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The variational method: compressing the wave
function

Interesting states lie in physical corner of Hilbert space (exponential
parametrization vastly inefficient)

Compression:
Guess submanifold M ⊂ H
(find a suitable wave func-
tion ansatz)

Minimization:

∣0⟩ ≈ argmin
∣ψ⟩∈M

⟨ψ∣H ∣ψ⟩
⟨ψ∣ψ⟩

2 / 10



The variational method: compressing the wave
function

Interesting states lie in physical corner of Hilbert space (exponential
parametrization vastly inefficient)

Compression:
Guess submanifold M ⊂ H
(find a suitable wave func-
tion ansatz)
Minimization:

∣0⟩ ≈ argmin
∣ψ⟩∈M
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By definition one obtains an estimate for the GS energy that is lower
bounded

ϵ0 ≤
⟨ψ∣H ∣ψ⟩
⟨ψ∣ψ⟩
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Guess submanifold M ⊂ H
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tion ansatz)
Minimization:

∣0⟩ ≈ argmin
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⟨ψ∣H ∣ψ⟩
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Can we efficiently compress the wave function of quantum field
theories?
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How RCMPS meet Feynman’s requirements

Feynman got frustrated by trying to apply the variational principle to
quantum field theories:

I’m going to give away what I want to say, which is that I didn’t get
anywhere! I got very discouraged and I think I can see why the variational
principle is not very useful. So I want to take, for the sake of argument, a
very strong view - which is stronger than I really believe - and argue that it is
no damn good at all! [Feynman ’87]

He formulated three requirements on the submanifoldM:

Extensiveness: # params ∝ L not ∝ exp(L)
Computability: Efficiently evaluate ⟨ψ∣H ∣ψ⟩ and ⟨ψ∣O(x)O(y)∣ψ⟩
Sensitivity to IR/UV: Approximation of IR dof should not degrade

3 / 10



How RCMPS meet Feynman’s requirements
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quantum field theories:

I’m going to give away what I want to say, which is that I didn’t get
anywhere! I got very discouraged and I think I can see why the variational
principle is not very useful. So I want to take, for the sake of argument, a
very strong view - which is stronger than I really believe - and argue that it is
no damn good at all! [Feynman ’87]

He formulated three requirements on the submanifoldM:

✓ Extensiveness:

✓ Computability:

✓ Sensitivity to IR/UV: → solved by change of basis

→ solved by matrix product states

Strategy: MPS Ð→
continuum limit

CMPS (2010) Ð→
change of basis

RCMPS (2021)
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Relativistic difficulties

ĤKlein-Gordon ∶= Ĥ0 = ∫
R

π̂(x)2
2
+(∇ϕ̂(x))

2

2
+m

2

2
ϕ̂(x)2

= ∫
R

dk

2π
ωk (â†

k âk + δ(0))

1. Standard ϕ partition: H = ⊗xHϕx (rigorously with discretisation),
S ∝ log(Λ)

2. Normal mode partition H = ⊗xHa
x : as in standard QFT textbooks,

change basis

a(p) = 1√
2
(√ωpϕ̂(p) +

π(p)
√
ωp
) with ωp =

√
p2 +m2

→ Go from ϕ(x) to a(x) = ∫ dp a(p)e ipx
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

• a†(x) is the Fourier transform mode creation operator a†(p)

• ∣0⟩a is the associated Fock vacuum, i.e. a(x) ∣0⟩a = 0 ∀x

• Q,R are D ×D matrices

• We take the trace over the auxiliary matrix space

• [a(x), a†(y)] = δ(x − y)

[Tilloy ’21]
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

• Take HQFT ≡∶ H ∶a
• ∣free ground state⟩ = ∣ vacuum⟩a

This solves the problematic
free part exactly, and allows
to define a finite interaction
(in 1 + 1)

Local observables under change in partition

ϕ(x) = ∫ dyJ(x − y) [a(y) + a†(y)],
with J(x) = 1

2π ∫
dk
√

2ωk
e−ikx =

 

m

I s

L

Salog

10s

partitionchoice

los D 1

ein

Trade (infinite) entanglement for (computable) non-locality!

[Tilloy ’21]
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

Compute e0 = ⟨Q,R ∣h∣Q,R⟩ and ∇Q,Re0
Minimize e0 with (geometric improvements
of) gradient descent

minimum gives approximation of GS of interacting theory
∣Q,R⟩ = argmin ⟨Q,R ∣h∣Q,R⟩ ≃ ∣Ω⟩

⟨Q,R ∣h∣Q,R⟩ = e0 + ϵ minimum a true upper bound

non-trivial: can be done with cost ∝ D3

[Tilloy ’21]
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

Example: renormalized ϕ42 theory, m = 1

H = ∫ dx
∶ π2 ∶m

2
+ ∶ (∇ϕ)

2 ∶m
2

+ m2

2
∶ ϕ2 ∶m +g ∶ ϕ4 ∶m3.1. T!" #"$%&’()"*+,)’(- #,+$+* %’"$. 51

g
0 2 4

Energy 
density

−1.0

−0.5

0.0 RHT
D=8
D=16
D=24
D=32

D
5 10 15 20 25

Relative
 error

10−3

10−2

10−1

g=1.0
g=2.0

Figure 3.1: Left: Energy density as a function of 𝜔 , in the thermodynamic limit, com-
pared with renormalized Hamiltonian truncation results (RHT) obtained for a size𝜀 = 10. Right: relative error in energy density with the method explained in the text.

Magnetization

A natural order parameter for 𝜗4 theory is the !eld average. It should be zero because
of the ℤ2 symmetry of the Hamiltonian, but for su"ciently large 𝜔 (𝜔 > 𝜔𝜛 ω 2.77),
there is a spontaneous symmetry breaking.

Interestingly, with RCMPS, we do not need to add a tiny external !eld to create
this spontaneous magnetization, and the optimization over 𝜚, 𝜍 breaks the symme-
try on its own (with a random sign depending on the initial condition). This is quite
intuitive7. In the symmetry broken phase, breaking the symmetry of the ground state
does not cost energy in the thermodynamic limit compared to taking the symmetric
superposition of opposite magnetizations. However, the symmetric Schrödinger cat
state has more entanglement. With RCMPS, we have a limited number of param-
eters, supporting a limited amount of entanglement: the minimization will reduce
entanglement if it saves parameters to minimize the energy. This is also why the
spontaneous symmetry breaking happens always slightly before (𝜔 < 𝜔𝜛) than ex-
pected, especially at lower 𝜑. Indeed, in the symmetric phase near the phase transi-

7I am grateful to Jutho Haegeman who explained this to me when I !rst presented early RCMPS
results.

[Tilloy ’21]
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

1. New ansatz for 1 + 1 d bosonic relativistic QFT

2. No cutoff, UV or IR

3. UV is captured exactly even at D = 0

4. Efficient (cost poly D, error superpoly 1/D)

5. Rigorous (variational)

[Tilloy ’21]
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Relativistic continuous MPS: bosons

∣Q,R⟩RCMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ a†(x))} ∣0⟩a

1. New ansatz for 1 + 1 d bosonic relativistic QFT

2. No cutoff, UV or IR

3. UV is captured exactly even at D = 0

4. Efficient (cost poly D, error superpoly 1/D)

5. Rigorous (variational)

The world is also made of fermions! In fact it is also made of
gauge fields!

[Tilloy ’21]
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The massive Schwinger model
QED in 1+1 d:

L = −1
4FµνF

µν + ψ̄ (i /∂ − e /A −m)ψ + eθ

4π
ϵµνFµν

Gauge A1 = 0: the photon is non-dynamical

Gauss’s law −∂21A0 = e j0 ⇒ solve and substitute, with physical density

j0 = ∶ψ†ψ∶

H = ∫ dx ψ̄ (iγ1∂1 +m)ψ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

hDirac

− e2

4 ∫ dx dy j0(x) ∣x − y ∣ j0(y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

hCoulomb

− e2θ

2π ∫ dx x j0(x)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

set θ=0 for now

Many similarities with QCD: a 1 + 1 toy model that keeps the hard parts
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Confinement: linear potential V (r) ∼ e2 r
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Non-trivial vacuum: θ-dependence (sign problem for θ ≠ 0)
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Chiral condensate [Schwinger ’62, Coleman ’76]
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Fermionic RCMPS

∣Q,R1,R2⟩fRCMPS = trCD {P exp(∫
L

0
dx Q ⊗ 1 + R1 ⊗ b†

1(x) + R2 ⊗ b†
2(x))} ∣0⟩bi

where b†
i (x) are fermionic creation operators, verifying the canonical

anticommutation relations

{bi(x),b†
j (y)} = δijδ(x − y) and {bi(x),bj(y)} = 0 .

• b†
i (x) are the Fourier transform mode creation operators b†

i (p)
• ∣0⟩bi is the associated Fock vacuum, i.e. bi(x) ∣0⟩bi = 0 ∀x
• Q,R1,R2 are D ×D matrices

• We take the trace over the auxiliary matrix space
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Fermionic RCMPS

∣Q,R1,R2⟩fRCMPS = trCD {P exp(∫
L

0
dx Q ⊗ 1 + R1 ⊗ b†

1(x) + R2 ⊗ b†
2(x))} ∣0⟩bi

where b†
i (x) are fermionic creation operators, verifying the canonical

anticommutation relations

{bi(x),b†
j (y)} = δijδ(x − y) and {bi(x),bj(y)} = 0 .

Regularity condition

⟨∶ hDirac ∶⟩fRCMPS = finite if {Ri ,Rj} = 0
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Schwinger model with fRCMPS: U(1) symmetry
Disconnected terms give IR divergence

⟨∶ ĥCoulomb, disc (0) ∶⟩ = ∫
∞

−∞
dy ∣y ∣ (⟨l0∣ (R1 ⊗ R̄1) ∣r0⟩ − ⟨l0∣ (R2 ⊗ R̄2) ∣r0⟩)

2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
!=0

Further constrainsMfRCMPS → non-trivial, non-linear constraint on Ri !

But physically corresponds to vanishing charge density ⟨j0(x)⟩ = 0

Need U(1) symmetric fRCMPS: e iθ ∣Q,R1,R2⟩fRCMPS = ∣Q,R1,R2⟩fRCMPS

Q =

R1 =

R2 =

Q is block-diagonal, R1,2 are block-off-diagonal
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Computing expectation values

Zj ′,j = ⟨Q,R ∣ e∫I j
′

α(x) b̂†
α(x) dx e∫I jβ(y) b̂β(y) dy ∣Q,R⟩

Functional derivatives bring down operators:
δ

δj ′α(x)
δ

δjβ(y)
Z∣

j=j ′=0
= ⟨b̂†

α(x) b̂β(y)⟩

O(L) ∶= P exp (∫
L
0 f (Q,R1,R2; j , j

′)) is solution to
d
dx
O(x) = f (x)O(x) and O(0) = I .

1. Compute Zj,j ′ by solving the ODE and taking the trace at x = ∞
2. Take derivatives in j , j ′ ⇒ a coupled linear ODE hierarchy

3. In superoperator form: ∝ D3

✓ ⟨∶hDirac∶⟩ → 0 at Ri = 0 (exact)

✓ two independent implementations at Ri ≠ 0 agree
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Conclusion

• New ansatz to solve 1+1 d fermionic theories directly in the
continuum and thermodynamic limit

• Have identified non-trivial UV and IR regularity conditions for
Schwinger model that need to be imposed on the manifold

Next steps:

• Have preliminary results at D = 4 and D = 8 but need to be
cross-checked

• hCoulomb for now prohibitively slow (via ODE asymptotically ∝ D3

but with a huge prefactor) → maybe some clever trick?

• Calculate gradients in terms of Q,R1,R2 (for hCoulomb a
nightmare...)

• Generalize to θ ≠ 0 (possible via chiral rotation?)

Stay tuned for results on the Schwinger model!
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Backup Slides
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Coulomb interaction

∶j0(x)∶ = ∫ ds dt[P(x−s, x−t)(b†
1(s)b1(t) − b†

2(s)b2(t)) +D(x−s, x−t)(b†
1(s)b†

2(t) − b2(s)b1(t))]

Gives 16 channels for ∶ j0(x) ∶∶ j0(0) ∶

N1N1 +PyP0 b†
1(s)b1(t)b

†
1(u)b1(v)

N1N2 −PyP0 b†
1(s)b1(t)b

†
2(u)b2(v)

⋮ ⋮ ⋮
Π̄Π̄ +DyD0 b2(s)b1(t)b2(u)b1(v)

N1 = P b†
1b1, N2 = −P b†

2b2, Π = D b†
1b

†
2, Π̄ = −D b2b1,

where each term is

∫ ds dt du dv of (coeff) × (kernels) × (four-leg expectation)

→ still possible via graded generating functional at cost ∝ D3, but a
lot of bookkeeping
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fRCMPS calculus

Via graded generating functional

Zj ,j ′ ∶= tr[(⟨0∣ + ⟨1∣)P exp(∫ du (T+ ⊗ ∣0⟩⟨0∣ +T− ⊗ ∣1⟩⟨1∣

+∑
α

(jα(u)Rα ⊗ ID + j ′α(u)ID ⊗ R̄α) ⊗ σx) ∣0⟩] ,

with T± = Q ⊗ 1 + 1⊗ Q̄ ± (R1 ⊗ R̄1 + R2 ⊗ R̄2)

b̂†
α(x) b̂β(y)

⟨l0∣ ∣r0⟩
even: T+ odd: T− even: T+

evolve across the line: linear ODE d
dx
∣ρ⟩ = T±∣ρ⟩

parity switches at each fermion: even # of legs to the left ⇒ T+, odd ⇒ T−
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From MPS to CMPS: taking the continuum limit
For bosons on a line:

∣Q,R⟩CMPS = trCD {P exp (∫ L
0 dx Q ⊗ 1 + R ⊗ ψ†(x))} ∣0⟩ψ

CMPS are a continuum limit of MPS:

∣Q,R⟩ = ∑
n1,n2,...nN∈N

tr [An1An2⋯AnN ] ∣n1,n2, . . . ,nN⟩ + O(ϵ)

with

• A0 = 1 + ϵQ , A1 =
√
ϵR , A2 = ϵR2/2 , An≥3 = O(ϵ)

• ∣n1,n2, . . . ,nN⟩ = b†n1
1 b†n2

2 . . .b†nN
N ∣0⟩ψ

• b†
j = ∫

(j+1)ϵ
jϵ ψ†(x)/√ϵ, such that [bj ,b†

k] = δjk
Verstraete, Cirac ’2010 10 / 10


