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Euclidean correlators as Laplace transform of spectral densities

(Kallen-Lehmann representation)

k€0, N, —1}

Cna) = [” p(w)e™*Mdw = wy [, p(weE)e %MdE ~ wy X2y wre 5 @onDp(wo,) .

Gauss-Laguerre (GL) quadrature rule applied for
integrals of the form fooof(x)e_xdx

(all quantities understood to be in lattice units)
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Euclidean correlators as Laplace transform of spectral densities n € {ng, Ny +ng — 1}, g = 1

(Kallen-Lehmann representation)
k €{0,---,N, — 1}

Cna) = [” p(w)e™*Mdw = wy [, p(weE)e %MdE ~ wy X2y wre 5 @onDp(wo,) .

Gauss-Laguerre (GL) quadrature rule applied for (all quantities understood to be in lattice units)
integrals of the form fooof(x)e_xdx

We can thus write C, = C(na)
Cn = Zk anpk w/ an = a)owke_fk(won—l)
Pr = p(woér)

M. Aliberti, F. Di Renzo, P. Dimopoulos, D. Gavriel. arXiv:2603.00764 ﬁ\
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This inverse problem needs regularisation C € RV, p € RVo
(in our case Tikhonov prescription)

Y is the N, x N, correlation matrix

N

for now we
setitto

. . . e T S — 7
Minimise (€ —Zp) E£7'(C~Zp) + allpll5- for the observable
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This inverse problem needs regularisation C € RV, p € RVo
(in our case Tikhonov prescription)

3 is the N, x N, correlation matrix
for the observable \

. . . A 4 A 1 oamm for now we
Tikhonov-regularised least-squares solution ~ p® = (ZT£71Z +aly, ) ZTE7'C. setit 1o

Minimise (C—Zp)T S71(Cc-Zp) + a||pl|3

regularised delta peaks for
discrete spectrum

Regularisation induces smearing
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Synthetic noiseless correlator C,, = e 702" + 2¢7029n 4 3 570351 4 3,-041n

SF reconstruction o = le-15. wy =0.0055.
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Synthetic noiseless correlator C,, = e 702" + 2¢7029n 4 3 570351 4 3,-041n

SF reconstruction o = le-15. wy =0.0055.
N, = 195

ol 4

Nt — 30
10 Ng = 1
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. Many peaks clumped up
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Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Continuous time: t € [0,00), w € [0, )

the expression is actually

SVD of Laplace kernel

real, it can be expressedin a
—wt _ (t™ . , T : : :
e — f_oo Vg (w)/1§u§ (t)dS, w/ |/15| — m different choice of basis

similar to Fourier transform

vs(w) eigenfunctions of the Carlemann operator H (w, w") = fooo plete g = w:w,
us(t) eigenfunctions of the (conjugate) Carlemann operator A(t, t") = fooo e~ (t+t)ody = tjt,

R.Tsuiji, S.Hashimoto. arXiv:2605.15674v1

M. Bruno, L. Giusti, M. Saccardi, arXiv:2407.04141v1
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Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Continuous time: t € [0,00), w € [0, )

the expression is actually

SVD of Laplace kernel

real, it can be expressedin a
—wt _ t 0o _ TT : . .
e = f_oo vo(w)Asus(t)ds, w/ |Ag| = ’m different choice of basis

similar to Fourier transform

vs(w) eigenfunctions of the Carlemann operator H (w, w") = fooo plete g = w:w,
us(t) eigenfunctions of the (conjugate) Carlemann operator A(t, t") = fooo e~ (t+t)ody = tjt,

Simple relation among both (Mellin basis)

a)—lS
— 4% — _
R.Tsuii, S.Hashimoto. arXiv:2605.15674v1 vS(a)) = Us (w) = u_s(a)) o T
M. Bruno, L. Giusti, M. Saccardi, arXiv:2407.04141v1
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Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Discrete time: ne{ngny+1,---}, we€]0,0)

equal (real) s. values but

spectrum is halved

SVD of Laplace kernel —wt _ (P = —* _ T
P e~ = [ Vs(0)|As[us(m)ds, w/ |Ag| = /m

e—(w+w')ng

7, (w) eigenfunctions of the Carlemann operator H (w, ') = ¥, e ™M@+0") = o (@va))
—e

1
n+n’

u,(n) eigenfunctions of the (conjugate) Carlemann operator A (n,n') = fooo e—(n+n)w g,y —

R.Tsuiji, S.Hashimoto. arXiv:2605.15674v1
M. Bruno, L. Giusti, M. Saccardi, arXiv:2407.04141v1 5
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Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Discrete time: ne{ngny+1,---}, we€]0,0)

equal (real) s. values but

SVD of Laplace kernel —wt _ (P = —* _ T
P e~ = [ Vs(0)|As[us(m)ds, w/ |Ag| = /m

spectrum is halved

v, (w) eigenfunctions of the Carlemann operator  (w, w') = ¥, e~ (w+w’) —

u,(n) eigenfunctions of the (conjugate) Carlemann operator A (n,n') = fooo e—(n+n)w g,y —

No longer simple relation between both bases

R.Tsuji, S.Hashimoto. arXiv:2605.15674v1
M. Bruno, L. Giusti, M. Saccardi, arXiv:2407.04141v1

e—(w+w')ng

1—e—(0+o’)
1
n+n’

u,(n) and v, (w) given by different
Hypergeometric functions £,




Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-Laplace transform. Analytical characterisation.

<R SVD key aspects “Crivrsiy of Pama &INEN.

Istituto Nazianale di Fisica Nucleare

Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Discrete time & frequency: n € {ng,>-,ng +N— 1}, ke{0,---,N, — 1}




Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-Laplace transform. Analytical characterisation.

<R SVD key aspects e

Istituto Nazianale di Fisica Nucleare

Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Discrete time & frequency: n € {ng,>-,ng +N— 1}, ke{0,---,N, — 1}

Recall our initial inverse problem

SVD of Laplace kernel Tk = wowye k@~ = 3 7 (n) AV, (&) Crn = Lk ZnkPr

V. (&) eigenbasis of the ‘Carlemann’ operator H (&, &, ) = (ZTZ)kk, = Y V(&) | APV (&)

Noise modifies singular values and basis
vectors but the treatment is the same overall
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Singular Value Decomposition (SVD) is a central component of Laplace (and others) numerical inversion

Discrete time & frequency:

SVD of Laplace kernel

n € {ngy,--,ng +N— 1}, ke{0,---,N, — 1}

Recall our initial inverse problem

Lnk = wOWke_fk(wOn_l) = Zs Us(n)AsVs(fk) Cn = Zk ZnkPx

V. (&) eigenbasis of the ‘Carlemann’ operator H (&, &, ) = (ZTZ)kk, = Y V(&) | APV (&)

General solution in terms of SVD

Noise modifies singular values and basis
vectors but the treatment is the same overall

Px = Z Vs (x)

S

As

A2 +

a

z U, (n)C, Us(n) and l]é(fk) fosvm two orthonormal
~ bases of Rt and R"«, resp.
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In a lattice-regulated Euclidean theory, we 1 1

get sums of exponentials
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Characterisation of lattice correlator signals

- —nwoE
In a lattice-regulated Euclidean theory, we 1 1

get sums of exponentials

As —nwoE
Vania q,Aqua)%MZUs(n)e oFq
Our anti-transformed signal will thus be of the form b "

Sums of regularised delta peaks 5,5“) (E,)
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q — Sl

quadrature points
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Sums of regularised delta peaks 5,&“) (Eq) Take E. = £, from within the GL
q — Sl

quadrature points

e

—$
By using SVD e~ @onéI = v\: Ys Us(m) A Vs (&)
l

Wo
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Sums of regularised delta peaks 5,&“) (Eq) Take E. = £, from within the GL
q — Sl

quadrature points

e~ %l

By using SVD e ~®on$1 = 25 Us(m)AVs (&) Under X wowy etk — fooo daw

effective cutoff in eigenvalue sum

e_fl \ /12 e_fl )

zVs(fk)mVs(fz)a_jo oW Ot — 0k —$1)

@

WoWj

(a)
S —
kl WoW,
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Sums of regularised delta peaks 5,&“) (Eq) Take E. = £, from within the GL
q — Sl

quadrature points

: _ S o
By using SVD e~ ®0o™1 = ae) —Xs Us(m) A5V ($1) Under X, wowiesk — [ dw
Chatt effective cutoff in eigenvalue sum
@ _ N A3 e sl ‘)
5 — zv 5y > 8y —> B(E, —
kl WoW; S(gk) /13% +a s(fl)a L 0 WoW] k]flw o (gk 61)
51(5) continuous in Eq (sum of exponentials) > 5,&2) continuously extrapolates 6 behaviour

@
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Sums of regularised delta peaks.. graphically

S

N,= 150, a= 0, 1e-09, le-15

José Alejandro Vidal Maxia
University of Parma & INFN

£.n=0.2506
269 — fp=1.1162
: : —— £5=00425
5(®) at quadrature points : £20=0.0425
W4
-& J
c 2 0 e i
- Continuous lines are 6.9 = O at | ik
ki wWoW] 15 4 . i
different ¢; = ‘1
* GL quadrature points not evenly spaced - W9 ; |
* Smaller a leads to more pronounced peaks = i 7
= ': _'If' ‘\._'._ I'lI
R EW R |
SN EIRN
[ -':'.i"l’-n':";'fJ""-. 1 \_'-L.' L ‘:‘-‘---r. -.-_-._::-_' - T —
V= e S - -
—5 4 f
;
lJ.IlJlJ lJ.'Ij-'J U.!_]U U.IT-_] l.lIJlJ l.'l_?-': l.-l':lJ l.IT-': '_?.IUU
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Sums of regularised delta peaks.. graphically

SF and SVD reconstruction a = le-15, wy =0.0055.

0 — A=1.000, E =0.200
ﬂ _— =:_’.UUU. J"_: ={1.200)
— A =3.000, E =0410
N e 8@ at arbitrary points
- « Actual decomposition of previous
fzu_ reconstructed density
= » Behaviour of § peaks indeed like at
o] quadrature points
* Subtle cancellations lead to overall shape
0 %94

10
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This kind of profile (rather families) already encountered in
other occasions

Mellin transforms

a=10"1°
a=10"1

do (W, w

\//

0.6 0.8 1.0

<Y

0.0 0
wl’

M. Saccardi, Methods for extracting spectral densities from Euclidean lattice correlators,
2024 (thesis) https://boa.unimib.it/handle/10281/541185 1 1
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This kind of profile (rather families) already encountered in
other occasions

Mellin transforms

a=10"1
a=10"10

do(w,w")

\//

0.6 0.8 1.0

wi’

— et /\\/

0.0 0.2

M. Saccardi, Methods for extracting spectral densities from Euclidean lattice correlators,
2024 (thesis) https://boa.unimib.it/handle/10281/541185

Relation to other approaches

Backus-Gilbert method

José Alejandro Vidal Maxia
University of Parma & INFN

tm-a.r:

=14

t?f axr

=22

tTM(L.'!‘

=30

05

0.5

M. Hansen, A. Lupo, N. Tantalo, Extraction of spectral densities from lattice correlators,

Phys. Rev. D 99, 094508 (2019)

G. Backus and F. Gilbert, The Resolving Power of Gross Earth Data, Geophys.

J. Int. 16 (1968), no. 2 169-205.
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Backus-Gilbert method

This kind of profile (rather families) already encountered in A P L a0
other occasions 7
6

Mellin transforms I | [ :'N'\,

T .‘"‘(.“".

10—15 [ [
i a=10"% a4l 1 i [ | L n
| o =10"1 A | B
' 2 i I ] A |

Equivalent minimizations! ]
(in a certain limit/choice ofreg.) | | | | = |

do(w,w")

\ —

|
I

[ 1 L L

i \-// 0 0.5 1 0 0.5 1 0 0.5 1
I

i

I

1

M. Hansen, A. Lupo, N. Tantalo, Extraction of spectral densities from lattice correlators,

— et /\\/

0.6 0.8 1.0

0.0 0.2
W' Phys. Rev. D 99, 094508 (2019)
G. Backus and F. Gilbert, The Resolving Power of Gross Earth Data, Geophys.
M. Saccardi, Methods for extracting spectral densities from Euclidean lattice correlators, J.Int. 16 (1968), no. 2 169-205.

2024 (thesis) https://boa.unimib.it/handle/10281/541185 1 1
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Conclusions

* Laplace inversion problem of correlators
yields reg. induced smearing

* Regulated delta peaks can be easily
characterized

 SVD powerfultool — equivalentto
our inverse problem

* Relation extends to other linear
reconstruction approaches
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Conclusions

* Laplace inversion problem of correlators
yields reg. induced smearing

* Regulated delta peaks can be easily
characterized

 SVD powerfultool — equivalentto
our inverse problem

* Relation extends to other linear
reconstruction approaches

Outlook

Errors need to be accounted for next
Adequate minimization procedure
underway for spectral reconstruction
(energies, matrix elements)

Interesting to consider generalizing to linear
programming

12



Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-Laplace transform. Analytical characterisation.

José Alejandro Vidal Maxia
I N F N GOOd bye University of Parma & INFN

Istituto Nazianale di Fisica Nucleare

THANK YOU FORTHE

ATTENTION!




Spectral density reconstruction from lattice QCD correlators: an approach via numerical anti-Laplace transform. Analytical characterisation.

(INFN Extra: equivalence Ml vs SVD

Istituto Nazianale di Fisica Nucleare

Up to certain errors, direct matrix inversion (Ml)
of Laplace kernelis equivalent to SVD approach

p'e) [a]

ol

10 4

30

1~

204

MI vs SVD for a = 5e-16, wy = 0.004

&
.

]

l

U

(.00 0105 0.10 0.15 0.20 .25

SVD
MI

T
(.0

T
.5

T T T T T
1.0 1.5 2.0 2.5 3.0

José Alejandro Vidal Maxia
University of Parma & INFN
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Up to certain errors, direct matrix inversion (Ml)

of Laplace kernelis equivalent to SVD approach

1

—_

—_

relative error

1

-

MI vs SVD

— a=he-l1(
W_ a—=5e-14

< _— |'|=-_]l"—ll;:l

W/\“

T T T T T T T
0.002 .00 (006G (0.00s 0010 0012 0.014
) —1
i [t'i ]

relative error

Extra: equivalence Ml vs SVD

MI vs SVD

José Alejandro Vidal Maxia
University of Parma & INFN

10-2 4

0=

10-6 4

10—t 4

—_— wp=0.004
— wy=0006

— wy=.008

T ™
1n-1s

T n
1o-ts

T
-t
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Maximum s available determines spectral
function resolution

10

-2

104 4

10-% 4

= 10F

1o—t0

10-12 4

i 4

10—t 4

Singular value spectrum N, =150, wy =0.006

Extra: SVD spectrum decay

N, =24
N, =32
N, =18
N, =64
N, =72

10

20

30

L0

all

Gl

o

José Alejandro Vidal Maxia
University of Parma & INFN

It does depend on NN, ...

but not dramatically so

15
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  C  (  n a ) =  ∫ 0 ∞  𝜌  ( 𝜔 )  e  − 𝜔 n d 𝜔 =  𝜔 0  ∫ 0 ∞  𝜌  (   𝜔 0 𝜉 )  e    −  𝜔 0 𝜉 n d 𝜉  


  C  (  n a ) =  ∫ 0 ∞  𝜌  ( 𝜔 )  e  − 𝜔 n d 𝜔 =  𝜔 0  ∫ 0 ∞  𝜌  (   𝜔 0 𝜉 )  e  −  𝜔 0 𝜉 n d 𝜉 ≈  𝜔 0  ∑  k = 0   N 𝜔 − 1   w k  e  −  𝜉 k  (   𝜔 0 n − 1 ) 𝜌  (   𝜔 0  𝜉 k ) .


   ∫ 0 ∞  f  ( x )  e  − x d x


  n ∈ {  n 0 , ⋯ ,  N t +  n 0 − 1 }


   n 0 ≥ 1


  k ∈ { 0 , ⋯ ,  N 𝜔 − 1 }


  C  (  n a ) =  ∫ 0 ∞  𝜌  ( 𝜔 )  e  − 𝜔 n d 𝜔 =  𝜔 0  ∫ 0 ∞  𝜌  (   𝜔 0 𝜉 )  e  −  𝜔 0 𝜉 n d 𝜉 ≈  𝜔 0  ∑  k = 0   N 𝜔 − 1   w k  e  −  𝜉 k  (   𝜔 0 n − 1 ) 𝜌  (   𝜔 0  𝜉 k ) .


   ∫ 0 ∞  f  ( x )  e  − x d x


   C n =  ∑ k   Z  n k  𝜌 k  


   C n ≡ C  (  n a )


   Z  n k ≡      𝜔 0 w k e  −  𝜉 k (  𝜔 0 n − 1 )


   𝜌 k ≡ 𝜌  (   𝜔 0  𝜉 k )


  n ∈ {  n 0 , ⋯ ,  N t +  n 0 − 1 }


   n 0 ≥ 1


  k ∈ { 0 , ⋯ ,  N 𝜔 − 1 }


     (  𝑪 −  Z ^ 𝝆 ) T      Σ ^  − 1  (  𝑪 −  Z ^ 𝝆 ) + 𝛼 | | 𝝆 |  | 2 2 .


   Σ ^


   N t ×  N t


  𝑪 ∈  ℝ   N t   ,   𝝆 ∈  ℝ   N 𝜔


   𝕀   N t


     (  𝑪 −  Z ^ 𝝆 ) T      Σ ^  − 1  (  𝑪 −  Z ^ 𝝆 ) + 𝛼 | | 𝝆 |  | 2 2 .


   Σ ^


   N t ×  N t


   𝝆  ( 𝛼 ) =    (     Z ^ T    Σ ^  − 1  Z ^   + 𝛼  𝕀   N 𝜔 )  − 1    Z ^ T    Σ ^  − 1 𝑪 .


  𝑪 ∈  ℝ   N t   ,   𝝆 ∈  ℝ   N 𝜔


   𝕀   N t


   C n =  e  − 0 . 2 n + 2  e  − 0 . 29 n + 3 . 5  e  − 0 . 35 n + 3  e  − 0 . 41 n


   C n =  e  − 0 . 2 n + 2  e  − 0 . 29 n + 3 . 5  e  − 0 . 35 n + 3  e  − 0 . 41 n


   C n =  e  − 0 . 2 n + 2  e  − 0 . 29 n + 3 . 5  e  − 0 . 35 n + 3  e  − 0 . 41 n


   N 𝜔 = 195


   N t = 30


   n 0 = 1


   e  − 𝜔 t =  ∫  − ∞  + ∞   v s  ( 𝜔 )  𝜆 s ∗  u s ∗  ( t ) d s


  |  𝜆 s | =    𝜋    cosh ⁡ ( 𝜋 s )    


  t ∈ [ 0 , ∞ )


  𝜔 ∈  [  0 , ∞ )


   v s ( 𝜔 )


  ℋ  (  𝜔 ,  𝜔 ′ ) ≡  ∫ 0 ∞   e  −  (  𝜔 +  𝜔 ′ ) t d t =  1  𝜔 + 𝜔 ′


   u s ( t )


  𝒜  (  t ,  t ′ ) ≡  ∫ 0 ∞   e  −  (  t +  t ′ ) 𝜔 d 𝜔 =  1  t + t ′


   e  − 𝜔 t =  ∫  − ∞  + ∞   v s  ( 𝜔 )  𝜆 s ∗  u s ∗  ( t ) d s


  |  𝜆 s | =    𝜋    cosh ⁡ ( 𝜋 s )    


  t ∈ [ 0 , ∞ )


  𝜔 ∈  [  0 , ∞ )


   v s ( 𝜔 )


  ℋ  (  𝜔 ,  𝜔 ′ ) ≡  ∫ 0 ∞   e  −  (  𝜔 +  𝜔 ′ ) t d t =  1  𝜔 + 𝜔 ′


   u s ( t )


  𝒜  (  t ,  t ′ ) ≡  ∫ 0 ∞   e  −  (  t +  t ′ ) 𝜔 d 𝜔 =  1  t + t ′


   v s  ( 𝜔 ) =  u s ∗  ( 𝜔 ) =  u  − s  ( 𝜔 ) =    𝜔  − i s    2 𝜋 𝜔  


  n ∈ {  n 0 ,  n 0 + 1 , ⋯ }


  𝜔 ∈  [  0 , ∞ )


  n ∈ {  n 0 ,  n 0 + 1 , ⋯ }


  𝜔 ∈  [  0 , ∞ )


     v ¯ s ( 𝜔 )


   ℋ ¯  (  𝜔 ,  𝜔 ′ ) ≡  ∑ n   e  − n  (  𝜔 +  𝜔 ′ ) =    e    −  (  𝜔 +  𝜔 ′ )  n 0  1 −  e  −  (  𝜔 +  𝜔 ′ )


     u ¯ s ( n )


   𝒜 ¯  (    n , n ′ ) ≡  ∫ 0 ∞   e  −  (  n +  n ′ ) 𝜔 d 𝜔 =  1  n +  n ′


   e  − 𝜔 t =  ∫ 0 ∞     v ¯ s  ( 𝜔 )   | 𝜆 s   |    u ¯ s ∗  ( n ) d s


  |  𝜆 s | =    𝜋    cosh ⁡ ( 𝜋 s )    


  n ∈ {  n 0 ,  n 0 + 1 , ⋯ }


  𝜔 ∈  [  0 , ∞ )


     v ¯ s ( 𝜔 )


   ℋ ¯  (  𝜔 ,  𝜔 ′ ) ≡  ∑ n   e  − n  (  𝜔 +  𝜔 ′ ) =    e    −  (  𝜔 +  𝜔 ′ )  n 0  1 −  e  −  (  𝜔 +  𝜔 ′ )


     u ¯ s  ( n )


     v ¯ s  ( 𝜔 )


     q  F p


   e  − 𝜔 t =  ∫ 0 ∞     v ¯ s  ( 𝜔 )   | 𝜆 s   |    u ¯ s ∗  ( n ) d s


  |  𝜆 s | =    𝜋    cosh ⁡ ( 𝜋 s )    


     u ¯ s ( n )


   𝒜 ¯  (    n , n ′ ) ≡  ∫ 0 ∞   e  −  (  n +  n ′ ) 𝜔 d 𝜔 =  1  n +  n ′


  n ∈ {  n 0 , ⋯ ,    n 0 +  N t − 1 }


  k ∈ { 0 , ⋯ ,  N 𝜔 − 1 }


  n ∈ {  n 0 , ⋯ ,    n 0 +  N t − 1 }


  k ∈ { 0 , ⋯ ,  N 𝜔 − 1 }


   V s (  𝜉 k )


   ℋ ~  (   𝜉 k ,    𝜉  k ′     ) ≡    (     Z ^ T  Z ^ )  k k ′   =  ∑ s   V s  (   𝜉 k )   | 𝜆 s  | 2  V s (  𝜉  k ′ )


   Z  n k =  𝜔 0    w k e  −    𝜉 k ( 𝜔 0 n − 1 ) =  ∑ s   U s  ( n )  𝜆 s  V s (  𝜉 k )


   C n =  ∑ k   Z  n k  𝜌 k  


  n ∈ {  n 0 , ⋯ ,    n 0 +  N t − 1 }


  k ∈ { 0 , ⋯ ,  N 𝜔 − 1 }


   V s (  𝜉 k )


   ℋ ~  (   𝜉 k ,    𝜉  k ′     ) ≡    (     Z ^ T  Z ^ )  k k ′   =  ∑ s   V s  (   𝜉 k )   | 𝜆 s  | 2  V s (  𝜉  k ′ )


   U s  ( n )


   V s  (   𝜉 k )


   ℝ     N t


   ℝ     N 𝜔


   Z  n k =  𝜔 0    w k e  −    𝜉 k ( 𝜔 0 n − 1 ) =  ∑ s   U s  ( n )  𝜆 s  V s (  𝜉 k )


   C n =  ∑ k   Z  n k  𝜌 k  


   𝜌 k =  ∑ s   V s  (   𝜉 k )    𝜆 s   𝜆 s 2 + 𝛼  ∑ n   U s  ( n )  C n


   C n =  ∑ q   A q  e    − n  E q =  ∑ q   A q  e    − n    𝜔 0    E ¯ q  


   C n =  ∑ q   A q  e    − n  E q =  ∑ q   A q  e    − n    𝜔 0    E ¯ q  


   𝜌 k =  ∑ q   A q        ∑ s   V s  (   𝜉 k )    𝜆 s   𝜆 s 2 + 𝛼  ∑ n   U s  ( n )  e    − n    𝜔 0    E ¯ q   ⏟   𝛿 k   ( 𝛼 )  (     E ¯ q ) ≡  𝛿  q k   ( 𝛼 )    


   𝛿 k   ( 𝛼 )  (     E ¯ q )


   𝛿 k   ( 𝛼 )  (     E ¯ q )


     E ¯ q =  𝜉 l


   𝛿 k   ( 𝛼 )  (     E ¯ q )


     E ¯ q =  𝜉 l


   e  −  𝜔 0 n  𝜉 l =    e    −  𝜉 l   𝜔 0  w l  ∑ s   U s  ( n )  𝜆 s  V s (  𝜉 l )    


     E ¯ q =  𝜉 l


   e  −  𝜔 0 n  𝜉 l =    e    −  𝜉 l   𝜔 0  w l  ∑ s   U s  ( n )  𝜆 s  V s (  𝜉 l )    


   𝛿  k l   ( 𝛼 ) =    e    −  𝜉 l   𝜔 0  w l  ∑ s   V s  (   𝜉 k )    𝜆 s 2   𝜆 s 2 + 𝛼  V s  (   𝜉 l )  ⟶      e    −  𝜉 l   𝜔 0  w l  𝛿  k l  ⟶   𝛿 (  𝜉 k −  𝜉 l )


  𝛼 → 0


   N 𝜔 → ∞


   ∑ k   𝜔 0  w k  e   𝜉 k ⟶  ∫ 0 ∞  d 𝜔


   𝛿 k   ( 𝛼 )  (     E ¯ q )


     E ¯ q =  𝜉 l


   e  −  𝜔 0 n  𝜉 l =    e    −  𝜉 l   𝜔 0  w l  ∑ s   U s  ( n )  𝜆 s  V s (  𝜉 l )    


   𝛿  k l   ( 𝛼 ) =    e    −  𝜉 l   𝜔 0  w l  ∑ s   V s  (   𝜉 k )    𝜆 s 2   𝜆 s 2 + 𝛼  V s  (   𝜉 l )  ⟶      e    −  𝜉 l   𝜔 0  w l  𝛿  k l  ⟶   𝛿 (  𝜉 k −  𝜉 l )


  𝛼 → 0


   N 𝜔 → ∞


   ∑ k   𝜔 0  w k  e   𝜉 k ⟶  ∫ 0 ∞  d 𝜔


   𝛿  k l   ( 𝛼 )


     E ¯ q


   𝛿  k q   ( 𝛼 )


  𝛿


   𝛿 k   ( 𝛼 )  (     E ¯ q )


   𝛿  k l   ( 0 ) =    e    −  𝜉 l   𝜔 0  w l  𝛿  k l


   𝜉 l


  𝛼


   𝜹    ( 𝜶 )


  𝛿


   𝜹    ( 𝜶 )


  s


   N t

