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in a hadron     , carrying a fraction      of the momentum at a given resolution scale     . 

● PDFs are nonperturbative objects that connect the fundamental theory of QCD to measurable 
quantities in high-energy experiments. Once determined, they enter a wide range of scattering 
processes through QCD factorization…   

● While PDFs have traditionally been extracted from global analyses of experimental data, the past 
decade has seen the development of lattice QCD methods for their first-principles determination.

In this work, we focus on the pion valence PDF… 

● The pion's role as the Nambu–Goldstone boson of dynamical 
chiral symmetry breaking and the lightest QCD bound state, 
together with limited experimental constraints due to the absence 
of stable pion targets, makes it an ideal target for lattice QCD.
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where the Wilson line connecting the spatially separated quark 
fields ensures gauge invariance of the nonlocal operator, 

● Quasi-PDF, which uses large hadron momentum (                   ) to approach the light-front limit.

● Pseudo-PDF, which uses the short-distance regime (                     ), where an operator product 
expansion allows for matching to PDFs.

At large hadron momentum or small operator separation, the Euclidean correlators approach 
light-front PDF correlators, forming the basis of two related frameworks:

It’s well known that we can formally define PDFs as the Fourier 
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The VAE solves this by representing the input as a Gaussian probability… 

● The latent space is unstructured since each 
input maps to a single deterministic point, 
making sampling and interpolation unreliable!

● Back propagation is achieved through a simple reparameterization in 
which one samples from a standard normal distribution, scales by the 
posterior variance, and shifts by the posterior mean… 

● This separates randomness from the learned parameters, making 
stochastic latent sampling differentiable and allowing for end-to-end 
training of the VAE using standard optimization techniques!
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a joint latent representation         .

For inverse problems, the relationship between 
observables and underlying physical quantities is often 
non-unique and ill-posed… 

● In previous work, we’ve found VAIM to be powerful for the 
pseudo-PDF problem using nucleon gluon lattice data.  

● Here, we explore the complementarity of the pseudo- and 
quasi-PDF methodologies using pion valence lattice data.  
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of highly improved staggered quarks (HISQ) generated 
by the Hot QCD Collaboration with a lattice spacing of .   
.                   and a pion mass of                            .

Thank you to Yong and Xiang for 
allowing us to use this data!

Gao, et al., PRL 128 14:142003 (2022)
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● Corresponding RpITDs are obtained through:

● Corresponding quasi-PDFs are obtained through:

Kriesten et al., PLB 874:140132 (2026)

Chou et al., PRD 106:014507 (2022)

Radyushkin, PRD 96:034025 (2017)

We follow the same data generation 
procedure for the pseudo-PDF method 

outlined in our previous work… 

While we plan to explore additional sampling strategies, linear quasi-PDF 
sampling provides a natural starting point and is well motivated by 
ongoing efforts to directly extract x-space quasi-PDFs from lattice 

three-point correlators (see Rui's talk, 07/28, 9:40 AM).
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Pseudo-PDF Only Predictions
Only giving VAIM access to the RpITDs, we discover a 
wide range of predicted PDF parameters which are all 
consistent with the ground truth lattice data… 
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● We perform a closure test by using the predicted PDF 
parameters to reconstruct the RpITDs and compare them 
with the ground truth lattice data.
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Only giving VAIM access to the RpITDs, we discover a 
wide range of predicted PDF parameters which are all 
consistent with the ground truth lattice data… 

● We perform a closure test by using the predicted PDF 
parameters to reconstruct the RpITDs and compare them 
with the ground truth lattice data.

● Although VAIM constrains a solution, it is not unique, 
highlighting the ill-posedness of the pseudo-PDF method!
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Pseudo-PDF Only Predictions
Only giving VAIM access to the RpITDs, we discover a 
wide range of predicted PDF parameters which are all 
consistent with the ground truth lattice data… 

● We perform a closure test by using the predicted PDF 
parameters to reconstruct the RpITDs and compare them 
with the ground truth lattice data.

● Although VAIM constrains a solution, it is not unique, 
highlighting the ill-posedness of the pseudo-PDF method!

● Previous pion lattice studies constrain     .     , consistent 
with global fits favoring                  to        ,, motivating a 
negative prior for the small-x behaviour.
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Predicted Parameters
The ill-posed nature of the pseudo-PDF 
methodology becomes more apparent 
when we examine the predicted PDF 
parameters… 
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The ill-posed nature of the pseudo-PDF 
methodology becomes more apparent 
when we examine the predicted PDF 
parameters… 

● This issue does not appear in the 
results for a model that is only given 
access to quasi-PDF information…
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Predicted Parameters
The ill-posed nature of the pseudo-PDF 
methodology becomes more apparent 
when we examine the predicted PDF 
parameters…

● This issue does not appear in the 
results for a model that is only given 
access to quasi-PDF information… 

● Taking the unconstrained pseudo-PDF 
information and allowing the model to 
see this alongside of the quasi-PDF 
information during training, we see that 
the additional information replaces the 
need for a constraint on           
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Outlook & Concluding Remarks
● We have made preliminary progress toward developing a unified VAIM framework 

capable of incorporating information from both the quasi- and pseudo-PDF 
methodologies.

● Future work will extend this framework by including higher-twist corrections and 
systematic uncertainties from both approaches, allowing the model to learn these 
additional contributions directly.

● We also plan to investigate the dependence of the extracted PDFs on the underlying 
parameterization.
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To account for systematic effects in the pseudo-PDF training data, we follow the standard 
phenomenological treatment, which we have adopted in our previous work,

Accounting for Higher-Twist Effects

Where the terms                                                          respectively account for higher-twist 
and discretization effects.

Good et al., arXiv:2507.22730
Barry et al., PRD 105.114051 (2022)
Karpie et al., JHEP 11:024  (2021)

● Thus, we sample parameters                       , 
which are passed to the VAIM model during 
training in addition to the PDF parameters.

● The model learns the relationship between 
these systematic variations and their impact 
on the resulting RpITDs. 
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the weighted cosine transforms of Jacobi polynomials, 
shifted to the domain                   , 

which ensures                   , as required for proper RpITD 
normalization… 



To account for systematic effects in the quasi-PDF training data, we use a similar treatment 
in which higher-twist contributions are included as

Accounting for Higher-Twist Effects

13

● Similarly, we sample parameters              , which 
are passed to the VAIM model during training in 
addition to the PDF parameters…

● To prevent the small- and large-x samples from 
blowing up, we adopt a more sophisticated scheme 
to sample the x-dependence of the quasi-PDF.

● The beauty of allowing VAIM to learn systematics 
this way lies in it’s extendability!
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Data Correlations
The RpITDs and quasi PDFs 
originate from the same bare 
lattice matrix elements, which 
are very correlated!
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We renormalize the quasi-PDF matrix elements 
using hybrid ratio renormalization to remove the 
linear divergences arising from the Wilson line 
self-energy at large separations… 

Hybrid Ratio Renormalization

The term                is fit by matching to the appropriate Wilson coefficient                  , with 
the following ansatz:
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● Here,      denotes the distance scale, which should not 
exceed 0.3 fm and below which the divergence is negligible.

Gao, et al., PRL 128 14:142003 (2022)
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In the quasi-PDF method, we take one value of 
momentum        and perform the large distance 
extrapolation using                                  . 

● The NLA ansatz for this extrapolation is:

which has 7 fitting parameters… 

Quasi-PDF Sampling 
Ji et al., arXiv:2601.12189
Gao et al., PRL 128:142003 (2022)

   ~13 data points (small-𝜈) + 7 data points (extrapolation ansatz) = ~20 total data points!

To ensure we’re not over-sampling the quasi-PDFs in comparison to the pseudo-PDF data, 
we take the number of samples to be:
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A Brief Literature Review
While many groups have focused on developing individual methodologies, recent efforts 
have begun exploring strategies to combine these approaches… 

Holligan et al, NPB 993:116282 (2023)

Holligan et al. combines large momentum effective theory (LaMET) with 
short distance factorization (SDF) constraints to control the 

coordinate-space matrix element across short and long distances, 
enabling a precision pion DA determination!

Building on these efforts, we use ML to investigate the interplay 
between lattice systematics and higher-twist effects in PDF 

reconstruction, with the goal of developing reliable strategies to 
work towards a lattice global fit.

Chu et al, arXiv:2509.15931

Chu et al. explores a 
unified neural-network 

framework for 
reconstructing PDFs from 

lattice observables, 
incorporating flexible PDF 

parametrizations and 
systematic variations 
within the extraction.
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