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The variational method: compressing the wave

function

Interesting states lie in physical corner of Hilbert space (exponential

parametrization vastly inefficient)

Compression:

Guess submanifold M c H
(find a suitable wave func-
tion ansatz)
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The variational method: compressing the wave
function

Interesting states lie in physical corner of Hilbert space (exponential
parametrization vastly inefficient)

Compression:
interesting Guess submanifold M c H
physical states (find a suitable wave func-
(thg/s ) tion ansatz)
M Minimization:
(Y[HIY)
|0) ~ argminjyyeps—
Wl
By definition one obtains an estimate for the GS energy that is lower
bounded .
¢ 0l
(1)
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The variational method: compressing the wave
function

Interesting states lie in physical corner of Hilbert space (exponential
parametrization vastly inefficient)
Compression:

interesting Guess submanifold M c H
physical states (find a suitable wave func-
Hpnys ) tion ansatz)
M Minimization:
(Y[Hl)

|0) ~ argminyyepg v

(l)

Can we efficiently compress the wave function of quantum field
theories?
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How RCMPS meet Feynman’s requirements

Feynman got frustrated by trying to apply the variational principle to
quantum field theories:

I'm going to give away what | want to say, which is that | didn’t get
anywhere! | got very discouraged and | think | can see why the variational
principle is not very useful. So | want to take, for the sake of argument, a
very strong view - which is stronger than | really believe - and argue that it is
no damn good at all! [Feynman '87|

He formulated three requirements on the submanifold M:

Extensiveness: # params o L not o exp(L)
Computability: Efficiently evaluate (¢|H|y) and (¥|O(x)O(y)|¢)
Sensitivity to IR/UV: Approximation of IR dof should not degrade
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How RCMPS meet Feynman’s requirements

Feynman got frustrated by trying to apply the variational principle to
quantum field theories:

I'm going to give away what | want to say, which is that | didn't get
anywhere! | got very discouraged and | think | can see why the variational
principle is not very useful. So | want to take, for the sake of argument, a
very strong view - which is stronger than | really believe - and argue that it is
no damn good at all! [Feynman '87|

He formulated three requirements on the submanifold M:

v~ Extensiveness:
— solved by matrix product states
v~ Computability:

v~ Sensitivity to IR/UV: — solved by change of basis

Strategy: MPS  —  CMPS (2010) —  RCMPS (2021)

continuum limit change of basis
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Relativistic difficulties

Hklein-Gordon = Ho

o= [ 102, (VIR m
- [= 5002

1. Standard ¢ partition: H = @, H (rigorously with discretisation),
o log(A)

S oxlogA
:

partition choice

[0)¢ =
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Relativistic difficulties

/:IKIein—Gordon = l‘:/o:fRW(X)z (V¢(x))2 ¢( )2 f%kwk (§£5k+5(0))

1. Standard ¢ partition: H = ®HE (rigorously with discretisation),
o< log(A)

2. Normal mode partition H = ®,HZ: as in standard QFT textbooks,
change basis

2(6) = 5 (Vo) ji)) with wp = /7 s 2

- Go from ¢(x) to a(x) = [ dp a(p)e™

[0y, = [ BASISCHANGE +FOURIER] —— | | | 1111
LTI
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Relativistic continuous MPS: bosons

|Q, R)remps = tren {Pexp (fOde Re1l+R® aT(x))} 0),

al(x) is the Fourier transform mode creation operator af(p)

[}

e |0), is the associated Fock vacuum, i.e. a(x)|0), =0 Vx
e (. R are D x D matrices

e We take the trace over the auxiliary matrix space

[a(x),a"(¥)] = 6(x~y)

[Tilloy '21]
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Relativistic continuous MPS: bosons

|Q, R)rcmps = trep {Pexp (fOde Qel+Re® aT(X))} 0),

This solves the problematic

e Take Hqpr = H 15 free part exactly, and allows
e |free ground state) = | vacuum), to define a finite interaction
(inl+1)

Local observables under change in partition

d(x) = [ dyd(x-y)[a(y) +a'(y)]. o
with  J(x) = 5 [ g=e "= / \

Trade (infinite) entanglement for (computable) non-locality!

[Tilloy '21]

5/10



Relativistic continuous MPS: bosons

|Q, R)rcmps = trep {Pexp (fOde Q®l+R® aT(x))} 0),

Compute e = (Q. R|h|@, R) and V¢ rep
Minimize ey with (geometric improvements
of) gradient descent

Mremps

minimum gives approximation of GS of interacting theory
|Q, R) = argmin (Q, R|h|Q, R) ~|Q)

(Q.R|h|Q,R) = ey + € minimum a true upper bound

non-trivial: can be done with cost o< D3

[Tilloy '21]
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Relativistic continuous MPS: bosons

|Q, R)remps = trenp {Pexp (fOL dx Q@ 1+R® aT(x))} 0),

Example: renormalized qﬁg theory, m=1

2.
2 (Vo
H= [d m+ )" .¢2:m+g:¢4:m
2 2
004 — RHT
\Q‘\o_ ® D=8
‘\.~ & D-16 107!
Zo0s 8
é : 1072
H E
1.0 107
«.
0 2 4 5 10 15 20 25 [Tllloy ,21]
g D
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Relativistic continuous MPS: bosons

|Q, R)remps = tren {Pexp (fOde Re1l+R® aT(x))} 0),

1. New ansatz for 1 + 1 d bosonic relativistic QFT
2. No cutoff, UV or IR

3. UV is captured exactly even at D = 0

4. Efficient (cost poly D, error superpoly 1/D)

5. Rigorous (variational)

[Tilloy '21]
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Relativistic continuous MPS: bosons
|Q, R)rcmps = trep {Pexp (fOL dx Q®1+R® aT(X))} 0),

1. New ansatz for 1 + 1 d bosonic relativistic QFT
No cutoff, UV or IR
UV is captured exactly even at D = 0

Efficient (cost poly D, error superpoly 1/D)

AR R

Rigorous (variational)

The world is also made of fermions! In fact it is also made of
gauge fields!

[Tilloy '21]

5/10



The massive Schwinger model
QED in 1+1 d:

-, el .
,C:—%F'WFW+1/J(I($—6A—m)1/J+Ee“ Fou

Gauge A! = 0: the photon is non-dynamical

Gauss's law —8%A0 = ej% = solve and substitute, with physical density

j° =ty

- e? . . e20 .
H= [axd(iv'o+myw - = [dxdy 200l =y1°() = S [dxx2(0)
[ —

hDirac hCoqumb

set 6=0 for now

Many similarities with QCD: a 1+ 1 toy model that keeps the hard parts

Vi)~ r Confinement: linear potential V/(r) ~ e*r

vE— 0

@Q Non-trivial vacuum: 6-dependence (sign problem for 6 + 0)
<%y +(Q Chiral condensate [Schwinger '62, Coleman '76]
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Fermionic RCMPS

L
|Q, Ry, Ro) sremps = treo {P exp (/0 dx Q@1+R ®@bl(x)+ R ® b;(x))} 0),,

where b}t(x) are fermionic creation operators, verifying the canonical
anticommutation relations

{bi(x), b/ (y)} = 650(x—y) and {b;(x),b;(y)} =0.

b:.[(x) are the Fourier transform mode creation operators b:.f(p)

[}

e [0), is the associated Fock vacuum, i.e. bj(x) |0}, =0 Vx
e (). R, R> are D x D matrices

e We take the trace over the auxiliary matrix space
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Fermionic RCMPS

L
|Q, Ry, Ro) sremps = treo {P exp (/0 dx Q@1+R ®@bl(x)+ R ® b;(x))} 0),,

where b}t(x) are fermionic creation operators, verifying the canonical
anticommutation relations

{5i(x). b ()} = 836(x —y) and  {bi(x).b;(y)} = 0.

Regularity condition

(: hpirac *)mevps = finite  if {Ri,R;}=0

Mremps
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Schwinger model with fRCMPS: U(1) symmetry

Disconnected terms give IR divergence

(+ hcoutomb, disc (0) :) = [: dyly| ({lo| (RL ® R1)[ro) - (bo| (R2 ® R>) |fo))2

|

Lo

Further constrains M p&cpmps — non-trivial, non-linear constraint on R;!

But physically corresponds to vanishing charge density (jo(x)) =0

Need U(1) symmetric fRCMPS: | e/’ |Q, R, R2) s = |Q Ri,y R2) tremips

on M, :
{Ri, R} =0
- U(1) symmetric

M ¢remps

Q is block-diagonal, R; , are block-off-diagonal
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Schwinger model with fRCMPS: U(1) symmetry

Disconnected terms give IR divergence

<: BCoulomb, disc (0) :) = /:: d}/|}/| ((/0| (Rl ® R’l) |r0) - (/0| (R2 ® R’Q) |r0))2

1

=0

Further constrains M p®cpmps — non-trivial, non-linear constraint on R;!

But physically corresponds to vanishing charge density (jo(x)) =0

Need U(1) symmetric fRCMPS:

= [
Fa= )
Ros ()

Q is block-diagonal,

e |Q7 R, R2>fRCMPS = |Q7 R, R2>fRCMPS

M fremps

Ry > are block-off-diagonal

on M, :
(R, R} =0
-U(1) symmetric

For now : choose canonical matrices
AR1e, Ry} =0, R,

91Q, R, Ry = 1Q, Ruy,

R; = UR; U1
=0 i ’
/

change of basis

contains variational parameters

B

Ra.c)
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Computing expectation values
2y, = (Q, R| et BY () dx o[, (¥) Bs(y) dy Q. R)

Functional derivatives bring down operators:

5 o
7209 55} Zropo = 1LV B )
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Computing expectation values

L
Z = tr[Pexp(fo f(Q,Rl,Rz;j,j’)dx)]

Functional derivatives bring down operators:
= (bl (x) bs(y))

- - Z
8j5,(x) djs(y) |f:f':0

O(L) :=Pexp (fOL f(Q, R, Rz;j,j’)) is solution to
L 0O(x) = f(x)O(x) and O(0) = I.

1. Compute Z; j by solving the ODE and taking the trace at x = oo
2. Take derivatives in j,j = a coupled linear ODE hierarchy

3. In superoperator form: o< D3
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Computing expectation values

L
Z = tr[Pexp(fo f(Q,Rl,Rz;j,j’)dx)]

Functional derivatives bring down operators:
= (bl (x) bs(y))

- - Z
8j5,(x) djs(y) |f:f':0

O(L) :=Pexp (fOL f(Q, R, Rz;j,j’)) is solution to
L 0O(x) = f(x)O(x) and O(0) = I.

1. Compute Z; j by solving the ODE and taking the trace at x = oo
2. Take derivatives in j,j = a coupled linear ODE hierarchy

3. In superoperator form: o< D3

V" (:hpirac:) = 0 at R; = 0 (exact)

v~ two independent implementations at R; # 0 agree
9/10



Conclusion

e New ansatz to solve 141 d fermionic theories directly in the
continuum and thermodynamic limit

e Have identified non-trivial UV and IR regularity conditions for
Schwinger model that need to be imposed on the manifold

Next steps:

e Have preliminary results at D =4 and D = 8 but need to be
cross-checked

e hcoulomb for now prohibitively slow (via ODE asymptotically oc D3
but with a huge prefactor) - maybe some clever trick?

e Calculate gradients in terms of Q, Ry, Rx (for hcoutomp @
nightmare...)

e Generalize to 6 # 0 (possible via chiral rotation?)

Stay tuned for results on the Schwinger model!
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Coulomb interaction

:jo(x)::fdsdt[P(x s.x—t) (bl (s)by () = b (5)ba(£)) + D (x5, x f)(bf(s)bg‘(f)—bz(s)bl(t))]

Gives 16 channels for : jo(x) :: jo(0) :

NiNg | +P,Po | bI(s)by(t) bl (u)bi(v)
NiNp | P, Py | bl(s)by(t) bl(u)ba(v)

NN | +D, Dy | bo(s)bi(t) bo(u)bi(v)
Ny =P biby, No=—Pblby, M=Dbibl, M=-Dbyby,

where each term is
[ dsdtdudv of (coeff) x (kernels) x (four-leg expectation)

— still possible via graded generating functional at cost o< D3, but a
lot of bookkeeping
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fRCMPS calculus

Via graded generating functional

Z;jr = e[ (0] + <1\)7’exp(f du (T, ®0)(0] + T_® |1)(1]

+> (ja(W)Ra® Ip +j,(u)Ip ® Ry) ® ax) |0)] ,

with T.=Q®1+18Q+ (Ri®R + R2® Ry)
bl,(x) bs(y)
@ @

I 5
< 0| even: T, odd: T_ even: T, ‘ 0>
parity switches at each fermion: even # of legs to the left = T,, odd = T_

evolve across the line: linear ODE < |p) = T.|p)
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From MPS to CMPS: taking the continuum limit

For bosons on a line:
|Q, R) cpps = tren {Pexp (fOL dx Q®1+R® UT(X))} |0),

CMPS are a continuum limit of MPS:

(') T T JIC] =|€] T T T T
|Q,R) = Z tr [An Any--Any 1|01, n2, ..., ny) + O(e)
ni,ng,...nyeN
with
o Ao=]l+€Q, A1=\/ER, A2=€R2/2, A,,23=O(6)
o |ni, ..., nN)= bI"lbg"2 e b%’"’ 0),,

o b} = [V Wl ()] Ve, such that [by, b}] = G

Verstraete, Cirac '2010
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