
Computing the Gluon Momentum 
Fraction of Nucleons on the 
Lattice through the Gradient Flow
Alexandru M. Sturzu 
HadStruc

1

Kostas Orginos

Advances in Computations of PDFs and GPDs
Marseille, April 10, 2025

HadStruc

Phys. Rev. D 114, 014516

Lattice 2026



Hadronic Structure
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x

t

J = Jq + Jg =
1
2

ΔΣ + Lq + ΔG + Lg

1 = ∑
i

⟨x⟩i

fq/H(x, μ) =
1

4π ∫ dz− e−ixP+z−⟨H(P) | ψ̄(z−) γ+ W[z−,0] ψ(0) |H(P)⟩
z+=0, z⊥=0

⟨x⟩p = ∫
1

0
dx x fp(x)

M = ⟨T00⟩ = ⟨T00⟩ + ⟨ ̂T00⟩
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Momentum Fractions
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Gluon momentum fraction
Can be extracted from matrix elements of the form
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Necessary for reduced Ioffe-time distributions

T. Khan et. al. 2021

z = 0

Monahan, Orginos 2014

Mj(z, P) = Pjℳ(ν, z2) + zjℳz(ν, z2)

M(z, P) = Z(z)⟨P |G(z)W[z, 0]ΓG(0) |P⟩

𝔐(ν, z2) = ( ℳ(ν, z2)
ℳ(ν,0) |z=0 )/

ℳ(0, z2) |p=0

ℳ(0,0) |p=0, z=0

z = 0
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Energy-Momentum Tensor
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q +

=

=
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1 +
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ρ + 1

4
δμνGρσGρσ

𝒪μν
2

Tμν
g

Tμν
g
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Gluon momentum fraction

⟨P |𝒪44
1 −

1
3

𝒪jj
1 |P⟩ = ( 2

3
⃗p2 + 2E2)
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Alexandrou et. al. 2017
Göckeler, Horsley, Ilgenfritz, et. al. 1996 

⟨x⟩g
⃗p=0

=
1

2mN

⟨P |𝒪44
1 − 1

3 𝒪jj
1 |P⟩

⟨P |P⟩

⟨x⟩g
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Lattice details:
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Isotropic

2+1 stout-link (1-iteration) smeared clover Wilson fermions

Tree-level tadpole improved Symanzik gauge action

Configurations generated by rational HMC

64 temporal sources

a (fm) Mπ (MeV) L3 × Nt Ncfg

0.094(1) 358(3) 323 × 64 1121

Computed 2-pt functions and disconnected gluon loops using new 
24s cluster at JLab

JLAB/W&M Collaboration
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Gradient-flow
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·Bμ = DνGνμ , Dμ = ∂μ + [Bμ, ⋅ ]

Gμν = ∂μBν − ∂νBμ + [Bμ, Bν]

Aμ(x) → Bμ(τ, x) B(0, x) = Aμ(x)

Lüscher, Weisz; 
2011·Bμ(τ, x) = − g2

0 {∂x,μ SW (B)} Bμ(τ, x)
Lüscher 2009, 2013, 
2014
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ΦA ΦA

Distillation

9

□ (t) = ∑ v(t)v†(t)

Peardon, et. al; 2009 

Low-rank approximation to Jacobi smearing kernel

−∇2(t) v(t) = λ(t) v(t),

Φ ∼ ϵS (𝒟v) (𝒟v) (𝒟v)(t)

τ (Tf, T0) ∼ v†(Tf) M−1 (Tf, T0) v(T0)

⟨𝒪p(m)𝒪q(n)⟩ ∼ Φp(tm)[τττ − τττ] (tm, tn) Φq(tn)
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Summed-GEVP
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Blossier, et. al; 2009
Bulava, et. al; 2011 

C2pt
ij (t) = ⟨𝒪i(t)𝒪j(0)⟩ C2pt(t) un = λn(t, t0)C2pt(t0)un

C3pt, s
ij (t) =

t−1

∑
ti=1

C2pt
ij (t) 𝒪(ti)

ℳnn(t) = − ∂t {
u†

n [C3pt, s(t)λ−1
n (t) − C3pt, s(t0)] un

u†
nC2pt(t0)un }
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Bayesian Model-Averaging
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<latexit sha1_base64="IcUhdUAr1jhUXtGFwkJ/jgSNW2s="></latexit>

pr(M |D) ⇡ exp
h
� 1

2
(�2

aug(a
?) + 2k + 2Ncut)

i

Jay, Neil; 2019, 2022. 2023 

Model 1: {C2pt(t0 = 0), C2pt(1), C2pt(2), C2pt(3), …}
{C2pt(t0 = 0), C2pt(1), C2pt(2), C2pt(3), …}Model 2:

{C2pt(t0 = 0), C2pt(1), C2pt(2), C2pt(3), …}Model 3:

…Cut
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Two-point correlation functions
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λn(t, t0) = (1 − A) e−ΔE(t−t0) + Ae−ΔE′￼(t−t0)
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Effective Matrix Elements Fits
ℳ(t) = A + Bte−tΔE
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Gradient-flow Matching
𝒪̃μν

i (τ, x) = ζi,j(τ)𝒪μν
j (x) + …
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Harlander, Kluth, Lange; 2019
Makino, Suzuki; 2015 

𝒪μν
i (x) = ζ−1

i,j (τ)𝒪̃μν
j (τ, x) + …
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Gradient-flow Matching
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⟨x⟩g = 0.482(35)



Summary
• Computed Two-Point Correlators 


• Using distillation


• Implemented variational method to extract hadron masses


• Computed Gluon-Loops


• Smoothed configurations with Gradient-Flow


• Combined data to generate Three-Point Correlators


• Used sGEVP to extract three-point correlators 


• Extracted gluon momentum fraction from combined data


• Used BAIC method to fit correlator ratios


• Recovered MS-bar results using matching coefficients
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λn(t, t0) = (1 − A) e−E(t−t0) + Ae−E′￼(t−t0)
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Gluon momentum fraction
Can be extracted from matrix elements of the form
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Necessary for reduced Ioffe-time distributions

T. Khan et. al. 2021

z = 0

Monahan, Orginos 2014

Mj(z, P) = Pjℳ(ν, z2) + zjℳz(ν, z2)

Mj
αβ; γδ(z, P) = Z(z)⟨P |Gαβ(z)W[z, 0]ΓjGγδ(0) |P⟩

𝔐(ν, z2) = ( ℳ(ν, z2)
ℳ(ν,0) |z=0 )/

ℳ(0, z2) |p=0

ℳ(0,0) |p=0, z=0

z = 0
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ΦA ΦA

Distillation
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□xy (t) =
ND

∑
k=1

v(k)
x (t)v(k)†

y (t)

Peardon, et. al; 2009 

Low-rank approximation to Jacobi smearing kernel

−∇2(t) v(k)(t) = λ(k)(t) v(k)(t),

Φ(i,j,k)
r, αβγ(t) = ϵabcSr, αβγ (𝒟1rv(i))a (𝒟2rv( j))b (𝒟3rv(k))c(t)

τ(l,k)
αβ (Tf, T0) = v(l)†(Tf) M−1

αβ (Tf, T0) v(k)(T0)

⟨𝒪p(m)𝒪q(n)⟩ = Φ(i,j,k)
p, αβγ(tm)[τ(i,i)

αα τ( j,j)
ββ

τ(k,k)
γγ − τ(i,i)

αα τ( j,k)
βγ τ(k,j)

γβ ] (tm, tn) Φ(i,j,k)
q, αβγ

(tn)
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