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QCD in the ‘t Hooft limit

This is the QCD Euclidean Lagrangian:

— 1
L=> vN(D+mNy¥) + ——TrF,,F,
7 29y u1

e Itis known that if we send N, — 00 keeping g3y Ne = 97, oo CONStant
(planar limit) we are left with a theory of free glueballs and mesons.

e To the leading large N. order (planar limit) only diagrams with the topology of
a sphere survive.
e Moreover in the large N.expansion glueball and mesons are weakly

interacting with coupling Ni or % respectively
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QCD in the ‘t Hooft limit

There have been several attempts to find an analytic solution to describe the ‘t
Hooft limit of QCD, tackling the problem with different approaches (Strings,
topological theories, duality etc.etc.)

We want to use measurements
of the spectrum of SU(N)
Yang-Mills theory in the ‘t
Hooft limit to investigate the
feasibility of a
semi-topological approach [2]
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[1] Bochicchio, M. Glueball and Meson Spectrum in Large-N QCD . Few-Body Syst 57, 455-459 (2016)

[2] Bochicchio M., An asymptotic solution of Large-N QCD, for the glueball and meson spectrum and the collinear S-matrix AIP Conf.Proc. 1735 (2016)
and Bochicchio M., to appear on arXiv
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https://link.springer.com/article/10.1007/s00601-016-1100-6
https://doi.org/10.1007/s00601-016-1100-6
https://pubs.aip.org/aip/acp/article/1735/1/030004/1018342/An-asymptotic-solution-of-Large-N-QCD-for-the

The lattice setup

e Wilson plaquette action for the gauge group

S[U] = % > ReTr (1 — Uy (x))

c
plaqg.

e Heatbath (Cabibbo-Marinari) + overrelaxation updates in a 1:4 mixture
e Periodic Boundary conditions

e Improved actions would make the 2-level sampling less efficient
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Our lattices

Tag Lo x L3 B a\/o Tag Lo x L? B a/o Tag Lo x L} B ay/o
n5lat3 20 x 143  17.43  0.223(26) n6lat3 20 x 14® 2532 - n8lat2 16 x 10% 44.85

n5lat4 20 x 163 17.63 —~ nélatd 20 x 163 25.55  — n8lat3 20 x 123 455 0.217(59)
n5lat5 24 x 20 18.04 — nélats 24 x 203 26.22 = n8lat4 20 x 14> 46.1  0.189(30)
n5lat6 32 x 243 18.375 0.148(35) nélaté 32 x 243 26.71 = n8lats 24 x 163  46.7

n8lat6 32 x 203 47.75 —

Tag Lo x L3 B a\/o Tag Lo x L} B a\/o
ni0lat2 16 x 10° 70.38 0.314(53) ni4latl 16 x 123 137 -
ni0lat3 20 x 123 71.38 0.218(48) nid4lat2 20 x 123 139.2 —
ni0lat4 20 x 143 724  0.197(30) ni4lat3 20 x 143 141.85 -
ni0lats 24 x 163 73.35 0.173(44) nidlatd 24 x 203  144* —
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Our lattices

NO accumulated (total)

n5lat3 | 7.549 total (7,509 analyzed + 40 unanalyzed)
n5lat4 5 Future run
3 n5lat5 ‘a’ utt
Ta‘g LO X Lz /B nslats 410 total (370 analyzed + 40 unanalyzed) /8 a\/g
n5lat3 20 x 143 17.43 04 nélat3 77 2.443 votal (no GEVP analysis yet 44.85 N
n5lat4 20 x 16%  17.63 45.5  0.217(59)
n6lats © 621 total (no GEVP analysis yet)
nSlats 24 x 20°  18.04 e 461 0.189(30)

46.7 =
47.75 —

n5lat6 32x24% 18375 0. ..
nglat3 _///,//// 3,248 total (2,458 analyzed + 790 unanalyzed)

nglats S 7] 1,150 total (583 analyzed + 567 unanalyzed)
2}
Tag nglats Future rur
n8laté Future run

nl0lat2
n10lat3

nlolat2 I o 57 anaiyzed + 1,094 unanalyzed)
_ 3,327 (fully analyzed, eff. ~ 3,217)

RO N N — |~

nlolat3 gz
=)
nil O latd nlolatd @ {1,693 total (1,645 analyzed + 48 unanalyzed)
n 1 O 1 at 5 nlolat5 703 total (325 analyzed + 378 unanalyzed)
nlélatl Future rur
nld4latz g Fui
=]
nlalats 3 Itur
nl4lat4 Future run
8 2000 900 9000 M Analyzed (completed GEVP run)
Accumulated NO configurations [Z] Generated, not yet analyzed
Future run
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Our lattices

Glueball data accumulated per programmed lattice run

NO accumulated (total)

7.RADbatal L7.RAO analmad i A0 snanakmadl

String tension vs t Hooft coupling, per N Matched spacing: approach to large-N

& sus) 0.24

oss | {'3’.2 u sue) Em
Tag LO X A su(10) 023 ] ! iNg {NS

nblat3 20 X | 0264 0.22 A
nblatd 20X | A . $us
nblath 24 X : . ?"”’ * a I‘m iNS @ lat3(gN?=071)

o |§’ ] 2
¢ 2 0.20 @ latd (BIN?~0.72)
L 4 o
n5lat6 32 X %o e § EEERE 0
# o 0.19 A
0.20 4 § N1O
‘ 0.18
at!
A
0.18
0.17
late
0.16 e 0.16 - e,
0.700 0.705 0.710 0.715 0.720 0.725 0.730 0.735 0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
BIN? =2/A;5; (line of constant physics) N2
1 O l 5 2 nlolat5 777 703 total (325 analyzed + 378 unanalyzed) -
n at
nl4latl Future rur
nl4latz g
2
nl4lats @ it
nl4lat4

G 2000 000 6000 M Analyzed (completed GEVP run)

Accumulated NO configurations [Z] Generated, not yet analyzed
Future run
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The operators

We are using a basis made of wilson loops of length up to ¢ = 12 computed at 4 different APE
smearing levels of the gauge configurations.

We use subduced representations to produce linear combinations of our loops that transform according
to irreducible representations of the enlarged cubic group.

Our operator basis:

L oF — ﬂ - TP Ny 4 APE smearing levels
vy @ﬁr TJ s
L J 0':D+¢+,5 o 18 x
++
; - g
7" 19
] T+ | 12

[1] G. Korcyl*, S. Cali and P. Korcyl, Evaluation of SU(3) smearing on FPGA accelerator cards, doi.org/10.22323/1.396.0048
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The cgRed package

Reorganized reduction scripts into a handy python package to perform (y, reduction for arbitrary
loop shapes.

INPUT VALIDATION GROUP REDUCTION

isClosed(loop) - bool repReduceStep(rep, Cindex) - (rep, P)
True if the directed steps sum to zero, i.e. the path closes Jordan decomposition against one conjugacy class
isTrivial(loop) - bool repReduce(rep) - (rep, A)
True if the loop backtracks on itself (adjacent opposite steps) Block-diagonalise over all 10 classes; A is the change of basis
= 5 findBlocks(rep) - [di1, d2, ..]
Dimensions of the resulting invariant subspaces
OPERATOR CONSTRUCTION
vec(loop, cPar) ~ [cPar, loop] diagBlockRep(rep, i_start, size) - rep block
Label a loop with its C-parity, cPar = +1 g Slice one diagonal block out of the reduced representation
conj (Loop) > Toop findRep(block, cPar) - (id, mult)
C-conjugation: reverse the order and negate every step Matehla blockagainstitnelcharacten table
rot(loop, i) + loop findReps(rep, blocks, cPar) - (ids, mults)
Act with 'the group element i € [0, 47] All irreps and multiplicities, block by block
vecRot(v, 1) - [cPar, loop] 0 h =0 x Z> : 48 elements > 10 conjugacy classes 0 20 irreps
Same rotation, applied to a C-parity labelled vector L Altx  A2xx Exx Tlix T2sx (superscripts: parity / C-parity) )
vecEq(vl, v2) - {0, =1}
Compare up to cyclic symmetry and C-conjugation OUTPUT
: 7
saveOparFile(loop, cPar, fname) - .opar
BASIS & REPRESENTATION One operator, one C-parity — openQCD input format
baseBuild(v) STV vl 2 saveOpdataFile(loops, fname, names) - .opdata

Orbit of v under O_h — a basis of dimension N < 48 Whole operator set, both C-parities, as JSON

repBuild(base) = [Mo . Ma7] plot_tloop(1loop) ) - figure
The 48 real NxN matrices representing the group action 3-D render of the loop path on the lattice

producelLoopShapes (lmax, fname) - file
Enumerate every independent loop shape up to length Imax

r
8

,
-
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The cgRed package

Reorganized reduction scripts into a handy python package to perform (y, reduction for arbitrary
loop shapes.

1. INPUT: Loop Shapes 2. PACKAGE: Cubic Group Reduction 3. OUTPUT: .opdata File

User provides a list of loop shapes The package performs the reduction in 4 steps Package outputs the linear combinations

in integer notation of loops in a single .opdata file
- e N
loops = [ s N N i N i h | :
5.2 2 ® : 5 0] ey
[40,:2, 8, 2,1, =8; <1 # » (@ » 0 g [*® g Wt - observables.opdata
3

] T, 1 0 -10
1 EIim‘inate 2. Apply Oy, 3. Jorda.n. 4. Character Analysis
Invalid / Elements to Decomposition to Assign Irreps
Repeated Loops Build a Base
\ I g N S N e, \ p
diie. _ J

Quenched glueball and meson spectrum in the 't Hooft limit of lattice Yang-Mills theories 45 SAPIENZA



The operators

We are using a basis made of wilson loops of length up to ¢ = 12 computed at 4 different APE
smearing levels of the gauge configurations.

<SNR> vs dt - rep E++

2 point correlators

1004{@ ® nlo/lat2
nl0/lat3
C’ij(At) = <Ovﬁ(t0)oj(t0 + At» ° n10/lat4
= (0] O4(to) [n) (n] O;(to + At) 0) =
n=1 A 10—1
, Ly Lz‘ 4
= Z 2¢” "2 (0] O;(0) [n) (n] O4(0) |n) cosh <amn <At — ?>> é’ ¢
" S 102 §
GEVP g 8
C(t)p = Ao(t, t0)C(to)t Ap(t, tg) = e~ams(t=to) o o $ .
Y q
0 1 2 3 4 5 6
)\ - dt (lattice units)
a-mp = log <7b( »to) )
)\b(t +1, to)
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The Multilevel algorithm *

[ 7| 15 23] 5}
Because of the severe
statistical noise affecting -
glueball correlators in thelarge } |
time separation limit we have ,
implemented a multilevel i Update white
algorlth m —> timeslices only
[Update all timeslices to] '
] generate new bpundary Z

We use the locality of the cofursion_§, [V o l
Wilson action to turn our i f

] o times ;
montecarlo averages into 9 A [Measure pt]
nested averages over different ;
boundary configurations. Mbilagskaiopthm B .

[1] Meyer H. Locality and Statistical Error Reduction on Correlation Functions, arXiv:hep-lat/0209145

\:q \SﬁPIENZA
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The Multilevel algorithm *

— e R R M e REm R M R REm R M e REm M M e Mmm R M e M M M e R e e e oy

- ~

Example: \

When we are measuring /”
correlators of operators at:
time slices that reside in Jto= 3a — tg € Iy

different regions of the : t1 =10a — t1 € Rs
lattice the path integral willi
factorize into an average

over boundary

qo

0123456.

o0 |11]12/13 14.

— o o o e e e e

configurations. (Oi(t0)0;(t)) = / DU 510, (t0)0; (1) =
= /DUaRe_SaR[UOR] (/DURle_SRl[URl}Oi(tOO </ DURze_SRQ[URQ]Oj(tl)) =
N = ({0i(t0))z, (O(t)), ), A

e o o e e e mm e R M M e Rmm M M e Rmm Mmm M e Mmm M M M Mmm M e e Mmm M e e M e e

This greatly reduces the error on the correlator, especially in the large time-separation
region, which is also the most critical for reliable extraction of the glueball masses.

[1] Meyer H. Locality and Statistical Error Reduction on Correlation Functions, arXiv:hep-lat/0209145
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The Multilevel algorithm

Example L = 20, delta = 10

We build Cj;(to,t1) for each (%o, t1)pair . ======.....=======

using multilevel only in pairs residing in two =
different dynamical regions. 1

dt averaging

Cii(to, t1) — Cy;(Al) )

We use optimal averaging along the lines
of [1]. This also provides a convenient
sanity check that the algorithm works by
keeping track of the resulting weights in

the average. P EEA E R R ASE R EEE A

o = N W » U O N 00 O

[1] Barca, Knechtli, Peardon, Schaefer, Urrea-Nifio, Performance of two-level sampling for the 8 multi-level WM same-region  EEE border
glueball spectrum in pure gauge theory (2023) arxiv:2312.11372
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The Multilevel algorithm

n5/1lat3 - Al++

——&— N1 =100
. mss oo | @ After dt-reduction this is what we are left
with.
T e At equal effort the maximum improvement
8 gy, on the errorbars scales like v/ V1
1074 !

e Equal effort comparison (i.e. constant Vo x NV;
shows how the theoretical efficiency is
reached when the statistical share of
multilevel contributions to C(At)saturates

(full-stats ref.)

oa(dt)/og(dt)

weight share

dt (lattice units)

\:q \SﬁPIENZA
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The Multilevel algorithm

effort =ny X Nouter = const = 15018

n5/1lat3 - Al++
5 _______________________________________________________________________

0.8

0.6 1

(o(n, dt)/o(ny = 2, dt))

--=- ny =2 (baseline, full ngyter)
0.4 4 N =4, Noyter=3754

—@— Ny =8, Noyter=1877
@~ Ny =16, Noyter=938
- N =32, Noyter=469
——
0

ny =64, Noyter=234

1 2 3 4 5 6 7
dt (lattice units)
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Meson observables

2.0 e \We are also interested in the reconstruction of
lattice (color) . .

B oo the leading meson trajectory above S = 1.

B niolat3

B nlolats

e We use quark bilinears with the insertion of the
covariant derivative as interpolators. And
measure independently the rho and pi mass for
consistency.

1.5 A1

P
@
[ ]

Preliminary runs have been performed for
SU(10) at an earlier snapshot of the data on 3

0.5 of the 4 lattices

irrep (marker)

@ Eirrep (E_XY)
B T2 irrep (T2_XY) Tag K Values

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 16 ni10lat2 0.13, 0.14, 0.148, 0.155
S nl0lat3 0.13, 0.14, 0.148, 0.155
nl0latb 0.13, 0.14, 0.148

0.0
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Spectrum results (preiminary)

Trajectories and points are
based on STFT
predictions [1]

disclaimer

Spin

Still not ‘t Hooft extracted
but SU(10)

15
2 (m/my++)?

[1] Bochicchio M., An asymptotic solution of Large-N QCD, for the glueball and meson spectrum and the collinear S-matrix AIP Conf.Proc. 1735 (2016)
and Bochicchio M., to appear on arXiv
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Thank you for your kind attention!
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Backup slides
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n. cool (CabMar) =10

—— nblat4 (NC=6, beta=25.550)
nl0lat5 (NC=10, beta=73.350)

50 100 150 260
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n6/lat4 - n. cool = 10

6-
4 4 \ B N T B ) - - - ) -
Along the “inner”
markov chain we
2 observe Q
autocorrelation
o comparable to the
0 “‘outer” markov chain
_2 o
_4 =t \
0 Zb 4'0 6:0 8b 100
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