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7= / DU det(D(p, U))e~5]
» The study of the phase diagram requires finite ;
baryon number density D=D+m+py, Py=1D

> Finite density lattice simulations need chemical det (P +m + piyo) = det(P +m — pi570)
potential i # 0

» Generic u = complex Dirac determinant, = Ee "
leads to sign problem Y ) '\ :
= » -
©
» For purely imaginary values of y the Dirac < * . 3 Hadrons
determinant remains real 5 % o
° &
. P
» Methods to extrapolate physical functions of . J/ R
real 1 from the imaginary axis are needed 0 1

Nuclei Net Baryon Density
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e tic continuation as an inverse problem Lattice Data
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Baryon number density: x1 (ii)

x1(f2) from Lattice simulations

(9 \"WE(T,V,up)
Xn (Ta ‘/a ,U*B) 7 <6MB> VT3 010
Change of variable o2
= o/ T
0.04
A O\"InZ(T,V, i
Xn(T7‘/7M) = (3_;1) % 0.02
0.00
0.0 0.5 10 15 2.0 25 3.0
Charge conjugation symmetry Sl
Xom (T, V, it) = Xom/(T, V, — 1) Data from the Bielefeld-Parma collaboration, obtained

with Ny = 241 HISQ, at N, = 6, T' = 157.5 MeV and

with physical pion masses.
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RGN

\auchy formula:  f(z9) = o
crR— ZO
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UNIVERSITA

DI PARMA Cauchy Formula as an Inverse Problem

RGN

2mi cz—zo

1 /27 Reif i0
/ Re Xl(Re )dO
o Re® — p;

Cauchy formula:  f(z9) =

x1(pj) =
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RGN

27 cZ— zo

27 260 20
Re*x1(Re™)
xi(15) = o / L

Cauchy formula:  f(z9) =

Gauss-Legendre [Num. Recipes, 2007, Sec. 4.6]

Resz
Z Wk on — .. Relek _ . Xk

jZl,...,N
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DI PARMA Cauchy Formula as an Inverse Problem

RGN

27 cZ— zo

27 260 20
Re"x1(Re™)
xi(15) = o / L

Cauchy formula:  f(z9) =

Gauss-Legendre [Num. Recipes, 2007, Sec. 4.6]

Resz
Z Wk on — .. Relek _ . Xk

jZl,...,N

th derivative:  F™(z) = L f _f&)
n-th derivative: " (z9) = 2m’f2 o= 2 dz
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alytic continuation as an inverse problem Inverse Problem

Tikhonov Regularization
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N
Rewk 2 0 n! 1 R 0f
Z * Reibr — 1. X1+n(0) =~ 9 Zwkw){k = Ul1orn even
1
wlReiel wNRewN 4
277(Rei91 —;Ll) 27'r(Rei9N —Hl) X1 Xl(ﬂl)
(2n)!w, (2n)'wn )A(N 0
ofe onR2ne2infy
X B

27r R2ne2inf1
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ic continuation as an inverse problem Inverse Problem

ey
DI PARMA Tikhonov Regularization
Rele’“ 2 nl & 1 /.
Z k Rebx L 1. X14n(0) ~ By Z:l Wk prginds Xk = 0 for n even
w; Re%1 wy Re'*N <

277(Rei91 —pl) 27r(Rei9N—u1) X1 Xl(ﬂl)

(2n5!w1 (2n).!wN )A(N 0

000 orR2ne2indy
X B

27r R2ne2inf1

» Matrix A is ill-defined (big condition number, approximate formula, lattice data affected by errors)

> Instead of minimizing ||AX — B||?, a regularization parameter is introduced
9 o
|AX — BJ|* + [[aX||* is minimized instead. <: to x1 () for || < R

or to x14+n(0)

» After obtaining the unkowns X, the formula can be applied directly
INFN
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Points on the real axis, ur € R
N .
R 0k 7
xi(ur) = Y oo 7 X

21 (Res — pp

x>
Il

1

Variability of results depending on:
» Shape and size of the contour of integration

> Closeness of 1 to the contour

> Interval of integration of 6

5/13 M. Aliberti

Derivatives at the origin (1 = 0)

& @n+ Dy

X1+(2n+1)(0) = Z o R2n+1gi(2n+1)0x Xk
kZ1

» Taylor expansion allows to evaluate the
function inside its radius of convergence

» Padé expansion estimates the closest
singularity

> Ratios like x4/x2 or xs/x2 can be compared
with experiments at particle colliders, however
there is still debate on how up and /s are

realated
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xa1(f) from Lattice si

EAR n; + n + 1 = 24
Lo - \T/ \2/ ~~—~ ~~
s o number of number of even Cauchy Total
o " input points derivatives set to 0 Formula conditions
. - Ren Cauchy Formula
T $e x1(u)dp =0

Smf

> Evaluation of even-order cumulants 2 (0)

4
Z21:—1 7

x2k(0) uqu
(2k — 1)!

> Taylor expansion O(u

cI'II

» Taylor expansion O(u%): Ty =
=
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alytic continuation as an inverse problem Cumulants

D! PARMA Higher Cumulants Extraction

Xa(f1) from Lattice sil

Nin/ np + 1, = 24
R - ~— ~— ~~—~ ~~
s o ’ number of number of even Cauchy Total
o " input points derivatives set to 0 Formula conditions
. - Ren Cauchy Formula
. . 7;..@@71 1 : 3 fc Xl(,u)d/j, = O
Smfl
Taylor ions of y = sinh(x)
o 1.00 @  True function
> Evaluation of even-order cumulants 2 (0) o e
— = Taylor O(x%)
0501 — — —. Taylor O(x')

4 s
E Qk—l )
2k = 1

-0.50

> Taylor expansion O(u

cI'II

-075

» Taylor expansion O(u%): Ty = XL(O);P’“*
22k —1)! P
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1000 . —— 8 even derivatives = 0

3 6 even derivatives = 0
. 2
2/ J <x§°mp () — xP ‘”"(m))
XData 7 Z

—~ 4even derivatives = 0
ag;

== 2 even derivatives = 0
—— 0 even derivatives = 0

i

10% 1077 10°¢ 10 1074 1073 1072 101
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DI PARMA lehonov Parameter Selectlon Deviation from data on Imaginary axis
.
comp. Data 2 T v damatives 0
2 A X1 (l’l’l) — X1 (:U/l) 10° —— 0 even derivatives = 0
XData = E
z ag;
(2 g 10°
®

Cumulants from HotQCD collaboration [Bollweg et al., 2022]
at N, =6and T = 157.5 MeV:

H OtQC D Deviation from the first two nonzero HotQCD derivatives
104§ — 8 even derivatives = 0 y

6 even derivatives = 0

—— 4 even derivatives = 0

X2 (0) 1 .087(4) X 107 1 ol 2 even derivatives = 0

—— 0 even derivatives = 0

x4(0)  8.4(4) x 1072

2
. HotQCD
2 7 Xi 0 (0) = x; i (0)
XHotQCD = HotQCD
i=2,4 g;

1078 1077 10°¢ 1073 107* 1072 1072 107t

INFN
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> Results obtained by minimizing the x7,,ocp Variable

» Statistical errors estimated via a Jackknife analysis

Cumulants obtained with R=n CaUChy HOtQCD
051§ Javen er b i x2 (0) 1.088(4) x 107! | 1.087(4) x 107!
o)+ 2 even s xa (0) | 8.12(25) x 10~2 | 8.44(41) x 10~2
Hifom xo (0) | —21(8)x10"2 | —4(3) x 1072
///// xs (0) | —2.13(22) x 101 —7(9) x 107!
0.1 AWEY. —
x10(0) | 4.12(15) x 107!
e A+n
-0l All measurements at N, = 6 and 1" = 157.5 MeV,
02 Hit for HotQCD, xg is obtained at V. = 8 and xg at
pa pa % % Z N, = 8 and through a different regularization

scheme
INFN
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DI PARMA Cumulants at n = 0
> Results obtained by minimizing the x7,,ocp Variable Systematics?
> Statistical errors estimated via a Jackknife analysis What happens if R changes?
Cumulants obtained with R=n CaUChy HOtQCD
03| + e, b Y2 (0) | 1.088(4) x 101 | 1.087(4) x 10~*
oe) 1 2 even er xa (0) | 8.12(25) x 1072 | 8.44(41) x 10~2
Hifom xe (0) | —21(8)x 102 | —4(3) x 102
///// xs (0) | —=2.13(22) x 1071 | —7(9) x 10~
o1] o /
e X10(0) | 4.12(15) x 107!
O A+V'
0a All measurements at N, = 6 and 1" = 157.5 MeV,
02 Hit for HotQCD, xg is obtained at V. = 8 and xg at
% % % 75 o N, = 8 and through a different regularization

scheme.
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> g starts to “oscillate”

» Y10 is highly unstable

Cumulants obtained with R=1.1n Cumulants obtained with R = 1.2
05/ ¢ HotacD P 011 05 ¢ HotQcD aexy 011
% 4evender. + 4 even der.
4 6evender. 0.10 4 6evender. 0.10
0.4 v 2evender. 0.4{ v 2evender.
0.09
03 03 *+ H
0.08
0.2 + + + 0.2
0.1 0.1
0.0 ‘+xv 0.0 A+"
-0.1 i -0.1 bt
-0.2 -0.2
X2 Xa Xs Xe X0 X2 Xa Xs Xe X10
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Let’s inspect the cumulants computed for each Jackknife sample...

Xll)(o) x2(0) Xa(0)
8 a0 a0
7
=
06 §
K g
a g
Es i
8 2
Q 10
=X
i 05 05
2
53 70870 010875 0.10880 010885 0.10890 010895 010900 010305 ©%0.580500.08075 0.08100 0.08125 0.08150 0.081750.08200 0.08225 0.0875(
2 X6(0) Xs(0)
1 3s
-
0" 0362 0.364 0.366 0.368 0.370 220
X1o value H
» Highly skewed, non-Gaussian distribution
o
%
» The order of derivative may be too high for our o

statistics to resolve it correctly
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Cauchy HotQCD » Systematics computed with computations at
XQ(O) 1088( )( ) % 10—1 1. 087(4) % 10—1 different values of = S R S 1.27
x4(0) 8.17(25)(2) x 1072 | 8.44(41) x 1072 | » Closest singularity estimated with Padé:
x6(0) —1.1(8)(9) x 1072 | —4(3) x 1072 4.2 <|f1s[< 5.2
xs(0) | —1.46(22)(63) x 10~ ~7(9) x 107" | » Radius up to 1.2 < 3.77 is justified
x10(0) | 1.9(0.2)(1.9) x 10*

» Estimation of x1¢ is NOT to be trusted
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» Obtained with cumulants up to xs(0)
» Preliminary statistical analysis; Systematics are yet to be determined

Baryon Density on the Real [ axis

12 — Taylor O(d7) |
—— Padé (3, 4)

10

0.8

0.6

X1(1)

0.4

0.2

0.0

0.0 0.5 1.0 15 2.0 25 3.0 85 4.0
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» Discretizing the Cauchy formula allowed a precise estimation of the first 4 nonzero cumulants of
the partition function;

» The ill-conditioned system has been regularized with a Tikhonov parameter, that has been tuned
by using the direct computation of the x2 and the x4 present in the literature;

» Overall, the higher order cumulants are obtained with a fairly high accuracy and much lower
computational power than the ones obtained by direct evaluation with Monte Carlo simulations;

» The x1¢ is too unstable for the current statistics we are working with;

» The systematic effects on the analytic continuation of the baryon number density x1 (i) are still to
be determined...
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Thank you for your attention
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