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• The top-row Cabbibo-Kabayashi-Maskawa (CKM) matrix unitarity 
test is one of  the most sensitive probes of  BSM physics in the low-
energy regime. 

• , can be calculated with exp and theory 

• , determined from exp & th, full theory underway 

• , most precise but inhibited by NS corrections 

• , becoming a competitive approach

Kℓ2/πℓ2 ∼ Vus/Vud

Kℓ3 ∼ Vus

0+ → 0+ ∼ Vud

n → peν ∼ Vud

Low-Energy Precision Physics
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Weak

=
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

CKM

d
s
b

QCD

ΔCKM = |Vud |2 + |Vus |2 + |Vub |2 − 1

• 3  deficit away from unitarityσ

Phys. Lett. B 838 (2023) 137748, arXiv:2208.11707

K → ℓν/π → ℓνK → πℓν

U
nitarity (

)
Δ

CK
M

=
0

0+ → 0+

n → peν̄

= − 0.00176(56)

V0+→0+

ud = 0.97367(11)exp(13)ΔR
V
(27)NS[32]total

Vus = 0.22330(35)exp(39)f+(8)IB[53]total

Vn,PDG
ud = 0.97441(3)f(13)ΔR

V
(82)λ(28)τn

[88]total

Vus/Vud = 0.23108(23)exp(42)FK /Fπ
(16)IB[51]total

|Vub |2 ∼ O(10−5)
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Γ (K+ → μν[γ])
Γ (π+ → μν[γ])

=
|Vus |2 F2

K+

|Vud |2 F2
π+

mK(1 − m2
μ /m2

K)
mπ(1 − m2

μ /m2
π) (1 + δK/π)

|Vus |FK+

|Vud |Fπ+
= 0.27599(41)



• ETM 21 
Wilson-Clover TwM, three spacings: ,           
two phys:   

• CalLat 20: 
MDWF on HISQ, four spacings ,                 
three phys:   

• FNAL/MILC 17: 
HISQ, six spacings: ,                                           
five phys:   

• HPQCD 13A: 
HISQ, three spacings: ,                                   
three phys:   

• Results from shared HISQ ensembles treated as 100% 
correlated.

a ≈ 0.069 − 0.094 fm
mπ ≈ 134 − 346 MeV → 1.1957(44)(7)

a ≈ 0.06 − 0.15 fm
mπ ≈ 130 − 400 MeV → 1.1942(32)(31)

a ≈ 0.03 − 0.15 fm
mπ ≈ 129 − 337 MeV → 1.1950(15)(+6

−18)

a ≈ 0.09 − 0.15 fm
mπ ≈ 128 − 306 MeV → 1.1916(15)(16)

5FLAG2024: 2411.04268

 from Lattice QCDFK /Fπ

Nf = 2 + 1 + 1 FK±/Fπ± = 1.1934(19)



• We employ a the Möbius Domain Wall lattice action to describe 
 valence and sea quarks.  

• Preserves chiral symmetry (obeys ) 

• Executed with modest computational cost (  cfgs/ens) 

• Form correlation functions from ,  

               

• Using parameters from simultaneous fits, we can determine the decay 
constants on each ensemble.

Nf = 2 + 1 + 1

{γ5, D} = aDγ5D

𝒪(100)

OP = ψγ5ψ OA = ψγμγ5ψ

CPP(t) = (Z0
P)2(e−E0t + e−E0(t−T)) CAP(t) = Z0

AZ0
P (e−E0t − e−E0(t−T))

Lattice QCD Setup

FK = ZA
Z0

A,K

mK
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IMAGE CREDIT: E. BERKOWITZ, A. NICHOLSON

• Large-scale computational resources are required.

NERSC at Lawrence Berkeley National LabFπ = ZA
Z0

A,π

mπ



Lattice QCD Ensembles
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Parameter Space

ξπ =
m2

π

(4πFπ)2 mπL ϵa =
a

2w0

 calculated on 30 
ensembles

FK /Fπ

Perform simultaneous chiral, infinite 
volume, continuum extrapolation

(FK /Fπ)phys
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This work: 2605.06560 [hep-lat]



• We use a Bayesian framework to perform a nonlinear 
fitting strategy.  

• Agnostic, data-driven approach to determine the model 
that best represents the data. 

• Pion (Quark) mass dependence parameterized through 
Chiral Perturbation Theory ( PT) up to : 

 

χ O(ξ2
π)

ξπ =
m2

π

(4πFπ)2 mπL

8https://github.com/gplepage/lsqfit

FK

Fπ
=

1 + δFNLO
K + δFN2LO

K + ⋯
1 + δFNLO

π + δFN2LO
π + ⋯

Extrapolation Analysis

ϵa =
a

2w0
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Extrapolation Analysis

ϵa =
a

2w0

Phys. Rev. D 97, 091502 (2018) [1711.11328v2]

FK

Fπ
=

1 + δFNLO
K

1 + δFNLO
π

+ δFN2LO
K − δFN2LO

π + ⋯

• NLO FV corrections: 

•  

• Discretization models: 

•  

•  

δNLO
FV = 4ξ∑⃗

n≠0

K1(mπL | ⃗n | )
mπL | ⃗n |

δN2LO
a = Asϵ2

a (ξK − ξπ)
δN3LO

a = AsKξKϵ2
a (ξK − ξπ) + Asπξπϵ2

a (ξK − ξπ)
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Physical Point                                              

This work: 2605.06560 [hep-lat]



• Chiral-continuum-IV fits for 16 models over all 30 
ensembles.
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Physical Point                                              

( FK±

Fπ± )
FLAG

= 1.1934(19)

FK

Fπ
= 1.1984(23)s(07)χ(17)a(17)M[34]total

 Cirigliano et. al Phys. Lett. B 700, 7–10 (2011),arXiv:1102.0563

CalLat Collaboration Phys. Rev. D 102, 034507 (2020), arXiv:2005.04795This work: 2605.06560 [hep-lat]



• Chiral-continuum-IV fits for 16 models over all 30 
ensembles.
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Physical Point - Strong Isospin Breaking

( FK±

Fπ± )
FLAG

= 1.1934(19)

FK

Fπ
= 1.1984(23)s(07)χ(17)a(17)M[34]total

FK±

Fπ±
= 1.1962(34)

δFiso′￼

K−π = −
1
6

ξK0 − ξK±

ξη − ξπ0 [4 ( FK

Fπ
− 1) + ξπ̄ ln ( ξK̄

ξπ̄ ) − ξK̄ + ξπ̄]

δFiso
K−π = −

1
4

(ℓK̂+ − ℓK̄) + 4L̄5(ξK̂+ − ξK̄) +
1
4

(ξK0 − ξK±)
ℓη − ℓπ0

ξη − ξπ0

ℓP = ξPλP =
m2

P

(4πFπ)2
ln

m2
P

μ2

•  ~ NLO SU(3) PT,  replacing  with 
 in the isospin limit. 

• Using the “Edinburgh Consensus”:

δFiso
K−π χ δFiso'

K−π L̄5
FK /Fπ

0.5 × δSU(2) = − 0.00216(54)

 Cirigliano et. al Phys. Lett. B 700, 7–10 (2011),arXiv:1102.0563

CalLat Collaboration Phys. Rev. D 102, 034507 (2020), arXiv:2005.04795This work: 2605.06560 [hep-lat]



• Chiral-continuum-IV fits for 16 models over all 30 
ensembles.
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Extrapolation Results

( FK±

Fπ± )
FLAG

= 1.1934(19)

FK

Fπ
= 1.1984(23)s(07)χ(17)a(17)M[34]total

FK±

Fπ±
= 1.1962(34)
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• Chiral-continuum-IV fits for 16 models over all 30 
ensembles.
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Extrapolation Results

( FK±

Fπ± )
FLAG

= 1.1934(19)
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FK±
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This work: 2605.06560 [hep-lat]



• Chiral-continuum-IV fits for 16 models over all 30 
ensembles.
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Extrapolation Results

( FK±

Fπ± )
FLAG

= 1.1934(19)

0.000 0.001 0.002 0.003 0.004 0.005

e°mºL/(mºL)3/2

1.10

1.12

1.14

1.16

F
K
/F

º

a12m375: ±NLO ¬PT

FV
(ªº,mºL)

a10m247: ±NLO ¬PT
FV

(ªº, mºL)

a12m208: ±NLO ¬PT
FV

(ªº, mºL)

→
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P
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n≠0
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mπL | ⃗n | ]

FK

Fπ
= 1.1984(23)s(07)χ(17)a(17)M[34]total

FK±

Fπ±
= 1.1962(34)

This work: 2605.06560 [hep-lat]
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RE: Low-Energy Precision Physics

Vus = 0.22330(35)exp(39)f+(8)IB[53]total

Vus/Vud = 0.23108(23)exp(42)FK /Fπ
(16)IB[51]total

FK±

Fπ±
= 1.1962(34)

|Vus |
|Vud |

= 0.23068(74)

V0+→0+

ud = 0.97367(11)exp(13)ΔR
V
(27)NS[32]total

Vn,PDG
ud = 0.97441(3)f(13)ΔR

V
(82)λ(28)τn

[88]total

K → ℓν/π → ℓν
K → πℓν

U
nitarity (

)
Δ

CK
M

=
0

0+ → 0+

n → peν

This work
|Vus |FK+

|Vud |Fπ+
= 0.27599(41)

This work: 2605.06560 [hep-lat]  Cirigliano et. al Phys. Lett. B 700, 7–10 (2011),arXiv:1102.0563



• First implementation of  4-flavor Domain Wall fermions, 
determining  at 0.28% uncertainty.  

• Results overlap within  for the most recent 
determinations and with FLAG. 

• Currently generating other ensembles at the physical 
point  further reduce FLAG uncertainty. 

• Exploring meson matrix elements and baryons. 

•  limited by , a single calculation dominates the 
four flavor FLAG average. 

FK /Fπ

∼ 1σ

→

Vus f+(0)

17

Summary & Outlook
FK±

Fπ±
= 1.1962(34)

( FK±

Fπ± )
2+1+1

FLAG

= 1.1934(19)

Vus = 0.22330(35)exp(39)f+(8)IB[53]total

Vus/Vud = 0.23108(23)exp(42)FK /Fπ
(16)IB[51]total

|Vus |
|Vud |

= 0.23068(74)

This work: 2605.06560 [hep-lat]
ETM 21: PRD 104 074520
CalLat 20: PRD 102 034507

FNAL/MILC 17: PRD 98 074512
HPQCD 14: PRD 88 074504



• 2 new ensembles - a06m228, a10m247L 

• Exploring fits based on HM PT. 

• Checking outliers in data. 

• Choosing how to parameterize charm dependence: 

• ? 

• What’s the impact without coarsest ensembles?

χ

δc = Ac(ξc − ξphys
c )

18

Towards the Charm Sector

1.17 1.18

(32/32) all ensembles

(27/32) w0

(27/32) t0

(27/32) strange mistuning

(27/32) charm mistuning

(27/32) both terms

(16/32) w0, a < 0.12 fm

(16/32) t0, a < 0.12 fm

(11/32) w0, a < 0.10 fm

(11/32) w0,no charm term a < 0.10 fm

FDs/FD

Preliminary

Stay tuned!
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• We use a Bayesian framework to perform a nonlinear 
fitting strategy.  

• Agnostic, data-driven approach to determine the model 
that best represents the data. 

• Pion (Quark) mass dependence parameterized through 
Chiral Perturbation Theory ( PT) up to : 

 

χ O(ξ2
π)

ξπ =
m2

π

(4πFπ)2 mπL

21https://github.com/gplepage/lsqfit

FK

Fπ
=

1 + δFNLO
K + δFN2LO

K + ⋯
1 + δFNLO

π + δFN2LO
π + ⋯

Extrapolation Analysis

ϵa =
a

2w0

= 1 + δFNLO
K − δFNLO

π + δFN2LO
K − δFN2LO

π

−δFNLO
K δFNLO

π + (δFNLO
π )2 + ⋯

Phys. Rev. D 97, 091502 (2018) [1711.11328v2]
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Extrapolation Analysis

ϵa =
a

2w0

Phys. Rev. D 97, 091502 (2018) [1711.11328v2]

ℓP = ξPλP =
m2

P

(4πFπ)2
ln

m2
P

μ2
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RE: Low-Energy Precision Physics

(Vus/Vud)2+1 = 0.23082(55)

Phys. Lett. B 838 (2023) 137748, arXiv:2208.11707

FK±

Fπ±
= 1.1962(34)

|Vus |
|Vud |

= 0.23068(74)

(Vus/Vud)2+1+1 = 0.23074(63)

( |Vus | / |Vud | )PDG = 0.23130(54)

( |Vus | )PDG = 0.22530(54)


