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Introduction and Background
● Parton distribution functions (PDFs) provide the probability for a parton to carry a fraction x 

of the proton momentum, which is an important input for high energy scattering experiments

● Phenomenological (pheno.) studies of the gluon PDF have some difficulties in obtaining the 
PDF in the large-𝑥 region because of limited data

○ Ongoing and future experiments such as those at FNAL (HL-)LHC, LHeC, FCC(?), EIC, EicC will help reveal 
more information about the gluon PDFs

● LaMET and other lattice methods have provided some
results for gluon PDFs but there is much statistical and 
systematic improvement left to be done

● Coulomb gauge PDFs promise to reduce statistical errors 
and in turn allow us to go to higher momenta, lower pion 
mass, etc.
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● The self-energy of the Wilson line in the gauge invariant quasi-PDF operators causes 

the signal to noise ratio to decay exponentially at long distances

● So, who needs gauge invariance anyway? In the quark case, it has been shown that (a 
new) factorization holds and the signal is improved at large distances when we use 
Coulomb gauge (CG) operators

● Rapid progress has been made for CG in the quark case and for the CS kernels 
See today and tomorrow: Yang (2:40pm), Jinchen (3pm) , Qi (9:20am) Yong (11:50am)

● Bonus: This method makes renormalization easier and allows for direct extraction of 
x-space quasi-PDFs from 3pt correlators (see Rui’s talk tomorrow at 9:40am)

● I will give a quick demo showing that the GI gluon operators have no linear divergence 
on the lattice and show our progress towards calculating the perturbative matching 4/14
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accuracy of 1e-14

5/14

Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.



Quick Proof of Principle
● As a check, I was able to do a quick and dirty extraction of “strange nucleon” 

matrix elements from the traditional gluon operator with the Wilson lines 
removed on several lattice spacings

● We used 2+1+1 flavor HISQ MILC ensembles 
with 1 step of HYP smearing, we use Wilson 
clover in the valence and gauge fix to an 
accuracy of 1e-14

5/14

Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.



Quick Proof of Principle
● As a check, I was able to do a quick and dirty extraction of “strange nucleon” 

matrix elements from the traditional gluon operator with the Wilson lines 
removed on several lattice spacings

● We used 2+1+1 flavor HISQ MILC ensembles 
with 1 step of HYP smearing, we use Wilson 
clover in the valence and gauge fix to an 
accuracy of 1e-14

5/14

Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.



Quick Proof of Principle
● As a check, I was able to do a quick and dirty extraction of “strange nucleon” 

matrix elements from the traditional gluon operator with the Wilson lines 
removed on several lattice spacings

● We used 2+1+1 flavor HISQ MILC ensembles 
with 1 step of HYP smearing, we use Wilson 
clover in the valence and gauge fix to an 
accuracy of 1e-14

We have strong consistency in the rate of decay across 3 lattice spacings 
suggests that there is not a linear divergence in the matrix elements! 5/14

Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.



Quick Proof of Principle
● As a check, I was able to do a quick and dirty extraction of “strange nucleon” 

matrix elements from the traditional gluon operator with the Wilson lines 
removed on several lattice spacings

● We used 2+1+1 flavor HISQ MILC ensembles 
with 1 step of HYP smearing, we use Wilson 
clover in the valence and gauge fix to an 
accuracy of 1e-14

We have strong consistency in the rate of decay across 3 lattice spacings 
suggests that there is not a linear divergence in the matrix elements! 5/14

Follana et al. PRD 75:054502, 2007.
A. Bazavov, et al. [MILC], PRD 82:074501, 2010.
A. Bazavov, et al. [MILC], PRD 87:054505, 2013.
A. Hasenfratz, et al. PRD 64:034504, 2001.

Slight tension is likely from my sloppy 

preliminary matrix element fits 



LaMET Matching Kernel Calculation

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

LaMET Matching Kernel Calculation

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

LaMET Matching Kernel Calculation

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

LaMET Matching Kernel Calculation

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

LaMET Matching Kernel Calculation

Calculable via 
Feynman diagrams

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

LaMET Matching Kernel Calculation

Calculable via 
Feynman diagrams

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

● This works because, although both distributions have the same IR physics, so 
the IR divergence cancels out, and UV divergences can be renormalized

LaMET Matching Kernel Calculation

Calculable via 
Feynman diagrams

6/14



● LaMET centers around the perturbative matching between the PDF and 
quasi-PDF

● The matching kernel is calculated order by order by taking the difference 
between the parton-in-parton PDF and quasi-PDF

● This works because, although both distributions have the same IR physics, so 
the IR divergence cancels out, and UV divergences can be renormalized

● Matching to relevant lattice renormalization schemes is straightforward

LaMET Matching Kernel Calculation

Calculable via 
Feynman diagrams

6/14



Gauge Variant Gluon Quasi-PDF Operators

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

● This reduces the work involved for calculating the matching significantly, and 
if there’s no signal on the lattice, it helps us for the field strength calculation

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

● This reduces the work involved for calculating the matching significantly, and 
if there’s no signal on the lattice, it helps us for the field strength calculation

Field strength tensor 
NLO diagrams:

Wang, et al. PRD 100:074509 (2019)
(plus self energy terms)

7/14



Gauge Variant Gluon Quasi-PDF Operators

● Since we don’t care about gauge invariance anymore, we can define a new 
operator from the gluon fields themselves

● This reduces the work involved for calculating the matching significantly

Field strength tensor 
NLO diagrams:

Field correlators NLO 
diagrams:

Wang, et al. PRD 100:074509 (2019)
(plus self energy terms)

7/14



Plan of Attack

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

● We write the gluon quasi-PDF (before inclusion of crossed diagrams) 

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

● We write the gluon quasi-PDF (before inclusion of crossed diagrams) 

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

● We write the gluon quasi-PDF (before inclusion of crossed diagrams) 

8/14



Plan of Attack
● Our plan for the calculation is to use dimensional regularization (DR) with 

d=4-2𝜖 dimensions to calculate the momentum space quasi-PDF for on-shell 
massless gluons 

● We write the gluon quasi-PDF (before inclusion of crossed diagrams) 

8/14



Easy Part: Four Gluon Vertex Diagram

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

● We treat the temporal momentum integral as d = 1 

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

● We treat the temporal momentum integral as d = 1, and 
then the resulting d - 2 Euclidean integrals are textbook 

9/14



Easy Part: Four Gluon Vertex Diagram
● The 4-gluon vertex diagram is the easier of the two

● We have to deal with the CG gluon propagator which breaks 
symmetry in the time direction:

● Operator insertion plus the fourier transform results in a delta function

● We treat the temporal momentum integral as d = 1, and 
then the resulting d - 2 Euclidean integrals are textbook 

9/14



Box Diagram I

● If we do the temporal integration carefully, we can reduce 
everything to a nice set of 2-2𝜖 integrals, which have closed forms 

● The most difficult part about the rest of the calculation is handling the 
hypergeometric functions with parameters depending on 𝜖, which hide 
singularities at x=1:
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𝜖-Expansion
● Initially, we used HypExp to handle the expansion of hypergeometric 

functions, but this does not respect expansion of terms end point singularities

● To handle our expansion properly, we have to isolate the singularities from the 
hypergeometric functions by writing:

● Expanding like this carefully and adding the contribution from the gluon 
wavefunction renormalization, we recover exactly the DGLAP kernel for our 
IR divergence, which nearly proves NLO factorization!
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Current Results For Matching

● For x ≠ 1, the results look something as follows (we haven’t simplified the 
expression with full handling of the plus prescription yet)

● However, even after anti-symmetrizing the results, we have an issue: 

● This suggests that the matching, convolution does not produce convergent 
results for any gluon PDF that does not approach 0 as y → 0
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An Issue Persistent in the Literature
● This same behavior exists for many (gauge invariant) gluon matching kernel 

calculated in momentum space in the literature!

● This result is mentioned briefly in Balitsky, et al. and Yao et al. papers:

● In papers where matching is derived through position space first, this problem does 
not seem to occur. Unfortunately for our calculation, completing loop integration 
before the Fourier transform seems prohibitively difficult…

● We’re exploring some options to remove this singularity, namely looking into 
whether some trace subtractions can help us. We’re open to suggestions! 13/14

A. V. Radyushkin, PRD 96:034025, 2017.
Balitsky, et al., PLB 808:135621 (2020)
Yao, et al. JHEP 11(2023)021
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Conclusion and Outlook

● We showed that the Coulomb gauge presents promise for gluon PDFs, in that 
the lattice spacing dependent linear divergence is removed from the bare 
matrix elements, with more extensive and detailed analysis to come

● We have calculated the quasi-PDF for the Coulomb gauge operator
                            via momentum space, and demonstrated that the IR 
behavior is the same as the light-cone PDF

● We have uncovered in our calculation, an issue with other momentum space 
calculations, where the matching convolution is not generally convergent 

● We plan to resolve this issue and move forward with obtaining well 
constrained light-cone gluon PDFs from the Coulomb gauge

● We will also complete the more straightforward calculation of the 
quark-in-gluon matching once the glue-glue calculation is resolved
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