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continuum limit (2nd order phase transition )ξ/a → ∞
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Introduce (coordinate space) renormalization group transformation (RGT):

exp {−β′￼A′￼[V]} = ∫ 𝒟U exp {−β (A[U] + T[U, V])}
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Renormalization group transformation
The effective action  is described by infinitely many couplings :βA[V] {cα}

A  [V] = min
{U}

{A  [U] + T[U, V]}FP FP

exp {−β′￼AFP[V]} = ∫ 𝒟U exp {−β (AFP[U]+T[U, V])}

β → ∞
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FP action
RT

Classically perfect FP actions
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[NPB 414 (1994) 785, hep-lat/9308004]
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Classically perfect FP actions
The classical FP equation can be iterated:

• There are no lattice artefacts on classical 
configurations:

δA [V]
δV

= 0 ⇒
δA [U]

δU
= 0

FP FP

• For large ,            is very close to            : β A  [V]FP A  [V]RT

 lattice artefacts expected to be sub- 
     stantially reduced:
⇒

𝒪(a2n), 𝒪(g2a2n) n = 1,2,…
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, ⟨Q⟩ = 0, [χtop] = MeV4
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Classically perfect FP topological charge
The classical FP equation can be iterated:
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Classically perfect FP topological charge

gauge links Ux,μ

neural network

gauge inv. output QFP[V]

  needs to be machine-learned, similar to ⇒ QFP[V] AFP[V]
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Classically perfect FP topological charge

FP ensemble  on , GF until , measurementsβ = 2.9 (a ≈ 0.11 fm) 144 t0.5 105
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Classically perfect FP topological charge

FP ensemble  on , GF until , measurementsβ = 2.9 (a ≈ 0.11 fm) 144 t0.5 105
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QFP
 are close to integer       
QFP

Distribution is very sharp

Machine-learned  is almost 
continuum-like!

QFP
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Continuum extrapolations for χtop

 much flatter than !QFP Qclover



Continuum extrapolations for χtop

Continuum limits for  and  QFP Qclover
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Continuum extrapolations for χtop

Continuum limit combined:  

t2
0.3 χ = 0.618(25) ⋅ 10−3

Recent values from literature:


Bonanno [arXiv:2510.08006]





Dürr, Fuwa [arXiv:2501.08217]


t2
0.3 χ = 0.664(12) ⋅ 10−3

t2
0.3 χ = 0.631(20) ⋅ 10−1
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FP action simulations on  lattices :L3
s × 2 (Lt = 2 → a ≈ 0.3 fm)

First determine  using three different definitions (with multi canonical reweighting):βc

ratio of weights:   

 reaching large aspect ratios  is easy!   ⇒ Ls/Lt

Thermodynamics with FP actions

   R =
3wc − wd

3wc + wd

 crosses zero at ⇒ βR
c



FP action simulations on  lattices :L3
s × 2 (Lt = 2 → a ≈ 0.3 fm)

• consistent results in the 
thermodynamic limit

• large aspect ratios  
are necessary 

Ls/Lt > 7

• here, up to Ls/Lt = 9

Thermodynamics with FP actions
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FP action simulations on  lattices :L3
s × 2 (Lt = 2 → a ≈ 0.3 fm)

• latent heat  from  
(bare)

Lh/T4
c Cmax

Thermodynamics with FP actions

• interface tension   
from obs. distributions

σ/T3
c

• consistency only due to 
large aspect ratios



FP action simulations on  lattices :L3
s × 2 (Lt = 2 → a ≈ 0.3 fm)

Thermodynamics with FP actions



Machine-learned FP action:  Conclusions

Thank you!

The ML FP action in action:

• topological susceptibility from coarse lattices

• thermodynamics on coarse lattices with large aspect ratios ✓
✓

• avoids critical slowing down and topological freezing                                    ✓

Availability of lattice convolutional neural network (L-CNN) is crucial for:

• machine learning the FP action


• derivatives for the HMC and gradient flow


• machine learning the FP topological charge

classically perfect !

close to integer !


