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GLUON GENERALIZED PARTON DISTRIBUTION OF PION

Sullivan-process schematic; see J. M. Morgado Chavez et al., PRL 128:202501 (2022) .
e (') nght-cone definition of pion unpolarized gluon GPD

: i (-3)o ()l @)

dz~ . .+ _
~n HY x, & t) = elXPz <TL’+ /
v(¢) Hz(x$,1) PJ o ()
This light-cone-separated correlator cannot be calculated
on Euclidean lattice

zt=0,2z,=0

e ()

Experimental Challenge: No free pion,

. . !/ + A+
measurement relies on Sullivan process p— p P, A=p' —p, £ = — , t = A2
2 2P*
. :?ri?tuce to PDF in forward Hﬁ(x, 0,0) = x g (x),
» At zero skewness Fourier d?
transform gives the impact xg.(x,b,) = 2 )lz e tbi-Ay Hg (x,0,—A%).
T

parameter distribution
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CORRELATOR SEPARATED BY SPAGE-LIKE INTERVAL

For unpolarized gluon PDF it has been proposed to calculate

Y

X. Ji, Parton Physics on a Euclidean Lattice. Phys. Rev. Lett., 110:262002, 2013]
Myua.25(2,p) = (p|Fua(2) Wiz, 0] F;5(0)|p)

[X. Ji, SCPMA 57:1407 (2014)]

Czpt(t, p)
2 - < X = z e~ PX(0|xy(x, ) X,y (0,0)|0)

X

(010(GLa Gap, 2)|0) = (0]|GLe(2) U(z,0) G13(0) U(0, 2)|0)

— Independent fluctuations

(correlation of gluon operator and 2pt)
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LORENTZ-GOVARIANT DEGOMPOSITION

Unpolarized gluon PDF

For nucleon gluon
GPDs the
projection is more
complicated. But all
the eight GPDs
have been worked
out

1 (1t .
My, (v,0) = —EJ_ldx e " xg(x)

[I. Balitsky et al., Phys. Lett. B

Meie + Mjii; = 2p§ M
808:135621 (2020)]

py
Unpolarized gluon GPD

Hyn(x,¢,t) = J dw e“* F(w,é,t)
7582 4w§?(§ —n)zs

Differ by the
choice of

(PITL M) = 2 (Moi01 + Miji5) + 120, (Moz:12 + Mi2.02) basis
(P'[F], M)
=23252M_ _+52[16w25(f—ﬂ)+Z§(452P2—t)] M____+4w52(f—ﬂ)23(M ¥ Mypo,)
2 Moioi 227 ijiij 72A, 02;12 12;02

[Jacob Schoenleber, Raza Sufian et al., PRD
111:094510 (2025)]
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LATTIGE SET-UP

1
8ig,a?

1
« Wilson-clover valence quarks on MILC- Fu(i,lov(x) = [QW(X) — sz(x) — §T1‘ (Qw(x) — Q;Ev(x)) 1]
generated lattice configurations (HISQ
sea quarks)
« Lattice spacing a = 0.09 fm
e pion mass m,; = 310MeV

» 600 cfgs 1024 src positions per cfg Cipt(tsep, p) = Z e‘ip'(x‘xsrc)(0|0n(x, tsrc + tsep)(?;;(xsrc, tsrc)l())
X

Pion 2pts and FF correlators

* momentum smearing smeared-smeared Opv:po (A, T; 2)
ropagator 5
propag _ 3¢ _ z o FIAXFF Ty Fuv(XFF + zZ, T)
Y W (XpF + 22,XfF; T) oo (XpF, T)W T (XFF + 22, Xpp; 7)
P = 0.6Pmax XFF

p = 0,1,2,3,4,5,6 up to about 2.58GeV
« Kinematically enhanced interpolation operator y,ys

« Plaquette correlators calculated with
gradient flow time up to 4a?
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2PT AND PLAQUETTE GORRELATOR

® Pion mas 310 Mev a=0.09fm 615k samples o Flow time 0-1 a?
All momenta: 2-state fit, t=(5, 12) FF correlator, TXTX, q=(0, 0, 0)
P 12000 4
141 & bou 300 —3— flow=0
002 1-10 =
i{cua} 3 {—110} —— flow=2
4 1004 110 10000 —4— flow=4
1.2\ - [005] .
\ —4— flow=6
—3— flow=8
:1.0- 8000 - —3— flow=10
z
9 08 >
s < 6000 1
2 v
Los o
i
4000 A
2000 A
-— + » { x
0.0~ . : . . . . . : : 01
0 2 4 6 8 10 12 14 16 18 T T T T T
tla 0 2 4 6 8

Wilson-line length

® 2-state fit compared to effective energy

N e O
eff = a 5 Cor(t +a) 2(O|thtx(z) W(z,0) Fexx(0) W(0, 2)|0)
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® FF correlator vs z, errorbar to small to be seen




JPT GOMBINATION AND VAGUUM SUBTRACGTION

1
3pt _
Cconnected (t,7) = Z

1 .
_spatial Z 2pt(t; Xsrer tsrc)e " VSTFF(T + tsrc)]

N¢
STC t5rc [ Nsrc Xsrc
3pt i
ngbtraction(t’ 1) = z z 2pt(t; Xsre, tsre) Z z FF(T + tgpc) e ~laxsre
Nsrc Negrc
tsrc Xsrc Xsrc tsrc
(C) (c)

_ ()
t(t 7) = connected(t’r) Csubtraction(t’r)

C?fICJ)t (t, T; Psink, @) = z ~tPsink (sink~Xsre) g +q (XFF_XSFC)C(C) (t T; Xsink» XFF)

Xsink' XFF

psink=g+psource
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Total 6
parameters for
off-forward

TWO-STATE FIT OF BARE MATRIX ELEMENT

R(tsep' tins: P pi)
.. -t . R(t t;
B C3pt(tsep, tins; P, Pi) Czpt(tsep tins pi)CZpt(tlns» pf)Czpt(tsep;pf) ( sep ins) : )
- _ —AE;t; —AEf tsep—t;
Czpt(tsepipf) Czpt(tsep - tins:pf)Czpt(tinsrpi)Czpt(tseprpi) = Moo + Ase Ins + Age P™ins
+ Al.fe_AEitins_AEf(tsep_tins)
TXTXpTYTYmM2XYXY Itistate joint-w, best tate2 : .
4=(0. 0, 0), pf=(0, 0, 0), 'w"l%,'ﬁoawi£°6?c¥z/de§f;8?3%§, Q=1 o PRty [odipreldny bes pinen.
MO0 error w— fit T=10
—-—— MOO_mean [ ] datan4
0.10 e R 0.0
—_ fitT=6 @ dataT=7
— it T=7 ® dataT=8
fit T=8 data T=9
0.05 4 fit T=9 data T=10
-0.1 4
_g 0.00 A } 2
g «—E -0.2
—0.05 4
=03 MOO error  —— fit T=10
T R
e ﬁlTiS @ data Ti6 .
L1 s W = e
-0.15 4 ;::122 ?® :z:I’:?O
=N = 0 2 4 4 22 0 2 4
-T2 T2
. — — — — 2 .
® 2-state fit for p=0 q=0 z=0, flow=2a ® O_state fit for p=4 q=0 z=4, flow=2a2
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RENORMALIZATION OF BARE MATRIX ELEMENTS

The nonlocal operator 0,,.,;(z) = F,,(z) W(z,0) F,;(0) WT(z,0) suffers from

linear and logarithmic divergence
X. Ji, J.-H. Zhang, and Y. Zhao, PRL 120:112001 (2018)

0g(2)g = Z5'e®™20,(2) Green, K. Jansen, and F. Steffens, PRL 121:022004 (2018)

T. Ishikawa, Y.-Q. Ma, J.-W. Qiu, and S. Yoshida, PRD 96:094019

Z5* removes the divergence from the vertex diagrams (2017)

OMZ removes the divergence from the Wilson line self energy

e
To avoid infrared effects, we will not use ratio scheme at large distance

A possible candidate is the hybrid-ratio method which can be applied on one ensemble

RB(2,P.,Q%.€) ém determined from zero-momentum matrix element
R 2 ¢y _ ) TRE(z,P.=0) 22 m, determined from fitting
h (Z Pz’ Q é-) o e(5ﬂ1+mg)(z—zs) hB(Z:szQQ £) 0

RE(z,,P.=0) 22 %s a Cy |5 z%u?

C (z,u)=1+&—ln _,u + 3].
oNLO am |3 \4e~2vs

X. Ji et al., Nucl. Phys. B 964:115311 (2021)
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M(P,Z) /M(0,Z) NORMALIZED BY Z=0

TXTXpTYTYM2XYXY | reduced itd

TXTXpTYTYM2XYXY | reduced itd
multistate joint-w, best_nstate2, flow 20

multistate joint-w, best_nstate2, flow 40
1.0 1 e }pzil &pzi4 1.0 - ) & p.=1 & p.=4
‘if%iﬁ\ Bt S TS, RS
R oo
0.8 -
'N\ PRELIMINARY PRELIMINARY
E 0.6 .
::; 0.4 1 § 067
g 8
0.5 1
T
0.4
0.0 | 0.3
0 2 4 6 8 10 : 7 a 6 8 10
v=(2m/L)pw b rlLp
® loffe time distribution at t = 2a? @® loffe time distribution at t = 4a?
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M(P,Z) /M(0,Z) NORMALIZED BY Z=0

TXTXpTYTYmM2XYXY | reduced itd

multistate joint-w, best_nstate2, flow 20 PZ dependence - eVIdence Of hlgher-tWISt
- effects? Similar behavior seen in
[arXiv:2510.26425] [arXiv:2409.02750]

1.0 -
&

TR
of N \ PRELIMINARY

= J= R =]
w N
=J= T =]
o wv s

=
), =
), =

o
o
1

GOING FORWARD:
- INCREASE STATISTICS
- BETTER EXCITED STATE FITS
| - PARAMETERIZE HIGHER TWIST
EFFECTS (Z2- DEPENDENCE)
. | | | | | . INVESTIGATE DIFFERENT

° ’ o npm i N RENORMALIZATION

Real reduced ITD
=4
a

® loffe time distribution at T = 2a?
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OFF-FORWARD MATRIX ELEMENT

TXTXpTYTYmM2XYXY | off-forward matrix element | symmetric TXTXpTYTYmM2XYXY | off-forward matrix element | symmetric
multistate joint-w, 2pt=best_nstate2 multistate joint-w, 2pt=best_nstate2
q=(-2, 0, 0), pi=(-1, 0, 0), pf=(1, 0, 0) q=(-2, 0, 0), pi=(-1, 0, 2), pf=(1, 0, 2)
w=0, flow=20; chi2/dof=0.293, Q=1 w=3, flow=30; chi2/dof=0.469, Q=1
H MO0 error e fit T=10
--- MO0 mean $ dataT=4
— fit T=4 # dataT=5 + } §
1 — it T=5 @ dataT=6
0:000 — it T=6 @ dataT=7 —0.05 -
—_ it T=7 # dataT=8 \ % (]
A\ — r!t T=8 data T=9 -;‘
555 )\ o\ fit T=9 ® dataT=10 \\\ \ )
N8 T
N -0.10 A f N s
~0.050 = -
(=] ? o =
K B 0151
= —0.075 4 @
@ e
—0.100 - —0.20 1
MO0 error e fit T=10
=0.1251 —-== MO0 mean @ dataT=4
=0.259 _ fit1=4 # dataT=5
— fit T=5 @ dataT=6
L e fit T=6 @ dataT=7
—0.150 1 —_— it T=7 # dataT=8
- fit T=8 data T=9
—0.30 A fit T=9 # dataT=10
_'4 _I4 —I2 0 é "i
-T2
; — —_ -2 i =(_ ) = =32
® Symmetric frame gq=(-2,0,0) pz=0 flow=2a ® Symmetric frame g=(-2,0,0) pz=2 flow=3a
\ . .
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OUTLOOK

«  With more statistics (15% of planned statistics for now), the fit will be much better controlled.

* New technologies for large loffe time and z extrapolation could be applied.
Generative ML for extracting PDF:
T. A. Chowdhury, T. Izubuchi, M. Kamruzzaman, N. Karthik, T. Khan, T. Liu, A. Paul, J. Schoenleber, and R. S. Sufian, Phys. Rev. D 111, 074509 (2025).
Large-z model from first principle:

X.Ji, Y. Liu,and Y. Su, arXiv:2601.12189 (2026)
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BAGK-UP SLIDE FOR LORENTZ BASIS OF SPIN-0 GASE

T _gowgﬁu gof.ugﬁv

0= A w Ty + (16°w* — A123) ETpp + 208w (Tea + Tar) + N*w’Tan — £223Tppan
_ papn Bv _ pBpu,ar _ papy fu_ pbpran
Tep = PP ‘ P ﬁP g - pPp . +P ﬁP 9™, — 4 Tp, + 202 PYTa, — %W Tppa. — ETrans — EtwTop + 208 P2wT,a
= POAtgH — PAAKRGAY  paAv Pl | POAYgan,
Tea g g g PRAT — MW Tppea — EwTpaza — EPHTee + E4Tppes + P Tans.
Tap = p.uAagﬁV _ vaozg!ﬂ# _ p#Aﬁgav + vaﬁgcm:

Tan = A“AFGP” — APARG™ — ANV P + AP AV goH,
Tepan = PPPYAYAF — PYPYAPAF — PPPRASAY + PYPEAPAY,

For instance, if we eliminate the Taa structure, we obtain
Tp, = pazugb‘v _ pb‘zu av _ poa,v ﬁqupﬁ vgon,

T AC 1Py _ ALY fjﬂ — AP gV APV g, § = 72w2MPP|22:0 +4€w2 (MPf—\lzg:U +MAP|22:0) +w2A%MPPAA|z2:O:
Az — g z +
Topa. = PPPYA®# — PﬁPﬂAQZU . PaPuAﬁzg.c n PQP,UA/BZV’ whereas if we eliminate the 7,, structure we obtain
_ _PBAAAHLY L PAABARLY | PRACAV I paABAY I

Tpanz=—P AﬁA z +P5A APz ;P A Aﬁz PEATA"ZE, § = —2w’Nppl.2_g + 46w® (Npal:2g + Napls2—o) + w?ATNppaal.2—o — 867w Naal.2 .

-T' — P a8V Pyzag It PHas CW+PUZ gap’

Toa = Al20g% — AP g™ — A2 g 1 + AV 2 4w (€ — )z

. g g (P[], M) = 35 (Moi0i + Miji5) + w(ﬂ/foz;lz + Mi2,02)
Topen = PPPYAFZ® — POPYAFP — PPPEAY 2% 4 POPHAY P, s A
Toasn = —PYACAFZP 4 PPAPAFZY 4 PEAYAY 28 — PRAPAY 2> and
242 2 2p2 _

T..= ZQZHQBU - zﬁzugav - Zazugﬁ'u + Zﬁzyga‘u; (P'[3]. M) = %Mm;m 674 ;22—2;3(45 i) Mijiz + W(Mm;u + Mi2,02).

Tppzz = PPPY202H — PYPYRPol — POPHosY | POPlLP Y,

Tpass = —PPAPZ02Y 4 POAFZBZY 4 PRAY 01 — POAYP 0

: [Jacob Schoenleber, Raza Sufian et al., PRD 111:094510 (2025)]
Tapszs = —PYA%2P2H 4 PPAYP Y 4 PYAPoH — PRAP2Y,

Tanss = ACAFE 0 — ABAFZ0Y — ACAY 204 4 ABAY 01,
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   H 𝜋 g  ( x , 𝜉 , t ) =  1   P +  ∫    d  z −  2 𝜋    e  i x  P +  z −     ⟨  𝜋 +  ( p ′ )  |  G  + 𝜇 ​  ( −  z 2 )  G 𝜇    + ​  (  z 2 ) |  𝜋 +  ( p ) ⟩ |   z + = 0 ,    𝒛 ⊥ = 0 .


  x  g 𝜋  ( x ,  𝒃 ⊥ ) =  ∫     d 2  𝚫 ⊥     ( 2 𝜋 ) 2    e  − i  𝒃 ⊥ ⋅  𝚫 ⊥    H 𝜋 g  ( x , 0 , −  𝚫 ⊥ 2 ) .


   H π g  ( x , 0 , 0 ) = x    g π  ( x ) ,  


  P =   p ′ + p 2 ,     Δ = p ′ − p ,     𝜉 = −    Δ +  2  P + ,     t =  Δ 2 .


   t 2 −  𝒙 2 = 0    →      t = − i 𝜏      𝜏 2 +  𝒙 2 = 0


   M  𝜇 𝛼 ; 𝜆 𝛽  ( z , p ) ≡  ⟨ p  |  F  𝜇 𝛼  ( z )   W  [ z , 0 ]    F  𝜆 𝛽  ( 0 ) | p ⟩


   ⟨ 0  | O ​  (  G  𝜇 𝛼 ,  G  𝜆 𝛽 , z ) | 0 ⟩ =  ⟨ 0  |  G  𝜇 𝛼  ( z )   U  ( z , 0 )    G  𝜆 𝛽  ( 0 )   U  ( 0 , z ) | 0 ⟩


  ×


   C  2 pt  ( t , 𝐩 ) =   ∑ 𝐱   e  − i 𝐩 ⋅ 𝐱  ⟨ 0  |  𝜒 N  ( 𝐱 , t )      𝜒 ¯ N  ( 𝟎 , 0 ) | 0 ⟩


  −


   M  t i ; i t +  M  j i ; i j = 2  p 0 2    ℳ  𝓅 𝓅 .


   ℳ  𝓅 𝓅  ( 𝜈 , 0 ) = −  1 2   ∫  − 1 1  d x    e  − i x 𝜈   x g  ( x )


   H  g / h  ( x , 𝜉 , t ) =   ∫  − ∞ ∞  d 𝜔    e  i 𝜔 x   𝔉  ( 𝜔 , 𝜉 , t )


   ( 𝒫  [ 𝔉 ] , M ) =    z 3 2  𝜉 2   𝜂 2  (  M  0 i ; 0 i +  M  i j ; i j ) +   4 𝜔  𝜉 2  ( 𝜉 − 𝜂 )  z 3   𝜂 2  Δ 1  (  M  02 ; 12 +  M  12 ; 02 )


   (  𝒫 ′  [ 𝔉 ] , M ) =    z 3 2  𝜉 2   𝜂 2    M  0 i ; 0 i +    𝜉 2  [ 16  𝜔 2 𝜉  ( 𝜉 − 𝜂 ) +  z 3 2  ( 4  𝜉 2  P 2 − t ) ]  2  𝜂 2  Δ 1 2    M  i j ; i j +   4 𝜔  𝜉 2  ( 𝜉 − 𝜂 )  z 3   𝜂 2  Δ 1  (  M  02 ; 12 +  M  12 ; 02 )


  𝜌 = 3 . 25


  p = 0 . 6  p  m a x


                p = 0 , 1 , 2 , 3 , 4 , 5 , 6


   𝛾 4  𝛾 5


  4  a 2


   F  𝜇 𝜈  clov  ( x ) =  1  8 i  g 0  a 2  [  Q  𝜇 𝜈  ( x ) −  Q  𝜇 𝜈 †  ( x ) −  1 3  Tr ⁡   (  Q  𝜇 𝜈  ( x ) −  Q  𝜇 𝜈 †  ( x ) ) 𝟏 ]


   C 𝜋  2 pt  (  t  sep , 𝐩 ) =   ∑ 𝐱   e  − i 𝐩 ⋅  ( 𝐱 −  𝐱  𝐬𝐫𝐜 )  ⟨ 0  |  𝒪 𝜋  ( 𝐱 ,  t  src +  t  sep )  𝒪 𝜋 †  (  𝐱  𝐬𝐫𝐜 ,  t  src ) | 0 ⟩


   𝒪  𝜇 𝜈 ; 𝜌 𝜎  ( 𝐪 , 𝜏 ; z ) =   ∑   𝐱  𝐅𝐅   e  + i 𝐪 ⋅  𝐱  𝐅𝐅  Tr ⁡   [     F  𝜇 𝜈  (  𝐱  𝐅𝐅 + z  𝐳 ^ , 𝜏 )   W  (  𝐱  𝐅𝐅 + z  𝐳 ^ ,  𝐱  𝐅𝐅 ; 𝜏 )  F  𝜌 𝜎  (  𝐱  𝐅𝐅 , 𝜏 )  W †  (  𝐱  𝐅𝐅 + z  𝐳 ^ ,  𝐱  𝐅𝐅 ; 𝜏 ) ]


  a = 0 . 09   fm


   m 𝜋 = 310 MeV


   E  eff =  1 a  log ⁡   (    C  𝜋 𝜋  ( t )   C  𝜋 𝜋  ( t + a ) )


   a 2


    ∑ z   ⟨ 0  |  F  t x t x  ( z )   W  ( z , 0 )    F  t x t x  ( 0 )   W  ( 0 , z ) | 0 ⟩


   C  connected  3 pt  ( t , 𝜏 ) =  1   N   t  src   ∑   t  src   [  1   N  src  spatial   ∑   𝐱 src  2 pt  ( t ;  x src ,  t  src )  e  − iqxsrc FF  ( 𝜏 +  t  src ) ]


   C  subtraction  3 pt  ( t , 𝜏 ) =  [  1   N  src   ∑   t src    ∑   𝐱 src  2 pt  ( t ;  x src ,  t  src ) ]  [  1   N   t  src   ∑   x  s r c ​   ∑   t src  FF  ( 𝜏 +  t  src )  e  − iqxsrc ]


   C  3 pt   ( c )  ( t , 𝜏 ) =  C  connected   ( c )  ( t , 𝜏 ) −  C  subtraction   ( c )  ( t , 𝜏 )


   C  3 pt   ( c )  ( t , 𝜏 ;  P sink , q ) =   ∑   𝐱 sink ,    𝐱 FF   e  − i  p sink ⋅  (  𝐱 sink −  𝐱 src )  e  + i q ⋅  (  𝐱 FF −  𝐱 src )  C  3 pt   ( c )  ( t , 𝜏 ;  x sink ,  x FF )


  R  (  t  sep ,  t  ins ) =  M 00 +  A i  e  − Δ  E i  t  ins +  A f  e  − Δ  E f  (  t  sep −  t  ins ) +  A  i f  e  − Δ  E i  t  ins − Δ  E f  (  t  sep −  t  ins )


  R  (  t  sep ,  t  ins ;  𝐩 𝐟 ,  𝐩 𝐢 ) =    C  3 pt  (  t  sep ,  t  ins ;  𝐩 𝐟 ,  𝐩 𝐢 )   C  2 pt  (  t  sep ,  𝐩 𝐟 )     C  2 pt  (  t  sep −  t  ins ,  𝐩 𝐢 )  C  2 pt  (  t  ins ,  𝐩 𝐟 )  C  2 pt  (  t  sep ,  𝐩 𝐟 )   C  2 pt  (  t  sep −  t  ins ,  𝐩 𝐟 )  C  2 pt  (  t  ins ,  𝐩 𝐢 )  C  2 pt  (  t  sep ,  𝐩 𝐢 )


  2  a 2


  2  a 2


   O g    ( z ) R =  Z O  − 1  e  𝛿  m - z  O g  ( z )


   O  𝜇 𝜈 ; 𝜌 𝜎  ( z ) =  F  𝜇 𝜈  ( z )   W  ( z , 0 )    F  𝜌 𝜎  ( 0 )    W †  ( z , 0 )


   Z O  − 1
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