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Introduce (coordinate space) renormalization group transformation (RGT):

exp { —f'AV]} = J@Uexp {-BA[U]+TIU, V] }
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The effective action JA[V | is described by infinitely many couplings { ¢, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings {c¢,, |:

Co
critical quantum perfect:
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Classically perfect FP actions

The classical FP action A™" defines an action for all /;

Nuclear Physics B414 (1994) 785-814
North-Holland

Perfect lattice action for asymptotically free theories *

P. Hasenfratz and F. Niedermayer '
Institute for Theoretical Physics, University of Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland

Received 10 August 1993
Accepted for publication 26 August 1993

ATV] = I}li{l (AT[U] + T[U, V])
U



Classically perfect FP actions

The classical FP action A™" defines an action for all /;

Nuclear Physics B414 (1994) 785-814
North-Holland

Perfect lattice action for asymptotically free theories *

P. Hasenfratz and F. Niedermayer '
Institute for Theoretical Physics, University of en, Sidlerstrasse 5, CH-3012 Bern, Switzerland

Received 10 August 1993 o
% Accepted for publication 26 August 1993 ;

ATV] = I}li? (AT[U] + T[U, V])
U



Classically perfect FP actions - AE

The classical FP action A" defines an action for all /;

Perfect lattice action for asymptotically free theories *

P. Hasenfratz and F. Niedermayer !
CO Institute for Theoretical Physics, University of Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland

A Received 10 August 1993

Accepted for publication 26 August 1993

RT

FP action

1C1,Cry ..} classically perfect:

— nho lattice artefacts
on classical configurations

APV = r}n? (AU +T(U,V]}
U



Classically perfect FP actions

The classical FP equation can be iterated:
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Classically perfect FP actions

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} WU U}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;

SAT[V] SAT U] = lattice artefacts expected to be sub-
SV =0 = Sl =0 stantially reduced:

M, 6(2a®) n=12...

= A""[V]has scale invariant instanton
solutions
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Classically perfect FP gradient flow

Physical reference scales defined through ((E)|_, =x,  1— (*(E))

» Gradient flow with FP actions is
classically perfect:
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Classically perfect FP gradient flow
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Topological susceptibility at finite flow time is a renormalised physical quantity:
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Topological susceptibility at finite flow time is a renormalised physical quantity:
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A real challenge for lattice simulations:
* topological freezing

* need high statistics for (Q~)

» lattice artifacts associated with Q.
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1
Topological charge defined through ¢(x) = 9 €0po 111G, (X0)G, (0], O = Jd“x qgx) € Z

Topological susceptibility at finite flow time is a renormalised physical quantity:

P (0% (0)=0, [x..]=MeV*
top 74 ’ ’ top
A real challenge for lattice simulations: Lattice (clover): CW = Zlm( —— )
* topological freezing 1
| - , qy = €po LTLCy 1 Ci ol
* need high statistics for (QO~) 3272

+ lattice artifacts associated with Q.. = a*(q(x) + 0(a®)), Oy = Z qy & 7



lopology on the lattice

1
Topological charge defined through ¢(x) = 9 €0po 111G, (X0)G, (0], O = Jd“x qgx) € Z

Example:

FP ensemble f = 2.9 (a ~ 0.11 fm) on 14%, O
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lopology on the lattice

1
Topological charge defined through ¢(x) = 9 €0po 111G, (X0)G, (0], O = Jd“x qgx) € Z

Example:

FP ensemble f=2.9 (a ~ 0.11fm) on 14%, O with GF until £, s, 10°measurements
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Lattice artifacts from Q. ,ver

— peaks are shifted and smeared




Classically perfect FP topological charge

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} WU U}

which for the topological charge translates to:

OFF[V] = O™P[U, ] = OFFLUL 1 = ...



Classically perfect FP topological charge

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} WU U}

which for the topological charge translates to:
OFF[V] = O™ [U,;,) = OFFLUL 1 = ...

| Remember the RGT:
exp {—ﬁ’A’[V]} O'lV] = J@Uexp {—ﬂ (AU + T|U, V])} O|U]
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The classical FP equation can be iterated:
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Classically perfect FP topological charge

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
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which for the topological charge translates to:
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Minimizing configurations U._.. ., U’

mins Ymins - - - Provide classically perfect interpolation:

=> QFP[V] — Qc()nt E Z

= Q"F[V] needs to be machine-learned, similar to A™[V]



Classically perfect FP topological charge
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= Q"F[V] needs to be machine-learned, similar to A™[V]
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Testing the machine-learned FP charge:

FP ensemble = 2.9 (a ~ 0.11 fm) on 14*, GF until #, 5, 10°measurements
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Testing the machine-learned FP charge:

FP ensemble = 2.9 (a ~ 0.11 fm) on 14*, GF until #, 5, 10°measurements
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Classically perfect FP topological charge

Testing the machine-learned FP charge:

FP ensemble = 2.9 (a ~ 0.11 fm) on 14*, GF until #, 5, 10°measurements
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Classically perfect FP topological charge

Testing the machine-learned FP charge:

FP ensemble = 2.9 (a ~ 0.11 fm) on 14*, GF until #, 5, 10°measurements
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Classically perfect FP topological charge

Testing the machine-learned FP charge:

FP ensemble = 2.9 (a ~ 0.11 fm) on 14*, GF until #, 5, 10°measurements
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S 2.00 -
_

1.00 -

chover
BN Qrp

0.00

O"" are close to integer

Distribution Is very sharp

Machine-learned O*" is almost
continuum-like!
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Continuum extrapolations for y,,

O"" much flatter than O
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Continuum extrapolations for y,,
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Continuum extrapolations for y,,

Continuum limit combined:

2, x = 0.618(25) - 10~°
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Continuum extrapolations for y,,

Continuum limit combined:
(2, x = 0.618(25) - 10~°
Recent values from literature:
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!
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FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /3. using three different definitions:

Polyakov loop susceptibllity:

AL X <L2> — <L>2

= peaks at [/
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FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2

200 - & direct data
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2

200 - & direct data

180 -

Specific heat:

160 - _
., 140 -
=

120 - _

100 - %//é'
P

80 A "\

2.0060 2.0065 2.0070 2.0075 2.0080 2.0085 2.0090 2.0095 2.0100
B

C o (s7) = (s)°

= peaks at ,BCC max




Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2 SU(3) FP action 183x2
200 1 & direct data T & direct data
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0065
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FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0075
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ratio of weights:

P 3w, —w,
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counts per bin
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0080
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0090
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0095

0.6

ratio of weights:

P 3w, —w,
3w, +w,

counts per bin
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2, B =2.0100

0.6

B ratio of weights:
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Thermodynamics with FP actions

FP action simulations on L? X 2 lattices (L, = 2 — a ~ 0.3 fm):

= reaching large aspect ratios L /L, is easy!

First determine /. using three different definitions (with multi canonical reweighting):

SU(3) FP action 183x2

& direct data

0.8 A

ratio of weights:

0.6 -

0.4 -

3w, —w,

R —
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= crosses zero at %
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

2.012
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2.0006
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L % _
203
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0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035

consistent results in the
thermodynamic limit

large aspect ratios L /L, > 7
are necessary

here,upto L/L, =9



Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):

o latent heat L,/ Tf from C, .,
(bare)

1.50F ¢
& Lp/T;

| | | | | | |
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):
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Thermodynamics with FP actions

FP action simulations on L7 x 2 lattices (L, = 2 — a ~ 0.3 fm):
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Machine-learned FP action: Conclusions

Avallability of lattice convolutional neural network (L-CNN) is crucial for:

* machine learning the FP action
- classically perfect !

) derivatives fOr the HMC and gradient ﬂOW

* machine learning the FP topological charge + close to integer !

The ML FP action in action:
* topological susceptibility from coarse lattices

* thermodynamics on coarse lattices with large aspect ratios

RN

e avoids critical slowing down and topological freezing

Thank you!



