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2D compact U(1) lattice gauge theory

Fields and action
Link angles θx,µ ∈ (−π, π]; plaquette

ϕp = θx,0 + θx+0̂,1 − θx+1̂,0 − θx,1

Wilson action: S(θ) = −β
∑

p cosϕp

Topological charge: Q = 1
2π

∑
p ϕp ∈ Z (ϕp wrapped to

(−π, π])

Simplest gauge theory with non-trivial topology.

Q = 0

+1

Q = +1, ∆S high

energy barrier: ∆S ≈ 2β (one plaquette across

±π)

Topological barrier between sectors

barrier ≈ 2β ⇒ HMC freezes as β → ∞
topological observables becomes biased.
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HMC: topological freezing with β
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L = 8 HMC: topological charge freezes as  grows

Q-history over 106 HMC trajectories at L = 8; tunnelings collapse 7×105 → 12 as

β : 1 → 8.

HMC chain of 106

L = 8 at four couplings β.

Autocorrelation

τint(Q) ∼ exp
(
c ∆S|Q|=1

)
∆S|Q|=1 = 2π2β

V
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Generative models approach

Generative models make Global proposals: Does not relay on continuous transitions.

base noise  z (0, )
Q= 1

Q=0
Q=1

Q=2

target p: several sectors

f

one shot

Trained well ⇒ independent draws, no autocorrelation.

Reverse KL

L = KL(qϕ ∥ p) = Eqϕ [log qϕ + S ]

Two failure modes
1 mode-seeking: covers one sector, ignores the rest

2 mass mismatch: relative sector weights are hard to
learn

M. S. Albergo et al., Phys. Rev. D(2019)
Ankur Singha Topological sectors in 2D U(1) Lattice 2026 4 / 24



Propose two routes to covering the sectors

Open boundary conditions (OBC), master-field simulations, parallel tempering on boundary conditions

Winding HMC (D. Albandea et al. 2021)

Parallel-tempered metadynamics (T. Eichhorn et al. 2024)

Stochastic normalizing flows (C. Bonanno et al. 2025)

1. Q-shift

collapse into one sector

reconstruct the other sectors

unbiased by construction

2. Multilevel

hierarchical construction:2× 2 −→ L× L

LCP, smaller β at coarser level, Preserve
topology in the hierarchy.

all sectors at once

Both are formulated in plaquette space.
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Q-shift: collapse the model to one sector
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topological charge Q
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> 99.9% in one
sector q

target
spreads over
sectors

Reverse-KL + penalty  collapse into one sector

equilibrium target
trained flow r

reverse KL + collapse penalty

L(θ) =
〈
S + log rθ

〉
rθ
+ λ

〈
Q2

soft

〉
rθ

Our generative model: Normalising Flow

Sample the V 1 free plaquette angles

fixed
(Bianchi)

p: sampled

tree links =

0

+

pl
aq

ue
tte

 a
ng

le
 

p

Mode collapse is here the input the method requires, not a failure.
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The Q-shift bijection Tq

The transformation Tq

Tq : φfree
p 7−→ φfree

p − 2πq
V

Qint → Qint + q exactly, | det JTq | = 1.

⇒ Q-shifted proposal rq(θ) = rθ(T
−1
q θ).

Sector weights πq

πq =
Ẑq∑
k Ẑk

, Ẑq =
〈
e−S[φ(Tqy)]

rθ(y)

〉
y∼rθ

Tq and rθ give each sector’s weight directly — HMC instead infers it from time spent per sector, which degrades
as inter-sector tunneling freezes.
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Recovering the sector weights: Q-shift mixture importance sampling

The topological mixture proposal

Full sectors (2K + 1 ) proposals:

qmix(θ) =
∑
|q|≤K

πq rθ
(
T−1

q θ
)

Sampling

draw q ∼ π, y ∼ rθ, set z = Tq y .

Self-normalized estimator

wi =
e−S(θi )

qmix(θi )
, ⟨O⟩ =

∑
i wiOi∑
i wi

ESS/N =

(∑
i wi

)2
N

∑
i w

2
i

The flow models one sector; the mixture learns only the weights πq — which do not grow with the volume.
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Q-shift: Numerical Experiments

Line of constant physics β/L2 = 0.094

L=8

β=6

L=16

β=24

L=24

β=54

L=32

β=96

growing volume — into the frozen regime

Baselines

HMC • wHMC [1] • spline flow [2] • multiscale flow [3]

Evaluation, per (L, β) cell

N = 5× 105 importance samples

M0 = 2× 105 pilot for p̂q

mixture over |q| ≤ K

errors delete-block jackknife, 100 blocks

[1] R. Albandea et al., Eur. Phys. J. C (2021)
[2] G. Kanwar et al., Phys. Rev. Lett. (2020)
[3] R. Abbott et al., PoS Lattice (2024)
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Result I: the estimator is unbiased
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Our method
multiscale
wHMC
HMC
spline

Ours

Within ±0.5% of exact at every volume,
both signs, no trend with L — as the
exactness of Tq requires.

Baselines

HMC: χtop→0, −100% for L ≥ 12

spline: +68% to +3560%

multiscale: unbiased to L = 24, fails
at L = 32

wHMC: unbiased until it freezes,
then −44%
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Results II–III: autocorrelation and efficiency stay flat
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τint(Q
2) = O(1) — proposals drawn, not evolved

wHMC grows; HMC frozen
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Our method multiscale spline

ESS/N flat: 0.53 at L=24, 0.57 at L=32

baselines lose 2–5 orders (10−3–10−6)
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Result IV: Q-shif construct the full sector distribution

Different physical volumes: Fixed L, β varies

4 3 2 1 0 1 2 3 4
topological charge Q

10 6

10 5

10 4

10 3

10 2

10 1

100

P(
Q

)

/L2 = 0.0117   ( = 12)

exact (Wilson)
Our method

4 3 2 1 0 1 2 3 4
topological charge Q

/L2 = 0.0234   ( = 24)

4 3 2 1 0 1 2 3 4
topological charge Q

/L2 = 0.0469   ( = 48)

4 3 2 1 0 1 2 3 4
topological charge Q

/L2 = 0.0938   ( = 96)
L = 32,   N = 5 × 105

ESS 0.55 0.70 0.69 0.58
β=12 24 48 96

ESS is 3 times larger than the results of Metadynamics. ; (T. Eichhorn et al. 2024)
Qshift:

1 The collapsed model is scalable — it only has to learn a single mode.

2 Transformation could be designed or learned but we get the mass of each sector.
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Multilevel approach: From Phi4 to Guage theory

Motivated by: our RiGCS work on Ising (arXiv:2503.08918, ICLR) and ϕ4 theory (arXiv:2604.10209).

For ϕ4, the RG-inspired approach coarse-grains 2× 2 −→ 256× 256.

𝑞0(𝜙(0)) 𝑞1(𝜙(1) ∣ 𝜙(≤0)) 𝑞2(𝜙(2) ∣ 𝜙(≤1))

𝜙(≤0) 𝜙(≤1) 𝜙

coarse 𝜙(0) intermediate 𝜙(1) fine 𝜙(2)

RiGCS: preserve long-range correlations.

In gauge theories, topology lives in extended
observables: plaquette flux.

⇒ Preserving flux across levels gives better
topological control (the natural choice).
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Multilevel approach: exact flux-preserving doubling

base 2×2
(uncond.)

4×4
8×8

learned conditional doubling at every level   (L 2L)

c

coarse flux

spline

(f00, f10, f01) q ( | c)
f11 solved   (3 generated + 1 solved)

f00 f10

f01 f11

local flux preserved
 Bianchi satisfied automatically

Topology is set at the coarse scale

The 2× 2 base already fixes Q.

Working in the LCP at small β, all sectors are cheap to cover at the coarse scale.

We preserve the flux; fine levels only add small, local corrections.

Reference [3]: Effort in a fine single-scale flow, thus learning the entire winding distribution at once, without preserving the coarse.

[3] Abbott et al., PoS Lattice (2024).
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Multilevel: preliminary results

2× 2 −→ L× L; L = {4, 8, 16}

LCP (β ∼ L2): fixed physical volume
β/L2 = 0.094

autocorrelation time:

method (L = 16) τint(Q
2)

Multilevel (ours) 1.36± 0.04

multiscale flow 3.63± 0.05

plain spline flow ∼9.8× 103 ± 6.7× 103
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/L2 = 0.094,   N = 5 × 105

plain spline flow
Multilevel (ours)
multiscale flow
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Summary and outlook

Q-shift

collapse + exact unit-Jacobian shift + mixture IS

unbiased χtop to ±0.5% through L = 32

ESS/N > 0.5, flat in volume; τint(Q
2) ∼ 1

Multilevel

flux preservation, not site preservation

strong control of topology at the coarse level

towards scalability by cross-volume transfer —
reusing models across levels

Combining multilevel with Q-shift — and reaching higher symmetry groups — is a promising direction.
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Thank you!



Backup



Baseline: winding HMC (wHMC)

Winding gauge transformation on a window of size Lw ;

changing plaquettes shown pink.

Winding gauge kick

Choose a window of width Lw ; shift all links along its boundary
by 2π/Lw . This is a gauge transformation almost everywhere
except at the window boundary ⇒ topological charge changes
by ±1.

Metropolis accept / reject

The winding kick is proposed once per HMC trajectory and
accepted with probability

min
{
1, e−∆Sw

}
,

where ∆Sw is the action change on the boundary plaquettes.

Effect on the chain

Restores tunneling at moderate β; acceptance drops rapidly at large
β. One of our baselines.

[1] R. Albandea et al., Eur. Phys. J. C (2021)
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Backup: winding HMC across β/L2 — freezing

transitions njump / 5×105

L \ β
L2

.094 .125 .156 .188

8 33108 14907 6566 2718

12 10366 3428 1145 342

16 3623 856 175 48

20 1299 180 31 4

24 463 45 5 0

autocorrelation τint(Q
2)

L \ β
L2

.094 .125 .156 .188

8 5.9 8.9 14 20

12 18 39 70 139

16 52 140 236 310

20 131 280 350 312

24 251 325 354 frozen

same LCP β as the main results (β = 6–108); χtop from wHMC unbiased until it freezes.
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Backup: winding vs uniform Q-shift as the HMC topology move

Same HMC; only the topology-changing proposal differs. LCP β/L2 = 0.09375.

L = 16 (β = 24) L = 32 (β = 96)

wHMC Q-shift wHMC Q-shift

transition fraction 0.007 0.247 ∼0 0.241

transitions / 5×105 3623 1.2×105 frozen 1.2×105

τint(Q
2) 52 1.08 484 1.08

χtop/χexact
top −1 −0.7% +0.03% −44% −0.5%

(deviation) −0.3σ 0.1σ −10.1σ −2.5σ

∆S ≈ 2π2β/V = 1.85 (volume-independent) ⇒ Q-shift acceptance and τ stay flat where the winding freezes.
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Backup: other lines of constant physics

The same Q-shift sampler at three further LCPs (β/L2 = 0.125, 0.156, 0.188; β = 8–108). Each cell: ESS/N
/ χtop bias, single stream.

L β/L2 = 0.125 β/L2 = 0.156 β/L2 = 0.188

8 — 0.65 / −0.4% 0.62 / +0.8%

12 0.80 / +0.1% 0.81 / +0.3% 0.85 / −0.3%

16 0.71 / 0.0% 0.84 / −0.1% 0.81 / −0.1%

20 0.73 / +0.2% 0.68 / +0.1% 0.56 / −0.9%

24 0.56 / +0.3% 0.50 / +0.2% 0.44 / −1.3%

ESS 0.44–0.85 and χtop within ∼ 1% across all four LCPs — the method is not tuned to one line of constant
physics.

L=8 at β/L2=0.125 under-converged (penalty λ mistuned); excluded.
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Backup: the rejection (filter) step

Ai = 1[Q(zi ) = qi ] , zi = T qi−q⋆ yi , yi ∼ rθ, ⟨O⟩ =
∑

i Ai wi Oi∑
i Ai wi

Q(z) =
⌊

1
2π

∑
p wrap(φp(z))

⌉
A=0 (1) base leakage

Q(y) ̸= q⋆ (collapse c ≈ 99.9% < 1)

⇒ Q(z) = qi + [Q(y)− q⋆ ] ̸= qi

A=0 (2) plaquette wrap

∃ p : φp crosses ± π (high action)

⇒ ⌊·⌉ jumps, Q(z) ̸= qi

reject rate < 0.04%; Tq exact ⇒ central values unchanged — weight-tail control only.
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Backup: cross-volume transfer

Every level is the same doubling block Rθ : {φc} 7→ {φf }, Lk → 2Lk .

warm-start: θk ←− θk−1, lrk = η ρ (ρ ≈ 0.4; k > 0, k=0 cold)

Why it transfers: on the LCP the doubling is scale-invariant

Rθ⋆(L→2L) ≈ Rθ⋆(2L→4L) =⇒ θk−1 near-optimal init for θk

fixed ξ ⇒ the same “split one coarse plaquette into four” at every rung (RG operator near a fixed point).

resume (+L64) : freeze {θ0, . . . , θL32}, θL64 ←− θL32, fine-tune

warm-started L16 → ESS 0.75 in ∼18k steps (cold: many times more).
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