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How to put the Ising CFT on a Turtle




Outline

* How to put spin models on a sphere... And why it is difficult.
* The tangent plane and affine transformation of simplices
* Quantum couplings and geometry as stresses and strains

* An analytical coupling-geometry map for critical 2d Ising, and
results on S2

* A plan to approximate the map numerically
* Does it work? (maybe!)
* Future things



Discretizing S2

Chapter 1
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Ch.1 Summary

* Refining the discretization allows an approach to the continuum
manifold but...

* |t prescribes a non-uniform simplicial lattice with finely tuned
lengths



Ch.1 Summary

L = 8 equal-area optimized triangle shapes (15 unique geometries)

Triangles on a common unit base
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Ch.1 Summary

* Refining the discretization allows an approach to the continuum
manifold but...

* |t prescribes a non-uniform simplicial lattice with finely tuned
lengths

* But... Lengths do not enter the action. Only couplings do.

S — — E kijsisj
<1,7>
* How do we choose the couplings to stress the lattice into the
correct shape?



Analytical Solutions for 2d Ising

Chapter 2

Based on Brower, Owen: 2209.15546, 2407.00459



The Coupling-Geometry map for 2d critical Ising

* For a lattice of identical scalene triangles (generated by an affine
transformation):



The Coupling-Geometry map for 2d critical Ising

* For a lattice of identical scalene triangles (generated by an affine

/\/ sinh(2k) = cot(a)




The Coupling-Geometry map for 2d critical Ising

* For a lattice of identical scalene triangles (generated by an affine

sinh(2k;) = cot(ay)
sinh(2ky) = cot(as)
sinh(2k3) = cot(as)




Comparison to the Modular Ising CFT
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Comparison to the Modular Ising CFT
4-5-6 Ising two-point contours: 2x2 periodic tiling
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Comparison to the Modular Ising CFT

4-5-6 modular solution vs equilateral-lattice Monte Carlo 4-5-6 Ising two-point contours: 2x2 periodic tiling
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Tests on the Sphere

Quadratic fit
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Ch.2 Summary

* The analytical map for the 2d, flat, affine-transformed, critical
Ising model seems to faithfully reproduce a critical Ising model on
the 2-sphere.”

sinh(2k) = cot(a)

* However, the method to get this map is NOT general.

e Can we make a model-blind numerical method to estimate this
map?



Moving Beyond Analytics

Chapter 3



Comparison to the Modular Ising CFT - Reprise
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Can we replace the modular solution?

 YES!!I (maybe.)



Can we replace the modular solution?

 YES!!I (maybe.)
* Ex) Target: Isosceles triangle with height 30% larger than the base



Can we replace the modular solution’?

* YES!IT/

* Ex) Tr

L

v,

i



Boundary deformed MC - Modular solution

4-5-6 Ising two-point contours: 2x2 periodic tiling Ising two-point correlators: boundary vs coupling deformation




Ch.3 Summary

* If we run MC on lattices we can guarantee
that its behavior matches some geometric target.

* |f we then also run systems, we can compare
the two.

* Say we run many and match some number of , 8

model fit will give us an approximation to the coupling-geometry
map.



Scoring

Chapter 4



Back to the 4-5-6 Jooo3
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Back to the 4-5-6
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" 4-5-6 Monte Carlo boundary correlators (linear scale)
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Scoring
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A Method?

* Choose a set of target geometries ( ) and
run MC

* Run MC over a large sweep of coupling parameter space
* Could tune to the critical point first

* Generate scores to compare the sweep of
lattices to the target geometries

* Collect a list of coupling — geometry pairs
* Perform a fit



Chapter 5
Results
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Empirical coupling-ratio parameter space
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Fit Model

m,n=()

m .
6¢E(1’¢_§ (514—(5_?_1_
R 1 S
S'ij f— 5((& + (SJ.).. {Li_’j —
- me . T
kt}' — Z Cmn 51'?' a‘—;;j?



@(\\. Empirical coupling map from 217 geometries
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a = 0 slice of the 217-geometry empirical map x10-2 Fit residual
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r =04 anisotropy sky after the 120-element I, average
{=3,...,12; full-sphere mean removed

Icosahedron graph Empirical sphere graph
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Future Applications

(after it works!)



Future applications

* Ising CFT on RxS2 for radial quantization
« Compare conformal data with the CFT bootstrap and Fuzzy Sphere

* Phi-4 Theory
* O(N) model on RxS2

* Gauge Theories (Sounds hard!)
* Do see Nobuyuki’s talk on QEDS3! (Friday, Theory, 14:20-14:40)

e Extend method to 3d affine transformations to unlock S3



Thank You!
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