝑠, ROT0 → 𝜂, ROT1 → 𝜂′,

yielding variationally improved 𝜂 and 𝜂′ operators.

6/18[Lüscher and Wolff, Nucl. Phys. B 339, 222 (1990)]
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Single- and Two-Meson Operators

• Stout-smeared gauge links;
LapH-smeared quark fields.

• Projected onto zero-momentum,
𝐴1𝑔 and 𝐴−

1𝑔 irreps.

Single-meson

𝜅 𝑎0(980)

𝐾𝐷𝐷𝐿2 𝜋𝑆𝐷2

𝐾𝑇 𝐷𝑂3 𝜋𝑇 𝐷𝑂3

𝐾𝑇 𝐷𝑈5

Two-meson
𝜅 𝑎0(980)

𝐾(0)𝑆𝑆0𝜋(0)𝑆𝑆0 𝐾(0)𝑆𝑆0𝐾(0)𝑆𝑆0

𝐾(0)𝑆𝑆0𝜂̃(0)𝑆𝑆0 𝐾(1)𝑆𝑆1𝐾(1)𝑆𝑆1

𝐾(0)𝑆𝑆0 ̃𝜙(0)𝑆𝑆0 𝐾(2)𝑆𝑆0𝐾(2)𝑆𝑆0

𝐾(1)𝑆𝑆1𝜋(1)𝑆𝑆1 𝐾(2)𝑆𝑆1𝐾(2)𝑆𝑆1

𝐾(1)𝑆𝑆1𝜂̃(1)𝑆𝑆1 𝜂̃(0)𝑆𝑆0𝜋(0)𝑆𝑆0

𝐾(1)𝑆𝑆1 ̃𝜙(1)𝑆𝑆1 𝜂̃(1)𝑆𝑆0𝜋(1)𝑆𝑆0

𝐾(2)𝑆𝑆0𝜋(2)𝑆𝑆0 𝜂̃(2)𝑆𝑆1𝜋(2)𝑆𝑆1

𝐾(3)𝑆𝑆0𝜋(3)𝑆𝑆0 ̃𝜙(0)𝑆𝑆0𝜋(0)𝑆𝑆0

̃𝜙(1)𝑆𝑆1𝜋(1)𝑆𝑆1

̃𝜙(2)𝑆𝑆0𝜋(2)𝑆𝑆0

7/18[Morningstar and Peardon, PhysRevD.69.054501 (2004); Morningstar et al., PhysRevD.88.014511 (2013)]

https://doi.org/10.1103/PhysRevD.69.054501
https://doi.org/10.1103/PhysRevD.88.014511


Tetraquark Operators

• Schematically, a two-meson operator takes the form 𝑀1(p)𝑀2(−p).
• Our tetraquark annihilation operators are linear combinations of

Φ𝐴𝐵𝐶𝐷±
𝛼𝛽𝜇𝜈;𝑖𝑗𝑘𝑙(𝑡) = ∑

𝐱
𝑒−𝑖𝐩⋅𝐱(𝛿𝑎𝑏𝛿𝑐𝑑 ± 𝛿𝑎𝑑𝛿𝑏𝑐)

×𝑞𝐴
𝑎𝛼𝑖(𝐱, 𝑡) 𝑞𝐵

𝑏𝛽𝑗(𝐱, 𝑡) 𝑞𝐶
𝑐𝜇𝑘(𝐱, 𝑡) 𝑞𝐷

𝑑𝜈𝑙(𝐱, 𝑡).

• We can vary:

1. Color structure
2. Flavor content
3. Spin structure
4. Spatial configuration
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Isospin Strangeness Flavor content
1
2 1 𝑠𝑢𝑠𝑠
1
2 1 𝑠𝑢(𝑢𝑢 + 𝑑𝑑)
1
2 1 𝑠𝑢(𝑢𝑢 − 𝑑𝑑) −

√
2 𝑠𝑑𝑑𝑢

1 0 (𝑢𝑢 + 𝑑𝑑)𝑑𝑢
1 0 𝑠𝑠𝑑𝑢
1 0 𝑑𝑢(𝑢𝑢 − 𝑑𝑑) − (𝑢𝑢 − 𝑑𝑑)𝑑𝑢
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Tetraquark Spatial Configurations

QDXa QDXb

DDIbDDIaSS

9/18



Screening the TQ Operator Space

Hundreds of
candidate

𝑇𝑖’s to check

Add one 𝑇𝑖 to
the meson basis

𝐶(𝑖)(𝑡) =

(𝐶𝑀𝑀 𝐶𝑀𝑇𝑖

𝐶𝑇𝑖𝑀 𝐶𝑇𝑖𝑇𝑖

)

25 configurations

GEVP
usable effective energies

𝜅 ∶ 60, 𝑎0 ∶ 32

Compare spectra
no TQ ↔ +𝑇𝑖

select one
per channel

Which TQ structures change the low-lying spectrum?
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Selected TQ Operator – 𝜅

• 𝐼 = 1
2 , 𝑆 = 1, 𝐴1𝑔

• Color-antisymmetric
structure

𝑇 [𝑠𝑢𝑠𝑠]
𝑆𝑆2(−)

0 1 2 3 4 5 6 7 8 9

level n

0.0

0.2

0.4

0.6

|Z
(n

)
T
q
|2

Tq(0)

1.5

2.0

2.5

3.0

3.5

E
/
m
K

K(0)π(0)

K(1)π(1)

K(0)η(0)

K(2)π(2)

K(1)η(1)

K(3)π(3)

Kπ

Kη̃

Kφ̃

Tq
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Selected TQ Operator – 𝑎0(980)

• 𝐼 = 1, 𝑆 = 0, 𝐴−
1𝑔

• Color-symmetric structure

𝑇 [(𝑢𝑢 + 𝑑𝑑)𝑑𝑢]
𝑆𝑆2(+)

0 1 2 3 4 5 6 7 8

level n

0.0

0.2

0.4

0.6

|Z
(n

)
T
q
|2

Tq(0)

1.5

2.0

2.5

3.0

E
/
m
K

π(0)η(0)

K(0)K(0)

π(1)η(1)

K(1)K(1)

π(0)η′(0)

π(2)η(2)

K(2)K(2)

π∗

η̃π

φ̃π

KK

Tq
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Lüscher QC – Does the IV scattering description change?

det [𝐾−1(𝐸cm) − 𝐵(P,Λ)(𝐸cm)] = 0

• Truncate to 𝑆-wave, consider levels below 4-particle threshold.
• Experiment and 𝑍-factors indicate weak interchannel mixing [Navas et al.,

PhysRevD.110.030001 (2024)].
• Only one 𝜋𝜂′ level in 𝐴−

1𝑔 below 4-particle threshold – exclude.

det(𝐾−1 − 𝐵) = det([
𝐾−1

11 − 𝐵11 0
0 𝐾−1

22 − 𝐵22
])

= det(𝐾−1
11 − 𝐵11)det(𝐾−1

22 − 𝐵22) .
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Lüscher QC – 𝐴1𝑔, 𝐾𝜋
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Lüscher QC – 𝐴1𝑔, 𝐾𝜋
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Lüscher QC – 𝐴1𝑔, 𝐾𝜂
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Lüscher QC – 𝐴1𝑔, 𝐾𝜂
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Lüscher QC – 𝐴−
1𝑔, 𝜋𝜂

−4

−2

0

2

4

6

I = 1, S = 0, πη

BP

K̃−1 const (χ2
ν = 7.89)

1.5 2.0 2.5

Ecm/mK

TQ
No TQ

0 2 4
0 2

3

16/18



Lüscher QC – 𝐴−
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Lüscher QC – 𝐴−
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Lüscher QC – 𝐴−
1𝑔, 𝐾𝐾
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Lüscher QC – 𝐴−
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𝜅

Without TQ: one 𝐾𝜂 level is missed.

𝐾𝜋 energies are only slightly affected.

Implication: 𝜅 studies appear
unaffected;
TQ is likely important for 𝐾∗

0(1430).

𝑎0(980)

Without TQ: energies change
substantially.

Inferred 𝜋𝜂 and 𝐾𝐾 descriptions differ
dramatically.

Implication: reliable 𝑎0(980) studies
appear to require this TQ type.

OUTLOOK Higher statistics • moving frames • multiple ensembles • other light
resonances

Apparent plateaux are insufficient without overlap onto all relevant states.
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Single Pivot Method – Toy Example
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Single- and Two-Meson Operators

Single-meson
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Effective Energies
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The Cost of a Missing Operator
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Lots of options! Compare TQ spectrum to NO TQ
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