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1) Novel two-body quantization condition derived from the dispersive representation of the amplitude
2) Applicable for energies below the nearest one- and multi-particle-exchange left-hand branch points
3) Advantage: conceptually simple separation of singularities, preserves unitarity & analyticity
4) Current limitations: modeling of the N function & generalization to coupled channels and spins .
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The left-hand cut problem

Quantization condition

det [K;'(E)+ F(E,P,L)] =0
Particle exchanges lead to an additional power-law dependence. £y

Liischer-like formalisms break down at corresponding energies. T

Real matrix in the angular momentum space

Related talk Stephen Sharpe, Th, 4:30 p.m., Juan Ramon Jimenez room | |
Real, known special function

DD* scattering

Mpg/MeV = Re E*/MeV
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The left-hand cut problem

Quantization condition
det [K;'(E)+ F(E,P,L)] =0
Particle exchanges lead to an additional power-law dependence. £y

Liischer-like formalisms break down at corresponding energies. T

Real matrix in the angular momentum space

Related talk Stephen Sharpe, Th, 4:30 p.m., Juan Ramon Jimenez room | |
Real, known special function

Are left-hand cuts important?

For extra motivation, see an excellent
poster by Jorge Baeza Ballesteros



. . T Chew & Mandelstam, Theory of low-energy pion-pion interactions
N/D in infinite volume

Bjorken, Construction of coupled scattering and production amplitudes...

Flastic unitarity Im M(s) = p(s)|My(s)|* O(s — S¢hy.)

Im ./\/lg(s)_1 — —,0(8) @(8 — Sthr)

p(8) X v/8 — Sthr

K matrix M;Hs) =K, (s) —ip(s)

finite-volume unitarity +

Sato & Bedaque, Fitting two nucleons inside a box...

Liischer QC det [K_l(s) +F(s)| =0

Imy



: : T A Chew & Mandelstam, Theory of low-energy pion-pion interactions
N/D I n I nfl ﬂ Ite VO ‘ U m e Bjorken, Construction of coupled scattering and production amplitudes...

Cauchy theorem 1 FImM(s’) ., 1 [ ImMy(s)
(Riemann-Hilbert problem) Mo(s) = . _/ o _ o ds’ A - / 7 as
— Sthr.
| //// T ~ Right- and left-hand cut inputs

- right-hand discontinuity is fixed by experimental data (unitarity)
Im My(s) = p(s)|Me(s)]?

- left-hand discontinuity is modeled as exchanges of particles
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: : T A Chew & Mandelstam, Theory of low-energy pion-pion interactions
N/D I n I nfl n Ite VO ‘ U m e Bjorken, Construction of coupled scattering and production amplitudes...

Wiener-Hopf decomposition ,/\/lg(s) — /\/g(s) De_l (s) > contains (only) the right-hand singularities

T

contains (only) the left-hand sinqularities

_— T~ Im Dy(s) = —p(s) N(5) O(s — sen)
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Wiener-Hopf decomposition ,/\/lg(s) — Ng(S) De_l (s) > contains (only) the right-hand singularities

T

contains (only) the left-hand sinqularities
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: T A Dawid, Jackura, Szczepaniak,
N/D I n ﬂ n Ite VO ‘ U m e Finite-volume quantization condition from the N/D representation

1
Z—HL

Transition operator in FV Ti(2) =Hyp+H; . Gr(2)Hr,,  Gr(z) =

Hp=Hyp+Hrp l GL(z) — Gr(z*) = (z — 2*) GL(2)GL(2%)

Unitarity in the FV Tr(2) — Tp(2*) = Tr(2) 2mid(z — Ho ) Tr(2*)

z=F + 1€ l TL(Z) — TL(Z*) — HI,L 271’25(2 — HL) HI,L

— W1 k) — wg(P — k))
2w1 Jw2 (P — k)

Right-hand singularities 2Im M~ (p/, p; P = 73 Z



: T A Dawid, Jackura, Szczepaniak,
N/D I n ﬂ n Ite VO ‘ U m e Finite-volume quantization condition from the N/D representation

Wiener-Hopf decomposition ML(S, P) — NL(S, P)DZI(S, P) «——  explicit Pdependence
1

matrices in the (&', mj); £,m,) space of angular momenta* (box breaks rotational symmetry)

*partial-wave projection of the finite-volume on-shell amplitude has to be defined caretully

/ - recall, in the infinite volume
\ Im Dg(s) — —p(s) N(S) @(S — Sthr)

In the finite volume analogous relation holds;
simplified S-wave case yields (full version in the article)

1 <« 25 6&(s—E*(k)?)

mDi(s, P) = =73 — E 2w, (k)2w2(P — k)

NL(s, P)

pick the Pac-Man contour and integrate over complex s!



: : i B Dawid, Jackura, Szczepaniak,
N/D q u a n t I Za tl O n CO n d Itl O n Finite-volume quantization condition from the N/D representation

I—» kinematic normalization factor

. : * 2
Finite-volume D function Dy (s, P) - 73 Z — NL(E (k)*, P)

> wl(k*) —+ LUQ(k*)

- Here | show the simplified S-wave case; full version is found in the article

- FV N'function above can be replaced by the IV N up to exp-suppressed corrections

- This is the unsubtracted version of D; subtractions might be necessary to ensure convergence
- The formalism may incorporate “bare” bound-state poles or CDD poles

Quantization condition

T l

Finite-volume energy levels IV numerator function



: : i B Dawid, Jackura, Szczepaniak,
N/D q u a n t I Za tl O n CO n d Itl O n Finite-volume quantization condition from the N/D representation

I—» kinematic normalization factor

. . k P o
Finite-volume D function Dy (s, P) - 73 Z — /\/(E (k)*)

> wl(k*) —+ CUQ(’C*)

- Here | show the simplified S-wave case; full version is found in the article

- FV N'function above can be replaced by the IV N up to exp-suppressed corrections

- This is the unsubtracted version of D; subtractions might be necessary to ensure convergence
- The formalism may incorporate “bare” bound-state poles or CDD poles

Quantization condition

T l

Finite-volume energy levels IV numerator function

{En} Ne(s)



: : i B Dawid, Jackura, Szczepaniak,
N/D q u a n t I Za tl O n CO n d Itl O n Finite-volume quantization condition from the N/D representation

I—» kinematic normalization factor

. . k P o
Finite-volume D function Dy (s, P) - 73 Z — /\/(E (k)*)

> wl(k*) —+ CUQ(’C*)

- Here | show the simplified S-wave case; full version is found in the article

- FV N'function above can be replaced by the IV N up to exp-suppressed corrections

- This is the unsubtracted version of D; subtractions might be necessary to ensure convergence
- The formalism may incorporate “bare” bound-state poles or CDD poles

Quantization condition My(s) = Ny(s) D, (s)
Finite-volume energy levels IV numerator function

*ds’  p(s')
T 8 — s — 1€

Ni(s')

(E,) Ni(s) ~ —— Dyls)=1- /

Sthr
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. . *he ds” ITm My(s’
< What does it mean to model the N function? Ne(s) = / — Se_( ZZ Dy(s')
Left-hand singularity given by a left-hand pole at so N obtained from the dispersive integral equation
gD S _ S—S © / / T / _7- ,
Ny(s) = - i(s(;) = M, 1(3) — ; 0 Zom(s) M(S) _ T(S) n /sthr 7': ,06(8 )8[, f(ss)_ze E(S)].N‘g(s )

«» Can the FV N/D incorporate coupled channels and spins?
Currently not.

M=ND! sym. ImM = sym. M

become matrices in the channel and partial-wave space symmetric discontinuities imply symmetric N/D amplitude

Bjorken, Construction of coupled scattering and production amplitudes...
Bjorken, Nauenberger, Symmetry of N/D solutions for coupled scattering...
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Summary

® N/D separates crossed-channel from direct-channel singularities, also in the finite volume
® Finite-volume energies are determined by the condition det[D;] = 0 and N = N, + O(exp(-AL))
® Amplitude is reconstructed by solving the dispersive N/D equations

B Future work: tests & implementation of the formalism, generalization to coupled channels and spins

s

O validity of this work
PV VIV VIV Ve OMAAAAAAAAAAAAAAAAAAAAAAAAAAAA,
validity of Liischer OV
left-hand cuts unitarity cut inelastic cuts
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Thank you!

This talk is dedicated to the memory of Marshall Baker (1932-2026),
who, together with Schwinger, wrote the first nonperturbative FV QC.



https://www.sciencedirect.com/science/article/pii/0003491658900502

Available LHC approaches

o Plane-wave basis approach [Meng & Eppelbaum (2021

)and Meng et al. (2024)

Infinite volume

— Phase shifts
— ERE parameters
— Pole positions

Finite volume

Epy

+ Based on the Lippmann-Schwinger equation with chira
< Evaluation of the determinant condition in the plane-wave basis

o Two-body RFT approach [Baiao Raposo & Hansen (2024) and Baiao

EFT potentials and their

v -

ECs

Raposo et al. (2025)]

+ Based on diagrammatic expansion of the Bethe-Salpeter kernel wit

% The amplitude is splitinto a ladder and a “short-range” part wit
.(2024) and Bubna et a

o Two-body NREFT approach [Bubna et a

n OPEs singled out

n an unknown K matrix

\d v

% Combines best features of the two above approaches in the NR setting

o N/D quantization condition [Dawid, Jackura, Szczepaniak (2025)]

% Well, unless something went wrong, this talk was about this paper.
o Three-body RFT approach [Hansen, Romero-Ldpez, Sharpe (2024)]

<+ Based on the LSZ reduction of the three-body amplitude fixed

<+ Relies on analytic continuation of the physical one-particle exc

det [1 — IC3(E*)Fy(E, P, L)] = 0

k.4,m

(2025)] det [Mg'+F+CL] =0
aJm j €S
Dy(s) = 1+ — S R(k) N (E* (k)
YT L s B (k)
_ // — T~
0y three-body QC y
nange to the virtual region / DL(S) \
XO000e


http://www.apple.com
https://arxiv.org/pdf/2312.01930
https://inspirehep.net/files/32d33a3bdd238bd3cf19953640d91709
https://inspirehep.net/files/7886cd2f0b0f6ab6839606bcbe5109b4
https://inspirehep.net/files/01a147ebb16d1f127b4c55833974a43e
https://arxiv.org/pdf/2507.18399
https://www.sciencedirect.com/science/article/pii/S0370269325002035?via=ihub
https://inspirehep.net/files/c83b5e413fce6f407b0db499f64c104e

Selected LHC applications

e lachini & Bricefio (HadSpec), Resolving the Tcc with pi exchange from Lattice QCD

e Rodas et al. (JPAC), Finite-volume analysis of the H-dibaryon including left-hand cut effects

e Dawid, Romero-Ldpez, Sharpe, Finite- and infinite-volume study of DDpi scattering

e Abolnikov et al. Shallow Thc states from an EFT analysis of B*D* scattering on the lattice

e Abolnikov et al. Internal structure of Tcc from its light-quark mass dependence

e Meng et al. Solving the left-hand cut problem in lattice QCD: Tcc from finite-volume energy levels

e Shirmal et al. Lattice study of ccus tetraquark channel in D*D* scattering

e Prelovsek etal. Doubly heavy tetraguarks from lattice QCD: Incorporating diquark-antidiquark operators. ..
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https://arxiv.org/pdf/2607.19009
https://arxiv.org/pdf/2605.22957
https://inspirehep.net/files/2055225a41e4a333ca7000c62f44ffcc
https://arxiv.org/pdf/2602.02176
https://arxiv.org/pdf/2407.04649
https://arxiv.org/pdf/2312.01930
https://arxiv.org/pdf/2504.16931
https://arxiv.org/pdf/2504.03473

Crossing symmetry

Different amplitudes are boundaries
of the same analytic function

M(s,t,u)

in different kinematical regimes.

15



Crossing symmetry

Different amplitudes are boundaries
of the same analytic function

M(s,t,u)

in different kinematical regimes.

Cutin the u-channel invariant mass

u=s,<—t=-—1,
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Crossing symmetry

Different amplitudes are boundaries
of the same analytic function

M(s,t,u)

in different kinematical regimes.

Cutin the u-channel invariant mass

u=s,<—1t=-1,
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Crossing symmetry

Different amplitudes are boundaries
of the same analytic function

M(s,t,u)

in different kinematical regimes.

Cut in the u-channel invariant mass
u=s:s, < —1=— tu
Pole in the u-channel invariant mass

) )
s, = (2my) —m; —1t,




Crossing symmetry

Different amplitudes are boundaries
of the same analytic function

M(s,t,u)

in different kinematical regimes.

Cutin the u-channel invariant mass

u=s,<—t=-—t,

Pole in the u-channel invariant mass

) )
s, = (2my) —m; —1t,

After the partial-wave projection

2

s, < (2my)* — m?

15



Technical parts of the proof

Unitarity in the finite volume

_ 6

Partial-wave projection

M(p', p; P

wi (k) —wa(P — k))

2(4}2 (P — k)

M7 (k,p'; P) My(k,p; P)

) =3 3 Vi 5) Mo (9) Vi ()

E’me Emg

Replacement of the finite-volume N function

NL(p*,P) :T(S) | Iilg Z ‘C(k7P)
k

TE R =T 0

E*(k)? — s — i€

P)
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E q u Iva ‘ e ” Ce W I t h I_U S C h e r Q C Liischer,"Volume dependence of the energy spectrum in massive QFTs"

Lischer QC det [K~'(s) + F(s)] =0
Imy
Insert relation between the K matrix and N (obtained from direct comparison of the K matrix parametrization to N/D)

K 1(s) = Il—l-p.v./(;l::;g L(k,P) (E((k):)g N~1(s)

Rep\ace P.V. in’[egl’a‘s in Fand K by sums (up to corrections exponentially suppressed with volume)

dk N(s) — N(E*(k)? 1 N(s) — N(E*(k)?
. [ g,y NONEG) 1 NO-NEG) g

3 — _ % 2 |
27) . s — E*(k)



