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Spectra of Dirac Operators

Hermitian Dirac operators have real spectra and an orthonormal eigenbases;

their spectrum is easy to compute numerically with the Lanczos algorithm.
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Spectra of Dirac Operators

Hermitian Dirac operators have real spectra and an orthonormal eigenbases:;

their spectrum is easy to compute numerically with the Lanczos algorithm.

Some relations exist: real eigenvalues of Wilson operator Dy, can be obtained

from Hy, := ysDy,, but there is no general spectral map between Hy, and Dy,

We are primarily interested
in understanding and
directly computing the
complex spectrum of non-

Hermitian Dirac operators.

Spectrum of Dirac operators

on a 4* lattice.
Brannick et. al., hep-lat/1410.7170
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Low Modes of D

Typically solve the Dirac equation with Krylov methods:
Un € Kn(D,b) = span{b, Db, D?b, ..., D" ~1b}.
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Typically solve the Dirac equation with Krylov methods: 0 k> ]
-t >
Un € Kn(D,b) = span{b, Db, D?b, ..., D" ~1b}. 0

Convergence of (Hermitian) Krylov solvers based on condition number k(D).

: P. Boyle, hep-lat/2409.03904 (2024
k ~ 1 converges quickly, k > 1 converges slowly. ovle, hep-lat/ (2024)
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Example: worst-case bound on convergence of
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fine matrix multiplies
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OW Spec(D)
L MO deS O I D - Rachtigar, 5. Heddy, b, dreeten
SIAM J 1 on Matriz Analusis and Avplicati
ournal on Matriz Analysis and Applications <

(1992) 13:3, 778-795 ~
. . o 0
Typically solve the Dirac equation with Krylov methods: K> ]
<« ———>
Un € Kn(D,b) = span{b, Db, D?b, ..., D" ~1b}. 0

Convergence of (Hermitian) Krylov solvers based on condition number k(D).

: P. Boyle, hep-lat/2409.03904 (2024
~ 1 converges quickly, k > 1 converges slowly. o =

Example: worst-case bound on convergence of "C:‘jffllzogggga

conjugate gradient: fff-l +1
i1 VA(D) 1 1:12:?

Ik V(D) +1 ot B |

fine matrix multiplies

Precise convergence of non-Hermitian D relies on pseudospectrum. But, the slowly
converging components of the residual are still the low modes of D.
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Domain-Wall Multigrid e e B e

Algebraic multigrid can alleviate poor convergence from the low modes of D.

Knowledge of the low modes is key: near-null vectors
define the coarse space, and convergence is tied to

how well one furnishes the space of low modes.
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Domain-Wall Multigrid

See Peter Boyle’s talk
Monday @ 15:20 Phys.

R. Brower et. al.
Rev. D 102 (2020) 094517.

Algebraic multigrid can alleviate poor convergence from the low modes of D.

Knowledge of the low modes is key: near-null vectors

define the coarse space, and convergence is tied to

how well one furnishes the space of low modes.

Pauli-Villars preconditioned Dirac operator:

O(m) := D!

O(m) satisfies the “half-plane condition” and its

mobius ( 1 ) Dmobius (m)

low modes approximate the low modes of the

effective overlap operator
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Domain-Wall Multigrid e e B e

Algebraic multigrid can alleviate poor convergence from the low modes of D.

Knowledge ot the low modes is key: near-null vectors | :
Eigenvalues, 24“, 8 = 10.0,m = 0.05, Ly = 8

define the coarse space, and convergence is tied to !

how well one furnishes the space of low modes. Pt atiac s = T
0.5 - &y@ ® o §0§§%%0<§%& o %000 8
2 : °® | o . o Fo OB S 8%359%&0;
Pauli-Villars preconditioned Dirac operator: R gf &
< ®
O(m) T ‘Dmobius(l)DmObiuS (m) — %@
0.5 X%% IR e e At
. A o, o 99 . —0.5 + <><<>>O© %0%2@ 5o S
O(m) satisfies the “half-plane condition” and its S s D7, Do
] o DL,D
low modes approximate the low modes ot the » l I . . pvODW
1 0 0.5 1 1.5 2 2.9 3

effective overlap operator D_ . (1)D_ pius(7). Re())

A non-Hermitian eigensolver can directly solve for the low modes of O(m).
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Arnoldi Iteration
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Arnoldi Iteration

Power method: D" |v,) approaches an eigenvector of D as N — co. Additional

vectors { |vo), D|vy),...,DV"1|vy)} also contain information about Spec(D).
{|luy),...,|uy)} an orthonormal basis for Ky(D, |v,)), Uy = col(|uy), ..., |uy))-

D satisfies the Arnoldi factorization,

by o ey
DUN:UNQN+HN+1I?;[V/ QN:ULDUN

\ Rayleigh quotient Qy
MN+1 1 UN X X X X . X
X X X X X
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Arnoldi Iteration

Power method: D" |v,) approaches an eigenvector of D as N — co. Additional

vectors { |vo), D|vy),...,DV"1|vy)} also contain information about Spec(D).
{|luy),...,|uy)} an orthonormal basis for Ky(D, |v,)), Uy = col(|uy), ..., |uy))-
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Arnoldi Iteration

Power method: D" |v,) approaches an eigenvector of D as N — co. Additional

vectors { |vo), D|vy),...,DV"1|vy)} also contain information about Spec(D).
{|luy),...,|uy)} an orthonormal basis for Ky(D, |v,)), Uy = col(|uy), ..., |uy))-

D satisfies the Arnoldi factorization,
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projg (D) projg,(D) Rayleigh quotient Qy
An eigenpair (6, s) of Qn, Oys = 0Os, is called a Ritz pair. Its deviation from
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vectors { |vo), D|vy),...,DV"1|vy)} also contain information about Spec(D).
{|luy),...,|uy)} an orthonormal basis for Ky(D, |v,)), Uy = col(|uy), ..., |uy))-

D satisfies the Arnoldi factorization,
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Problem: We cannot store /4 Krylov vectors.

Arnoldi Iteration

Can we truncate the expansion?

Power method: D" |v,) approaches an eigenvector of D as N — co. Additional

vectors { |vo), D|vy),...,DV"1|vy)} also contain information about Spec(D).
{|luy),...,|uy)} an orthonormal basis for Ky(D, |v,)), Uy = col(|uy), ..., |uy))-

D satisfies the Arnoldi factorization,
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projx. (D) projgu(D) Rayleigh quotient QN
An eigenpair (6, s) of Qn, Oys = 0Os, is called a Ritz pair. Its deviation from
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R(s,0) = |[|[D(Uns) —0(Uns)||.
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Restarting Projection Methods

Implicit
but work

Patrick Oare

restart: retain information about the Krylov space

with N < /[ vectors which are constantly updated.
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Pick a region of interest to determine the spectrum in and a sorting function to

filter the spectrum in this region (i.e., cigenvalues with smallest real part).
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0 0 0 O *

—

N

Patrick Oare



Restarting Projection Methods

Implicit restart: retain information about the Krylov space

but work with N < / vectors which are constantly updated.

Pick a region of interest to determine the spectrum in and a sorting function to

filter the spectrum in this region (i.e., cigenvalues with smallest real part).

Parameters: K < N << . N — max + evecs to

x ok k%
store, 0 —s S % x
Expand basis to max size N. k%
0 0 % %
Retain K “smallest eigenvalues”.
K

Patrick Oare



Restarting Projection Methods

Implicit restart: retain information about the Krylov space

but work with N < / vectors which are constantly updated.

Pick a region of interest to determine the spectrum in and a sorting function to

filter the spectrum in this region (i.e., cigenvalues with smallest real part).

Parameters: K< N M. N — max + evecs to x % k% *
store kook o kX K
| . . QR— 0 * % *
Expand basis to max size [N.
0 0 % x *
Retain K “smallest eigenvalues”.
Re-expand basis to size N. 00 0 0 }

Patrick Oare



Restarting Projection Methods

Implicit restart: retain information about the Krylov space

but work with N < / vectors which are constantly updated.

Pick a region of interest to determine the spectrum in and a sorting function to

filter the spectrum in this region (i.e., cigenvalues with smallest real part).

Parameters: K < N << . N — max + evecs to

x ok k%
store, 0 —s S % x
Expand basis to max size N. k%
0 0 % %
Retain K “smallest eigenvalues”.
K

Re-expand basis to size N.

Repeat until a given number of Ritz values converge.
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Restarting Projection Methods

Implicit restart: retain information about the Krylov space

but work with N < / vectors which are constantly updated.

Pick a region of interest to determine the spectrum in and a sorting function to

filter the spectrum in this region (i.e., cigenvalues with smallest real part).

Parameters: K< N M. N — max + evecs to x % k% *
store kook o kX K
7 . . Q— 0 % x x %
Expand basis to max size [N.

0 0 % x *

Retain K “smallest eigenvalues”.
Re-expand basis to size N. 00 0 0 }
Repeat until a given number of Ritz values converge. -

N
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The Krylov-Schur Algorithm | b s e
=PETSc

Arnoldi factorization imposes constraints on Qy;, by

DUy = UnQn + un+1bY

/ .,

N X €y

Qy Hessenberg

Patrick Oare 9
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Arnoldi factorization imposes constraints on Qy;, by

DUy = UnQn + un+1bY

Qy upper triangular (Schur form)
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The Krylov-Schur Algorithm [ e semeos e
=PETSc

Arnoldi factorization imposes constraints on Qy;, by

DUn = UnQnN + uN+1b}LV

Oy upper triangular (Schur form)

Takes Hessenberg form Q, and Schur decomposes Qy — VO,V' to make Q,

upper triangular; rotates by, = Vby.
Upper triangular decomposition for Q, provides some advantages:

Fasy to read off Ritz values.

FEasier to restart than Arnoldi: just need to reorder the Schur form.
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The Krylov-Schur Algorithm [ e semeos e
=PETSc

Arnoldi factorization imposes constraints on Qy;, by

DUn = UnQnN + uN+1b}LV

Oy upper triangular (Schur form)

Takes Hessenberg form Q, and Schur decomposes Qy — VO,V' to make Q,

upper triangular; rotates by, = Vby.
Upper triangular decomposition for Q, provides some advantages:

Fasy to read off Ritz values.

FEasier to restart than Arnoldi: just need to reorder the Schur form.
Experimentally is similar to Arnoldi, but slightly more robust: the real

advantage 1s that the algorithm is easy to augment with harmonic extraction.
Patrick Oare 9
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Spec(Dy) on a sample config

£
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Numerical results from this talk are from

a 16° X 32 gauge field configuration.
Chulwoo’s talk next will show results

from a 32% ensemble.
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spectrum near its boundary.
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Interior Spectrum

Krylov methods are great at accessing the

spectrum near its boundary.

Repeated application of DV to form the Krylov space pr
the periphery of the spectrum and suppresses interior modes.

If one tries to retain the eigenvalues
deep in the interior of the spectrum,

the solver will not converge.
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1all Case.
G. Bergner, J. Wuilloud
Comput. Phys. Commun. 183 (2012).

Polynomial preconditioning can suppress unwanted
, but less control than Hermit

regions

Shift-and-Invert Operator
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1.5 F

Shift-and-Invert Operator

0.5 |

Polynomial preconditioning can suppress unwanted

regions, but less control than Hermitian case.

Fix p € C and consider, G. Bergner, J. Wuilloud R
Comput. Phys. Commun. 183 (2012). 5 . . . . . .

@p D — D o IOI —1 0 1 2 3 4 5
An eigenvalue A of D corresponds to the eigenvalue 0,4 = — p) L of ® (D)
with the same eigenvector.

T'he largest norm 6,(4) corresponds to the cigenvalue 4 closest to p.

T'he power method applied to 0 ,(D) yields the closest eigenvalue ot D to p.

Patrick Oare
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Shift-and-Invert Operator

Polynomial preconditioning can suppress unwanted

regions, but less control than Hermitian case.

FIX p - (]: and COnSider7 G. Bergner, J. Wuilloud —15

Comput. Phys. Commun. 183 (2012). 5 . . | . . . .

0,(D) = (D — pI)™ S
An eigenvalue A of D corresponds to the eigenvalue 0,4 = — p) L of ® (D)
with the same eigenvector.

T'he largest norm 6,(4) corresponds to the cigenvalue 4 closest to p.

T'he power method applied to 0 ,(D) yields the closest eigenvalue ot D to p.

Major downside: matrix inversion is expensive. Can use this to compute a

few eigenvalues in isolation, but not a whole region of the spectrum.
Patrick Oare 13
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Harmonic Krylov-Schur (HKS) | i s o

Harmonic Krylov-Schur: approximate the Galerkin |

condition for shift-and-invert operator © (D) = (D — pl b .

—05 F

by augmenting the Krylov space as V = (D — pl)U,

X<

VTp Viz)—0,(Vz) = e

Patrick Oare 14
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V. Herndandez et. al.

ACM Trans. Math. Software 31 (2005) 351.
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Modifies Krylov-Schur without inverting the Dirac operator directly,

only translations and inversions of the Rayleigh quotient.

Provides the benefit of shift-and-invert by allowing us to target the interior

of the spectrum without the need for direct inversion.

Downside: algorithm is extremely sensitive to choices of hyperparameters.

Patrick Oare

14


https://slepc.upv.es/release/index.html

Interior spectrum with HKS
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Conclusion

The low modes of the spectrum are closely related to the slow modes of
convergence for iterative linear solvers and are important to understand in

order to accelerate these solvers.

Krylov-Schur provides a more robust tool than Arnoldi to compute the

spectrum of non-Hermitian Dirac operators.
Modes in the interior of the spectrum are difficult to determine numerically:.

The Harmonic Krylov-Schur algorithm allows us to target the spectrum’s

interior without inverting the Dirac operator.

Chulwoo’s talk next will discuss another application of Harmonic Krylov-Schur:

directly computing real eigcenmodes of the Wilson-Dirac operator.
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The Wilson Operator

Canonical example of a non-normal D we’ll use is the Wilson operator Dy,
4

1
Dy (m)ey = (4+m) = 5> (1= 3)Uu(@)8atiy + (1+ ) UL )02y

u=1
m sets the mass gap: m small = Dy/(m) poorly conditioned.

Dy, (m) is non-normal, but satisfies ys hermiticity D;;/ = ¥sDy7s.
Its Hermitian counterpart Hy/(m) = ysDy(m) has a real spectrum.
Characteristic poly of Dy, satisfies p(4) = det(Dy, — A) = det(D‘X/ — A) = p(A*)*.

It A is an eigenvalue, p(4) = 0, so either: FEigenvalues of a ys-hermitian
A € R is a real eigenvalue of Dy, or Dirac operator are either real or
p(A*) = 0 = 1* an eigenvalue of Dy,. come in complex-conjugate pairs.
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Power 1teration D= Z\: AIA) (Al

Direct calculation of the eigenspectrum of an # X 4/ matrix D through the
characteristic polynomial p(1) = det(D — Al ;) is not feasible when M is large.

Eigenvalue algorithms are iterative algorithms that approximate Spec(D).

Power iteration: determines eigenvalue A of D with maximal norm.

Express initial vector |v,) in the eigenbasis of D as, -

v0) = 3 ealA)

A
Repeatedly applying D to |v,) converges to |A),

DVug) =Y " exAVA) S22 caAN|A)
A

Example eigenvalue the power

Patrick Oare method can compute 19
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