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Highly Improved Staggered Quarks (HISQ)

• Staggered fermions — computationally cheap: 
• one-component spinor, 
• remnant chiral symmetry.
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Highly Improved Staggered Quarks (HISQ)

• Staggered fermions — computationally cheap: 
• one-component spinor, 
• remnant chiral symmetry. 

• Highly improved — double Fat7 smearing with a projection. 
• In use for 20 years now: 

• MILC program: 2+1+1 flavor, mainly for zero temperature, 
• HotQCD program: 2+1 flavor, mainly for finite temperature and 

density. 
• The existing ensembles are not optimal for spectral reconstruction 

type of problems. 
• Anisotropic ensembles are preferable, the renormalized anisotropy

 (even ).ξ ≡ aσ /aτ > 1 ≫ 1
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Alexei Bazavov (MSU)

Questions

• How to introduce anisotropy in the HISQ action? 
• How to tune the gauge and fermion anisotropy? 
• What happens to the spectrum, in particular, to the staggered taste 

multiplets (i.e., unphysical states labeled by an additional quantum 
number, taste, that are the dominant discretization effects in staggered 
actions) with anisotropy? 
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Tuning

• Assume a single mass parameter, the strange quark mass  in the 
fermion part of the action (light and charm masses can be taken as a 
fixed fraction).

ms
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Tuning

• Assume a single mass parameter, the strange quark mass  in the 
fermion part of the action (light and charm masses can be taken as a 
fixed fraction). 

• Isotropic ensembles: two parameters  — lines of constant 
physics. 

• Anisotropic parameters: need four parameters, choose 
 — lines of constant renormalized anisotropy 

(LCRA). 
• Quenched ensembles: the tuning is simplified, 

• first, , 

• then, . 

ms

(β, ms(β))

(β, ξ0(β), ms(β), ξf
0(β))

(β, ξ0(β))
(ms(β), ξf

0(β))
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• Anisotropic tree-level Symanzik-improved gauge action: 
 
 
 
 

• ,  ,    and    is the bare gauge 
anisotropy. 
β = 10/g2 cP = 1 cR = − 1/20 ξ0

Alexei Bazavov (MSU)

Anisotropic gauge action

6

3

against existing results in the literature.

II. QCD ON ANISOTROPIC LATTICES

Anisotropic lattices have been used for studies in lattice QCD since the early days [31, 32]. The

anisotropy is introduced naturally within the path-integral formulation of a quantum field theory

on a discretized spacetime grid, as the temporal and spatial lattice spacings appear for di↵erent

reasons, and therefore need not be equal, e.g., Ref. [33]. The introduction of anisotropy adds

complexity to the tuning of lattice ensembles, since the tuning of the couplings and quark masses

is now entangled with the anisotropy parameters that appear in the action. For that reason,

anisotropic simulations are less common than the isotropic ones. The recent work employing

anisotropic ensembles includes thermodynamics, glueball and hadronic spectroscopy and spectral

reconstruction [12, 14, 34, 35]. Apart from the early attempts with the anisotropic naive staggered

fermions in the early 2000s [23, 24], the present large-scale anisotropic simulations employ only

Wilson fermions.

A. Gauge anisotropy

In the following the lattice spacing in the spatial directions is denoted a� and in the temporal

one a⌧ . We refer to the ratio ⇠ = a�/a⌧ of these dimensionful quantities as the renormalized

anisotropy. To achieve di↵erent lattice spacings, one needs an additional bare parameter in the

action, namely the bare gauge anisotropy, denoted here by ⇠0. The introduction of anisotropy in

a lattice gauge action is quite standard with the details fully worked out in the early work by

Karsch [32]. We use the anisotropic tree-level Symanzik-improved gauge action

Sg = �
1

⇠0

 
cP
X

P��

✓
1�

1

3
ReTr(P��)

◆
+ cR

X

R��

✓
1�

1

3
ReTr(R��)

◆!

+ �⇠0

 
cP
X

P�⌧

✓
1�

1

3
ReTr(P�⌧ )

◆
+ cR

X

R�⌧

✓
1�

1

3
ReTr(R�⌧ )

◆!
, (1)

where the sums are over all 1⇥1 and 1⇥2 Wilson loops in all possible orientations, denoted P and

R, respectively. The indices �� (�⌧) represent spatial-spatial (spatial-temporal) orientations, and

cP = 1, cR = �1/20 and � = 10/g2. (This is the standard Lüscher-Weisz action [36, 37] c0 = 5/3,

c1 = �1/12 with c0 combined with � for convenience.)

Mapping the bare parameters (�, ⇠0) to the dimensionful quantities (a�, a⌧ ), or, equivalently,

to (a�, ⇠), requires an analog of the usual lattice scale setting procedure, modified to provide two

Karsch, NPB (1982) 
Lüscher, Weisz, CMP (1985)
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Anisotropic gradient flow

• The flow equation: 

                     

is modified to include flow anisotropy : 

                    , 

where 
                    ,   

dUμ

dt
= ZμUμ

ξgf
0

Zμ(x, t) = − ∑
ν≠μ

ρμν𝒫A[Uμ(x, t)S†
μν[U](x, t)]

ρi4 = (ξgf
0 )2 ρij = ρ4i = 1.

7

Lüscher, CMP (2010) 
Borsanyi et al., 1205.0781 
Borsanyi et al., PRD (2018)
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Anisotropic gradient flow

• Spatial and temporal action density: 

              ,    . 

• The scale setting conditions: 

   ,      

and 

                                             . 

• Various choices for flow/observable action discretization, SWC 
appears to be the optimal one with anisotropy.

Sσσ(t) =
1
4 ∑

x,i≠j

F2
ij(x, t) Sστ(t) =

1
2 ∑

x,i

F2
i4(x, t)

[t
d
dt

t2⟨Sσσ(t)⟩]
t=w2

0,σ

= 0.15 (ξgf
0 )2[t

d
dt

t2⟨Sστ(t)⟩]
t=w2

0,τ

= 0.15

w0,σ

w0,τ
= 1

8

Lüscher, JHEP (2010) 
Borsanyi et al., JHEP (2012)
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Lines of constant renormalized anisotropy
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Fermion action

• Anisotropic fermion action: 
                 ,       . Sf = a3

σaτ ∑
x,y

¯̃ψxM̃xyψ̃y M̃xy = D̃xy + mδxy
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Fermion action

• Anisotropic fermion action: 
                 ,       . 

• Rescaling: 
      ,    ,    . 

• Dimensionless form of the action: 

         , 

where  is the bare fermion anisotropy. 

• Early attempts with naive staggered.

Sf = a3
σaτ ∑

x,y

¯̃ψxM̃xyψ̃y M̃xy = D̃xy + mδxy

ψ = aσ aτ ψ̃ Dxy,σ = aσD̃xy,σ ξDxy,τ = ξaτD̃xy,τ = aσD̃xy,τ

Sf = ∑
x,y

ψ̄xMxyψy = ∑
x,y

ψ̄x [Dxy,σ + ξf
0Dxy,τ + aσmδxy] ψy

ξf
0

Nomura, Matsufuru, Umeda, PTP (2004) 
Levkova, Manke, Mawhinney, PRD (2006) 
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aHISQ

• Anisotropic HISQ action:

11

7

the smearing was designed to suppress the coupling to gluons with momenta at the corners of the

Brillouin zone [25, 26], the relative coe�cients of the Fat3, Fat5 and Fat7 paths are fixed. Thus,

to preserve that property (which is independent of anisotropy), we must introduce the fermion

anisotropy at the outermost level:

2DaHISQ

xy [U ] =
3X

µ=1

⌘x,µ
n
XF

x,µ[U ]�x+µ̂,y �XF †
x�µ̂,µ

[U ]�x�µ̂,y

+ (1 + ✏(a�m))
⇣
XL

x,µ[U ]�x+3µ̂,y �XL†
x�3µ̂,µ[U ]�x�3µ̂,y

⌘o

+ ⇠f0 ⌘x,4
n
XF

x,4[U ]�
x+4̂,y �XF †

x�4̂,4
[U ]�

x�4̂,y

+ (1 + ✏(a�m))
⇣
XL

x,4[U ]�
x+34̂,y �XL†

x�34̂,µ
[U ]�

x�34̂,y

⌘o
. (15)

We call the action in Eq. (15) the anisotropic highly improved staggered quark (aHISQ) action.

This way of introducing the fermion anisotropy is also less demanding from the computational

perspective, as the smearing and the major part of the fermion force, discussed in detail in Sec. III

proceed in the same way for isotropic and anisotropic simulations.

To better understand the taste symmetry breaking pattern and to crosscheck our code, we have

also performed calculations with naive (i.e., unimproved) staggered fermions with the following

anisotropic Dirac operator

2Dnaive

xy [U ] =
3X

µ=1

⌘x,µ
n
Ux,µ�x+µ̂,y � U †

x�µ̂,µ
�x�µ̂,y

o
+ ⇠f0 ⌘x,4

n
U
x,4�x+4̂,y � U †

x�4̂,4
�
x�4̂,y

o
. (16)

It is structurally the same as aHISQ, apart from the absence of the three-link hopping (Naik) term

and the fact that the original gauge links Ux,µ are used.

D. Properties of the anisotropic staggered spectrum

Another Cli↵ord algebra besides the one generated by Eq. (13) for the spin exists among the

internal taste degrees of freedom. It is realized similarly via a di↵erent set of phase factors ⇣x,µ [45,

46]:

S⇠

µ(x, y) ⌘ ⇣x,µXx,µ[U ]�x±µ̂,y, ⇣x,µ ⌘ (�1)

P
⌫>µ

x⌫

, (17)

that implement the shift invariance of staggered fermion actions [46]. In the free theory, the

products of phases and displacements of either kind constitute two separate exact Cli↵ord algebras,

e.g.,

S�

µ(x, y)S
�

⌫ (y, z) + S�

⌫ (x, y)S
�

µ(y, z) = 2�µ⌫�x±µ̂±⌫̂,z, (18)

S⇠

µ(x, y)S
⇠

⌫(y, z) + S⇠

⌫(x, y)S
⇠

µ(y, z) = 2�µ⌫�x±µ̂±⌫̂,z (19)
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Staggered pion taste spectrum

• With respect to the taste quantum number the pseudoscalar ( ) 
mesons are classified as 

• pseudoscalar, , 

• axial vector, , 

• tensor, , 

• vector, , 

• scalar or singlet, 1. 
• 1, 4, 6, 4, 1-fold degeneracy pattern.

γ5

ξ5

ξμξ5

ξμξν

ξμ

14July 29, 2026
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Staggered pion taste spectrum

• With respect to the taste quantum number the pseudoscalar ( ) 
mesons are classified as 

• pseudoscalar, , 

• axial vector, , 

• tensor, , 

• vector, , 

• scalar or singlet, 1. 
• 1, 4, 6, 4, 1-fold degeneracy pattern. 

• When , i.e., , the shifts in the temporal direction are 
close to the identity, . 

• New 2, 6, 6, 2-fold degeneracy pattern, splitting of the spatial and 
temporal components.

γ5

ξ5

ξμξ5

ξμξν

ξμ

ξ → ∞ aτ = 0
ξ4 → 1

July 29, 2026 14
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July 29, 2026



Alexei Bazavov (MSU) 16

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6

��

ln(�)naive
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

��

ln(�)aHISQ

�45 � i5 � ij � i4 � i �4 �s

Staggered pion taste spectrum
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• Quadratic mass splittings: 
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Staggered chiral perturbation theory

• Dimension-6 operators contributing to taste splittings: 
 
 
 
 
 
 
 

18

27

a qualitative model, described in the next section, that describes the splittings dependence on

anisotropy.

F. Staggered chiral perturbation theory and a model for pion taste mass splittings

The dimension-6 operators contributing to the pion taste mass splittings have been identified

in Refs. [73, 74]. For the isotropic case the chiral perturbation theory Lagrangian has the following

form:

L(⌃) =
a4f2

8
Tr

⇣
@µ⌃@µ⌃

†
⌘
�

a4

4
Bf2Tr

⇣
M⌃+M⌃†

⌘
+

a4m2
0

24

�
Tr�

�2
+ V, (38)

where the field ⌃ is defined as ⌃ = exp(i�/f), with f,B low energy constants and the term before

the last term being relevant only for the taste- and flavor-singlet ⌘0 [75]. The dimension-6 potential

V contains the operators responsible for taste splittings, and we deliberately do not factor out a6,

as will become clear in a moment. It has two parts V = U +U
0, where U 0 a↵ects only flavor-singlet

states, as explained in Ref. [76], and we thus focus on the U in the following:

�U = a6
X

k

CkOk

= a6C1Tr
�
⇠5⌃⇠5⌃

†�

+ a6C3
1

2

X

⌫

h
Tr

�
⇠⌫⌃⇠⌫⌃

�
+Tr

�
⇠⌫⌃

†⇠⌫⌃
†�
i

+ a6C4
1

2

X

⌫

h
Tr

�
⇠⌫5⌃⇠5⌫⌃

�
+Tr

�
⇠⌫5⌃

†⇠5⌫⌃
†�
i

+ a6C6

X

µ<⌫

Tr
�
⇠µ⌫⌃⇠⌫µ⌃

†�. (39)

Anisotropy appears on the level of the fundamental theory and its e↵ect on the level of the e↵ective

theory is not obvious. A proper procedure requires extending the Lee-Sharpe analysis [74] to

anisotropic case. This is beyond the scope of the present paper, and is a possible direction for

a future study. Here, we would like to find an empirical modification of the staggered chiral

perturbation theory Lagrangian that can describe the anisotropy dependence observed in the data.

The simplest way to transition to the anisotropic case is then to introduce appropriate factors of

the temporal lattice spacing for the operators that contain temporal direction. Proceeding as in

the isotropic case [74] by expanding the ⌃ field to second order, one arrives at the following pattern

Lee, Sharpe, PRD (1999)
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Staggered chiral perturbation theory

• Dimension-6 operators contributing to taste splittings: 
 
 
 
 
 
 
 

• What is the effect of anisotropy on the level of the effective theory?

27

a qualitative model, described in the next section, that describes the splittings dependence on

anisotropy.

F. Staggered chiral perturbation theory and a model for pion taste mass splittings

The dimension-6 operators contributing to the pion taste mass splittings have been identified

in Refs. [73, 74]. For the isotropic case the chiral perturbation theory Lagrangian has the following

form:

L(⌃) =
a4f2

8
Tr

⇣
@µ⌃@µ⌃

†
⌘
�

a4

4
Bf2Tr

⇣
M⌃+M⌃†

⌘
+

a4m2
0

24

�
Tr�

�2
+ V, (38)

where the field ⌃ is defined as ⌃ = exp(i�/f), with f,B low energy constants and the term before

the last term being relevant only for the taste- and flavor-singlet ⌘0 [75]. The dimension-6 potential

V contains the operators responsible for taste splittings, and we deliberately do not factor out a6,

as will become clear in a moment. It has two parts V = U +U
0, where U 0 a↵ects only flavor-singlet

states, as explained in Ref. [76], and we thus focus on the U in the following:

�U = a6
X

k

CkOk

= a6C1Tr
�
⇠5⌃⇠5⌃

†�

+ a6C3
1

2

X

⌫

h
Tr

�
⇠⌫⌃⇠⌫⌃

�
+Tr

�
⇠⌫⌃

†⇠⌫⌃
†�
i

+ a6C4
1

2

X

⌫

h
Tr

�
⇠⌫5⌃⇠5⌫⌃

�
+Tr

�
⇠⌫5⌃

†⇠5⌫⌃
†�
i

+ a6C6

X

µ<⌫

Tr
�
⇠µ⌫⌃⇠⌫µ⌃

†�. (39)

Anisotropy appears on the level of the fundamental theory and its e↵ect on the level of the e↵ective

theory is not obvious. A proper procedure requires extending the Lee-Sharpe analysis [74] to

anisotropic case. This is beyond the scope of the present paper, and is a possible direction for

a future study. Here, we would like to find an empirical modification of the staggered chiral

perturbation theory Lagrangian that can describe the anisotropy dependence observed in the data.

The simplest way to transition to the anisotropic case is then to introduce appropriate factors of

the temporal lattice spacing for the operators that contain temporal direction. Proceeding as in

the isotropic case [74] by expanding the ⌃ field to second order, one arrives at the following pattern

Lee, Sharpe, PRD (1999)
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form:
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X

j<k

Tr
�
⇠jk⌃⇠kj⌃
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Factoring out the spatial lattice spacing a6� produces explicit factors of anisotropy 1/⇠2 that always

accompany the C 0
i
(⇠) low-energy constants, so for convenience we replace them with Di(⇠) ⌘

C 0
i
(⇠)/⇠2. All terms then share a common factor a6�, and the final potential that we use, rescaled

by that factor, is then:
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⇠j⌃⇠j⌃

�
+Tr

�
⇠j⌃

†⇠j⌃
†�
i

+ D3(⇠)
1

2

h
Tr

�
⇠4⌃⇠4⌃
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+Tr
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†⇠5j⌃
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i
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1

2

h
Tr

�
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�
+Tr

�
⇠45⌃

†⇠54⌃
†�
i

+ C6(⇠)
X

j<k

Tr
�
⇠jk⌃⇠kj⌃

†�

+ D6(⇠)
X

j

Tr
�
⇠j4⌃⇠4j⌃

†�. (48)

In general, the low-energy constants are functions of two lattice spacings, a� and a⌧ . We remind

the reader that in this study a� = const, thus the dependence is on a single parameter, ⇠. From this

point on, for ease of notation, we include the constant prefactor 16a2�/f
2 into the definition of the

low-energy constants, i.e., we rescale, e.g., 16a2�/f
2Ci ! Ci. By definition, Di(⇠ = 1) ⌘ Ci(⇠ = 1).
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The taste splittings derived in the same way as before for the potential in Eq. (48) are:

�M45(⇠) = C1(⇠) + 3C3(⇠) +D4(⇠) + 3D6(⇠), (49)

�Mi5 (⇠) = C1(⇠) + 2C3(⇠) +D3(⇠) + C4(⇠) + 2C6(⇠) + D6(⇠), (50)

�Mij (⇠) = C3(⇠) +D3(⇠) + C4(⇠) +D4(⇠) + 2C6(⇠) + 2D6(⇠), (51)

�Mi4 (⇠) = 2C3(⇠) + 2C4(⇠) + 2C6(⇠) + 2D6(⇠), (52)

�Mi (⇠) = C1(⇠) + C3(⇠) + 2C4(⇠) +D4(⇠) + 2C6(⇠) + D6(⇠), (53)

�M4 (⇠) = C1(⇠) +D3(⇠) + 3C4(⇠) + 3D6(⇠), (54)

�Ms (⇠) = 3C3(⇠) +D3(⇠) + 3C4(⇠) +D4(⇠). (55)

Now there are seven taste splittings that depend on seven low-energy constants. Inverting the

dependence allows us to express the low-energy constants in terms of the data for the taste splittings

as functions of anisotropy:

C1 (⇠) =
1

8
( �M45(⇠) + 3�Mi5(⇠)� 3�Mij(⇠)� 3�Mi4(⇠) + 3�Mi(⇠) + �M4(⇠)� �Ms(⇠)), (56)

C3 (⇠) =
1

8
( �M45(⇠) + �Mi5(⇠)� �Mij(⇠) + �Mi4(⇠)� �Mi(⇠)� �M4(⇠) + �Ms(⇠)), (57)

D3(⇠) =
1

8
(��M45(⇠) + 3�Mi5(⇠) + 3�Mij(⇠)� 3�Mi4(⇠)� 3�Mi(⇠) + �M4(⇠) + �Ms(⇠)), (58)

C4 (⇠) =
1

8
(��M45(⇠)� �Mi5(⇠)� �Mij(⇠) + �Mi4(⇠) + �Mi(⇠) + �M4(⇠) + �Ms(⇠)), (59)

D4(⇠) =
1

8
( �M45(⇠)� 3�Mi5(⇠) + 3�Mij(⇠)� 3�Mi4(⇠) + 3�Mi(⇠)� �M4(⇠) + �Ms(⇠)), (60)

C6 (⇠) =
1

8
(��M45(⇠) + �Mi5(⇠) + �Mij(⇠) + �Mi4(⇠) + �Mi(⇠)� �M4(⇠)� �Ms(⇠)), (61)

D6(⇠) =
1

8
( �M45(⇠)� �Mi5(⇠) + �Mij(⇠) + �Mi4(⇠)� �Mi(⇠) + �M4(⇠)� �Ms(⇠)). (62)

These dependencies are shown in Fig. 11. As expected, for aHISQ (right panel) only C4(⇠) and

D4(⇠) contribute to the taste splittings, while the other low-energy constants stay close to 0 also for

⇠ > 1. For the naive staggered action (left panel) the situation is di↵erent: while the splittings are

also dominated by C4(⇠) and D4(⇠), the other low-energy constants are also sizeable. It appears

that C4(⇠) increases, similar to aHISQ. Importantly, C1(⇠) and C3(⇠) decrease with anisotropy,

consistent with the expectation of �M45 going to 0.

July 29, 2026



Alexei Bazavov (MSU)

Staggered ChiPT inspired model

• Taste splittings: 
 
 
 
 
 
 
 
 

• Invert the dependence and determine the “low-energy constants” from 
the data.

20

30
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�Ms (⇠) = 3C3(⇠) +D3(⇠) + 3C4(⇠) +D4(⇠). (55)

Now there are seven taste splittings that depend on seven low-energy constants. Inverting the

dependence allows us to express the low-energy constants in terms of the data for the taste splittings

as functions of anisotropy:

C1 (⇠) =
1

8
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( �M45(⇠) + �Mi5(⇠)� �Mij(⇠) + �Mi4(⇠)� �Mi(⇠)� �M4(⇠) + �Ms(⇠)), (57)

D3(⇠) =
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8
(��M45(⇠) + 3�Mi5(⇠) + 3�Mij(⇠)� 3�Mi4(⇠)� 3�Mi(⇠) + �M4(⇠) + �Ms(⇠)), (58)
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These dependencies are shown in Fig. 11. As expected, for aHISQ (right panel) only C4(⇠) and

D4(⇠) contribute to the taste splittings, while the other low-energy constants stay close to 0 also for

⇠ > 1. For the naive staggered action (left panel) the situation is di↵erent: while the splittings are

also dominated by C4(⇠) and D4(⇠), the other low-energy constants are also sizeable. It appears

that C4(⇠) increases, similar to aHISQ. Importantly, C1(⇠) and C3(⇠) decrease with anisotropy,

consistent with the expectation of �M45 going to 0.
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• For aHISQ the splittings are dominated by  and  . 

• For naive staggered  and  are dominant but the other operators 
also give a sizable contribution.
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FIG. 11. The low-energy constants Ci and Di as functions of ln(⇠) for the naive staggered (left) and aHISQ

(right) action. For comparison, the values on the left are divided by C4(⇠ = 1) = 0.0974(22) for the naive

staggered and on the right by C4(⇠ = 1) = 0.02914(37) for the aHISQ action.

For aHISQ taste splittings the dependence on anisotropy is then simplified:

�M45(⇠) = 0 · C4(⇠) + 1 ·D4(⇠), (63)

�Mi5(⇠) = 1 · C4(⇠) + 0 ·D4(⇠), (64)

�Mij(⇠) = 1 · C4(⇠) + 1 ·D4(⇠), (65)

�Mi4(⇠) = 2 · C4(⇠) + 0 ·D4(⇠), (66)

�Mi(⇠) = 2 · C4(⇠) + 1 ·D4(⇠), (67)

�M4(⇠) = 3 · C4(⇠) + 0 ·D4(⇠), (68)

�Ms(⇠) = 3 · C4(⇠) + 1 ·D4(⇠). (69)

Equations (63)–(69) reveal an interesting feature of the aHISQ taste splittings. Consider, for

instance, the vector, �5 ⌦ ⇠i taste, Eq. (67). Given that �5 = �1�2�3�4, an interpolating operator

requires 4 shifts to build the spin and 1 shift to build the taste structure. The spatial taste shift

can balance one spatial spin shift, so in total there are l� = 2 and l⌧ = 1 unbalanced shifts, i.e.,

gauge links in the interpolating operator for the �5 ⌦ ⇠i taste, as discussed in Sec. IID. (From this

consideration, the Goldstone taste, �5 ⌦ ⇠5 is, of course, local, as there are four spin and four taste

shifts that can balance each other.) The values l� = 2 and l⌧ = 1 are precisely the coe�cients in

front of C4(⇠) and D4(⇠) in Eq. (67). One can easily check that this interpretation of the coe�cients

applies to all aHISQ splittings in Eqs. (63)–(69).

Our next step is to determine what functional forms may describe the anisotropy dependence

of the low-energy constants C4(⇠) and D4(⇠). At the first stage, we fit them individually and do

not enforce the constraint D4(⇠ = 1) = C4(⇠ = 1). That constraint is automatically incorporated
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(right) action. For comparison, the values on the left are divided by C4(⇠ = 1) = 0.0974(22) for the naive

staggered and on the right by C4(⇠ = 1) = 0.02914(37) for the aHISQ action.
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Equations (63)–(69) reveal an interesting feature of the aHISQ taste splittings. Consider, for

instance, the vector, �5 ⌦ ⇠i taste, Eq. (67). Given that �5 = �1�2�3�4, an interpolating operator

requires 4 shifts to build the spin and 1 shift to build the taste structure. The spatial taste shift

can balance one spatial spin shift, so in total there are l� = 2 and l⌧ = 1 unbalanced shifts, i.e.,

gauge links in the interpolating operator for the �5 ⌦ ⇠i taste, as discussed in Sec. IID. (From this

consideration, the Goldstone taste, �5 ⌦ ⇠5 is, of course, local, as there are four spin and four taste

shifts that can balance each other.) The values l� = 2 and l⌧ = 1 are precisely the coe�cients in

front of C4(⇠) and D4(⇠) in Eq. (67). One can easily check that this interpretation of the coe�cients

applies to all aHISQ splittings in Eqs. (63)–(69).

Our next step is to determine what functional forms may describe the anisotropy dependence

of the low-energy constants C4(⇠) and D4(⇠). At the first stage, we fit them individually and do

not enforce the constraint D4(⇠ = 1) = C4(⇠ = 1). That constraint is automatically incorporated
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• Preferred fit forms: 

               ,    , 

 is favored by the data.

D4(ξ) =
d2

ξ4
C4(ξ) = c1 (1 − (c2 + c3 ln(ξ))

1
ξ2 )

c2 = c3 = 1/5
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• Global fit: 

       .δMπ(ξ) = c (lσ ⋅
5
4 (1 −

1
5 (1 + ln(ξ)) 1

ξ2 ) + lτ ⋅
1
ξ4 )
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Conclusion

• For tuning the gauge anisotropy the Wilson flow/Clover observable 
(WC) is the optimal scheme. 

• Staggered actions can work with anisotropy, for aHISQ the anisotropy 
is introduced in the Dirac operator after the smearing. 

• For aHISQ the bare fermion anisotropy is almost mass independent 
and is very close to the target renormalized anisotropy. 

• Staggered pion taste spectrum changes with anisotropy, a different 
degeneracy pattern emerges. 

• An empirical model, inspired by the staggered chiral perturbation 
theory with additional “low-energy constants”, describes the 
anisotropy dependence of the aHISQ taste spectrum very well.
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