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Introduction: Lepton-Nucleon scattering

» One of the most fundamental processes in high-energy physics

> Essential for understanding the structure of nucleons = purpose of the
Electron-lon-Collider (EIC)

» Proxy for discovering physics beyond the standard model = Neutrino experiments
(DUNE, Hyper-K)
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»> The cross section for lepton-nucleon scattering (e.g. deeply inelastic scattering, DIS) can
be factorized in a leptonic part (leptonic tensor L,,) and a hadronic part (hadronic
tensor W, ): o2  LHV Wy

» In general, Wy, is a non-perturbative object. It is parameterized in terms of Lorentz
invariant structure functions F;(x, Q?)

» This work: Calculate the hadronic tensor directly from two-current matrix elements on
the lattice. Goal: Determine x and Q2 dependence of all structure functions for all

electroweak currents
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The hadronic tensor and structure functions

Definition of the hadronic tensor

1 iqz
VVILV(p7q7S) = 7/(142 eq <p75| [J;(Z),JI,(O)] |p75>

47
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The hadronic tensor and structure functions

Definition of the hadronic tensor

1 iqz
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Vv;w(p> q) I
W, can be decomposed in terms of structure functions by Lorentz symmetry:

> F, R Kinematic variables:

> F; (only W#, 2) > Momentum transfer: @* = §> — 1%, v = ¢°
@

> Spin: g1, &, &3 .84, &5 > Bjorken-x: x = 5=
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The hadronic tensor on the lattice

Problem: Euclidean time:

1 ivz0 —ig7
Welp.0.5) = o [ 0226 [ & (.5 [U)(2). (0] 1.9
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The hadronic tensor on the lattice

Problem: Euclidean time:
1 ivz° —igZ
Welp.0.5) = o [ 0226 [ & (.5 [U)(2). (0] 1.9

There is no lattice calculation that can address this "directly". Instead, identify the
time integral as inverse Laplace transform w.r.t. Euclidean time difference 7:

265 [ B s s
WHV(p7q75) = 2771_7/ dTe qu(qu,&T)

—ioco
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The hadronic tensor on the lattice

Problem: Euclidean time:
1 ivz® —igz
Win(p,q,) = o / a2 / &z e (p,s| [Ji(2), 4(0)] Ip. s)

There is no lattice calculation that can address this "directly". Instead, identify the
time integral as inverse Laplace transform w.r.t. Euclidean time difference 7:

2 [ E
W (p, q,s) := 7”/ dre”" Wi (B, d,s,T)

ico

1

2pt

i , Apt
W::,,(ﬁ, G,s,7) = iE /d3z e ' (p,s| J;E(Z, 7)4,(0,0) |p, s) — Lattice < L >
B

>~ dv —vT
_/ 2Eﬁ € WHV(paq7S)

Vmin

Minimal energy transfer vpmin defined by on-shell threshold (p + g)* > m?
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Lattice calculation strategy

(1) Four-point functions (Two-current correlator)

7ET <rXN(p72) (677__'1'%) Jl’(_avf_ %) XN(ﬁv_é»
2 <XN(57 t) XN(I_i 0)>

t>73>0
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Lattice calculation strategy

(1) Four-point functions (Two-current correlator)

e %7 (Txw(B; 5) Ju(@, 7+ 5) J(=G,7 — 3) Xn(B, —3))
2 <XN(57 t) XN(I_i 0)> £>730

. J

(2) Euclidean structure functions

W, (B,d,7) — A, B- G p,7), B(G BG5BT,
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Lattice calculation strategy

(1) Four-point functions (Two-current correlator)

7E T <rXN(/_jv %) JH(EL%"' %) JV(_577_- — %) yN(ﬁ: _§)>
2 <XN(57 t) XN(l_i 0)>

t>73>0

(2) Euclidean structure functions

W, (B,d,7) — A, B- G p,7), B(G BG5BT,

(3) Inverse problem

< dv —vT =2 = o
/ g€ TR Q)= -mA@G, 54,57

min

< dv _,, I, S
7,:: — B .
/V 2E° Q@ 2(x, Q%) = B(§°, B §,5°,7)

min
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Lattice calculation strategy

(1) Four-point functions (Two-current correlator)

e (Dxn(B,§) Jul@. 7+ 3) J(=3,7 = ) (B =)
2 <XN(ﬁ7 t) YN(ﬁ7 0)> 730

. J

(2) Euclidean structure functions

W, (B,d,7) — AG,B- G B 7), B(G B G B T),-..

(3) Inverse problem

- dv —vT =2 o o
e TR(x, Q) = -m’A(G>, B G,B°,7)
Jo. . 2E5

min

W::u(ﬁ: (_ja 7_) -

< dv e 2X R o o
/ & e 2 o, @) = BB 3.5°.7)

Vmin
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Lattice setup and calculations

Four-point functions

> . Xn interpolating fields for the nucleon; I': spin/parity projector

» J,Ju: Currents of interest

> t: source-sink separation, T: averaged current time; avoid excited state contaminations:
t>7T>0

» 7. time difference between currents; Laplace transform 7 — v

» B: Nucleon momentum

» g: 3-Momentum transfer

> [G. Bali et al. JHEP 09 (2021) 106]

>

id B alfm] L3xT  my[MeV] mg[MeV] mgL L[fm] # conf
S100 3.4 0.085 323x128 223 476 3.1 2.7 984
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Wick contractions

Five types of diagrams

I Jaq.j
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Wick contractions

Five types of diagrams

Il ; Jaq.j

“q1492,]
ji’ ji’
O ey = Stlaa =

J

q394,5"
O']’l"l’ N
ji’
Dy =

................ 0
Ja'a.' Jaat g 1 Jaq.j O‘ O'Iq’q’ ok

1

cii’ i !
o = JJ — 1
2,99’ Sl = .
0 1

. 1

1

Contributions to (p| J;™(—4,7) J;™(§,0)|p) (proton)

4 W, = 2 Wiouv= 2 Wooug = 4 Wi 4 Wion, =
9 l,uuL‘lu @G 7)— §C1,m}:d (g,7) — §C1,uuddu(_q’_7)+ §C2,u "G, ) + §C2,u' H(—g,—7)

1 P 1 e ~ 2 ~ 2 Bo_ s i ~
5 G (@ 7) + 5 Gl (8, =) G SIM (@ T + S (=8 ) — 5 S (ET)
1 wop, - 5 Wopv = 1 wWopv, =
- 551751' I(7q777)+652 ! (Q~,T)+§D . (@, 7)
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Wick contractions

Five types of diagrams

Ja14.5 Jaq.j
i ,
i _ gi'
Cl.q:---ru - Slv'l’l' - g
Jfl.‘s(n 2! 7
Joa
ji’
Dy =
................ '
Jorq.' Jag g : 1
o 1
o - Yoii’  _ 1
2,99’ Sl = .
0 1
1
1 Jag' i Q Joyrq0 :
i G -

—

J'M-JO‘ O']q’q’-j’

Contributions to

(p| 4" (—d,7) 4" (4,0) |p) (proton)

1 con
4
for

- L v
1dua(— G —7) + ZCZ‘YU((L T) +

1
4
VEVY — VEAY — ARVY AR AY

v = 1 LY (=
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Matrix element data

Results for {p| V*(§,7 + 7/2) V"(—G,T — 7/2) |p); the point T = 0 corresponds to
the average of the source and sink timeslice

§=(0,3,3),u=0,v=0 G=(0,3,3),u=0,v=3
03 0.30
P ¥VEE [
0.4 i | 025 b :gg# v
0.20
—~03 —~
Y Y
Y —— g o
g ——
202 ! ! =
t=12a,t=1a 0.10 t=12a,t=1a
t=12a,1=2a t=12a,1=2a
01 b t=10a, t=1a 0.05 b t=10a,t=1a
t=10a,T=2a t=10a, T=2a
0.0 t t=8art=1a | 0. t t=8at=1a
: t t=8at=2a t t=8at=2a
-4 2 0 2 2 -4 2 0 2 3
T/a T/a

> No significant dependence on t = tenk — tsrc Or T (both VV, AA)
> Excited state contamination (of the initial state) is small

> Average over certain T region (— bands)
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Matrix element data

Results for (p| A*(g,7 + 7/2) A”(—§,7 — 7/2) |p); the point ¥ = 0 corresponds to the

average of the source and sink timeslice
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Lattice calculation strategy

(1) Four-point functions

WE (5.5, 7) = e 7 (Txn(B; 5) Ju(d 7+ 3) h(=6,7 — 5) Xn(B, —3))
e 2 <XN(ﬁ* t) YN(ﬁ', O)> 3730
(2) Euclidean structure functions
Wi (B, §,7) = A, B §,5°,7), B(§", B §,P",7),.

(3) Inverse problem

< dv . ﬁ Lo
/ 2E;¢ Fi(x, Q) = —m*A(§", - §,p°, 7)

min

< dv . 2x 2 o o 2
"—F Q=8B -q,p,
/ 26" Qe Q) =B(@.F-45.7)

Vmin




Euclidean structure functions

Hadronic tensor (spin average) in Euclidean space:

~ dv
W/I;j;/(ﬁ’ Ej’ T) = e_VTVV}JJ/(ﬁ: Eia V)
2E;

Ymin
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Euclidean structure functions

Hadronic tensor (spin average) in Euclidean space:

> dv
WE (5,6, 7) = / Wi (5, 6,)

Ymin

Start from Lorentz covariant decomposition in Minkowski space (for VV /AA):

Wow(p. @) = m*guuAni(p - 4. G%) + pupvBu(p - 4. 6%) + quqv Cui(p - 4. G°)
+ (Pugv + qupv) Du(p - q,9°%)
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Euclidean structure functions

Hadronic tensor (spin average) in Euclidean space:

< dv
V\/}E,(ﬁ,a,T):/ e_UTVV;u/(ﬁ-,ﬁ-V)

Ymin

Apply Laplace transform

Euclidean structure functions

E 2 2 > 0
Wy = m"A+ E B+ﬁC—2E8—D
T T
B E 0 1o}
Wg; = W5 = piEB — g5 C+ (GE —pj5- ) D

Wi = —m?8i A+ pjpiB + 4jak C + (pjqk + jpk) D

9/13



Euclidean structure functions

Hadronic tensor (spin average) in Euclidean space:

< dv
VV}FV(ﬁ g T) = / e V7T V\/}M/(ﬁ-, g, V)
Vmin

Apply Laplace transform

Euclidean structure functions

0? 0

E 2 25
Wg = mA+ E?B+ £ C—2E—D
1o} 1o}
Woi = Wis o =PEB—q--C+(qE—p5-|D
Wi = —m?8i A+ pjpiB + 4jak C + (pjqk + jpk) D

Relation to (Minkowski) structure functions:

< dv
/ e TFix Q) = —m’ A& 54, E5.7)

min P x and Q2 are functions of v
o AND &2, E; and - §
dv 2xm? L G, Ep p-q
/ e VT ——Fa(x, @) = m*B(§, B-4, Ez,T) = Can exploit this when re-
Vmin 2B Q constructing F;
2 2

7Eﬁu—ﬁ-fj 9/13



Euclidean structure functions: Results

» Correct for lattice artifacts by multiplying by exp{T(Eg_Y_ialSO“ — Ep.5)} (dispersion
relation for Wilson fermions), only keep data for g close to lattice diagonal.

> Perform Laplace transform on experimental results (use data from [SLAC '92]) to
compare with our Euclidean structure functions.
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Euclidean structure functions: Results

ﬁ - 6‘ Jemjem

ey

m?Ai(g2, pg, P2, T)

SLACB, T=3a

i

-0.02

2 3 4 6 7 8

5
gl [GeV]
> Correct for lattice artifacts by multiplying by exp{T(Eg}:ialson — Ep15)} (dispersion
relation for Wilson fermions), only keep data for g close to lattice diagonal.

> Perform Laplace transform on experimental results (use data from [SLAC '92]) to
compare with our Euclidean structure functions.

> Notice: Cover deep inelastic region only at large |g|. At small |g]|, resonances and elastic
scattering dominate.

> Lattice result for A matches perfectly the experimental data for |G| > 4.5 GeV.
> Discrepancies for small g (elastic/resonance contributions the exp. data is not aware of).
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Euclidean structure functions: Results

v

p=(1,1,1) 2n/L = 0.78 GeV, Jemyem

cos¢p=-1
0.150 cosp=-0.5

cos¢=-0.15
0.125

—— cos¢=0.15

0.100

0.075

0.050

0.025

m?Ai(d?, pg, p*, T)

0.000

-0.025

3
|g] [GeV]

Correct for lattice artifacts by multiplying by exp{T(Eg}:ialson — Ep15)} (dispersion
relation for Wilson fermions), only keep data for g close to lattice diagonal.

Perform Laplace transform on experimental results (use data from [SLAC '92]) to
compare with our Euclidean structure functions.

Notice: Cover deep inelastic region only at large |g|. At small |g|, resonances and elastic
scattering dominate.

Lattice result for A matches perfectly the experimental data for |g| > 4.5 GeV.
Discrepancies for small g (elastic/resonance contributions the exp. data is not aware of).

Non-zero p: have same trends, discrepancies larger for ‘pl"q‘ =cos¢ < 0.
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Euclidean structure functions: Results

Euclidean SFA CLS 5100, 5=(0,0,0), t=1a

0.07 LA
Lo
0.06 } || ¢
= | H VAR
~0.05
~

o
o
N

|
= “»M' |ﬂ4 m“ A
| i

0 1 2 3 4 5 6 7

1g] [GeV]
> Correct for lattice artifacts by multiplying by exp{T(Eg}:ialson — Ep15)} (dispersion

m2A(q°,

relation for Wilson fermions), only keep data for g close to lattice diagonal.

> Perform Laplace transform on experimental results (use data from [SLAC '92]) to
compare with our Euclidean structure functions.

v

Notice: Cover deep inelastic region only at large |g|. At small |g|, resonances and elastic
scattering dominate.

Lattice result for A matches perfectly the experimental data for |g| > 4.5 GeV.
Discrepancies for small g (elastic/resonance contributions the exp. data is not aware of).

[#llaqr = cos < 0.

Non-zero p: have same trends, discrepancies larger for

vV VvVYyy

Also have (preliminary) results for other electroweak currents.
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Lattice calculation strategy

(1) Four-point functions

WE (B, d,7) = e 57 (Mxn(P %) Ju(G, T+ 5) (=G, T — %) XN(ﬁ’*%»
SRR (nB, ) Xu(, )
(2) Euclidean structure functions
W, (B,d,7) — A&, B-d 5", 7), B(§", B §,B",7)

(3) Inverse problem

< dv ., 9 o o
—e "TF(x, Q) = -m’ A", 4,5, 7)
2E

min

*~ dV —vT 2X 2y =2 = = =2
[ 2E5e QQF2(X70)_B(C’7P G,p°,7)

‘min




Inverse problem for structure functions

» For now consider only A <+ F;

»> Employ Callan-Gross relation F» = 2xF; (approximately valid as long as x is not small)

Defining relation: Laplace transform

= dv
/ 76_VTF1(X702) = _mQA(EiQaﬁ'Ei’pQ’T)

Ymin
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Inverse problem for structure functions

» For now consider only A <+ F;

»> Employ Callan-Gross relation F» = 2xF; (approximately valid as long as x is not small)

Defining relation: Laplace transform

< v
/ e "TRi(x, Q%) = —m*A(G, 5§, 5*,7)

Ymin

Recast as integral over (x, Q?):

Inverse problem

1
m*A(§*, B-4, E5, 7) = / dQ? / dx K(§% B, Es, 7, x, Q°)F1(x, @)
0

Esx  p-g

K(@, B3, Es,mox, Q) 1= e TR=Ep9) (1 _ ZPX _ P19 ) (R _ Ry 4 E5(1 — x))x
R ER
X 8(@ — (R— Esx)* — )

with R := | /E§x2 +25-Gx + G2, Ry == R|x=1.
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Inverse problem for structure functions

» For now consider only A <+ F;

»> Employ Callan-Gross relation F» = 2xF; (approximately valid as long as x is not small)

Defining relation: Laplace transform

< v
/ e "TRi(x, Q%) = —m*A(G, 5§, 5*,7)

Ymin

Recast as integral over (x, Q?):

Inverse problem

R ER
x8(Q° — (R~ Epx)* = @)

with R := | /E§x2 +25-Gx + G2, Ry == R|x=1.

= Use Gaussian process regression (i putreu et al. PhysRev.D 111 (2025) 3]

Esx B
K(&,B-§, Ep,, x, @) i= e~ TR=E) (1 - == _£d ) O(R — Ri + E5(1 — x))x

11/13



A first reconstruction of F»

Use data for Euclidean structure function data for |g| > 4 GeV and cos ¢ > 0.

Structure function F,, y-exchange, CLS ensemble S100

0.35 lattice GP
’ —— SLAC 1992
Y
030 S 02 =4.13 GeV?
' R Q?=6.16 GeV?
ASS 2 2
\ Q%=9.2 GeV
_ 025 N
o~
G20
X
w'o.1s
0.10
0.05
0.00
0.0 0.2

X

» Reasonably good agreement between our result and experimental data

» Caveat: This is only a first calculation; still have to study systematics of

GPR in our case
12/13



Conclusion

Goal of our project

First principle calculation of the hadronic tensor (structure functions) of lepton-nucleon
scattering using four-point functions.
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Conclusion

Goal of our project

First principle calculation of the hadronic tensor (structure functions) of lepton-nucleon
scattering using four-point functions.

Achieved

» Calculated four-point functions for VV and AA combinations for all g and two
nucleon momenta p. We use the CLS ensemble S100 (32 x 128,
myx = 223 MeV, a = 0.085 fm).

» Determined Euclidean structure functions for all electroweak currents. Good
agreement with the Laplace transform of the exp. data for F5™ for large |g].

» Obtained a first preliminary result for F;™ using Gaussian process regression.

13/13



Conclusion

Goal of our project

First principle calculation of the hadronic tensor (structure functions) of lepton-nucleon

scattering using four-point functions.

Achieved

| 2

Calculated four-point functions for VV and AA combinations for all g and two
nucleon momenta p. We use the CLS ensemble S100 (32 x 128,
myx = 223 MeV, a = 0.085 fm).

Determined Euclidean structure functions for all electroweak currents. Good
agreement with the Laplace transform of the exp. data for F5™ for large |g].

Obtained a first preliminary result for F$™ using Gaussian process regression.
p! y 2 g p g

vV VvV VYy

Open issues

S, diagram missing.

Study systematics of Gaussian process regression in our case.

Increase statistics, add more momenta.

Reconstruct F,.Wi, FiZ; consider nucleon spin (= spin structure functions g;).

Physical limit: Consider finite volume and discretization artifacts, physical
masses.
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Conclusion

Goal of our project

First principle calculation of the hadronic tensor (structure functions) of lepton-nucleon
scattering using four-point functions.

Achieved

» Calculated four-point functions for VV and AA combinations for all g and two
nucleon momenta p. We use the CLS ensemble S100 (32 x 128,
myx = 223 MeV, a = 0.085 fm).

» Determined Euclidean structure functions for all electroweak currents. Good
agreement with the Laplace transform of the exp. data for F5™ for large |g].

» Obtained a first preliminary result for F;™ using Gaussian process regression.

Open issues

> S, diagram missing.
Study systematics of Gaussian process regression in our case.
Increase statistics, add more momenta.

+ . . . .
Reconstruct F,.W , FiZ; consider nucleon spin (= spin structure functions g;).

vV VvV VYy

Physical limit: Consider finite volume and discretization artifacts, physical
masses.

Thanks for your attention!
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Electroweak currents

Electroweak currents (ns = 2)

em 2 uu 1
S () = 5V 00 = SViE )
+ 1 u u -,
L) = 5 Vi) = A G] = 4 (x)
JE(x) = £ [V (x) = AR (x) = V() + AX(x)] — sin? 6w 5™ (x)

C)d (x) AL (x) = a(x)rsq (%)

3
'Q\
—
X
<
I
Ql N




Elastic contributions

Consider electromagnetic currents and calculate:

1 —7Eq~ 1 j : em (=, = \/\ /=, = \/| jem
Wy.u elastic — 8E5E**e 2 <p7)‘|J,u |p q7/\> <P qa/\ ‘JV |P7 )‘>

AN

—form factors

Elastic contribution, 5 =0, T=1a

— pem
__ gem
- Bem

=g, Jempem

t Ar=1a

t 89 t=1a

| At=2a
B0, v=2a
At=3a

i B9, t=3a

— SLACA T=1a

— SLACB, T=1a

- SLACA, T=2a

-~ SLACB, T=2a
SLACA, T=3a2
SLACB, T=3a

m2A(q%, g, p*, T)

— 7%
1 2 3 4 -
161 (Gev] 191 [Gev]

» Elastic contribution only relevant for |§| < 2 GeV



The scope of four-point functions

Myure (x,y,2z) = ] l;adronlic
. . . . ght-by-light
Ui (%) jv(y) 4x(0) Jo (2)) “cattering
four-current amplitude 2411.11719
2301.05200 2304.04423
2408.13388 2204.08844 Annals Phys. 168(1986) 284

Phys. Rev. D34 (1986) 3882

Electri Nucl. Phys. A555 (1993) 272
| polariza | 1807.03073
Ji(xa) a(x2) S3(x3) Ja(xa))

Charge
correlations

4pt-function

C(r —7':5,4)

momentum space

T=1
position space

Ji(x) = g(x)liq’ (x) / hep-lat /0307009

0809.2056

1906.05312 1709.03018 [F5RCS dep: Ry
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Techniques

Following previous work [saii et i, HEP 09 (2021) 106]:

o o @ »
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®

® point source / propagator

@—)— stochastic source / propagator
o—>— sequential source / propagator with constituents

» Point source at fixed position, sequential and/or stochastic (Ci) sources at the
sink; corresponding propagators have to be re-calculated for each momentum /
source-sink separation

» Gaussian smearing at source and sink; if p # 0 — Momentum smearing gali et ai,
Phys.Rev.D 93 (2016) 9 094515]

» Stochastic propagators (2, S2); can be re-used along different momenta, etc...

» Do contractions in momentum space (current momentum §) for desired
current/insertion timeslice combination (low computational cost); FFT for
position space ()



Structure functions

Use Lorentz symmetry to decompose [PDG]:
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Structure functions
Use Lorentz symmetry to decompose [PDG]:
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Kinematic variables:

> Fi, R
> F; (only W, 2)
» Spin: g1, &, &3 .8, & » Bjorken-x: x =

» Momentum transfer: Q* =g° — 12, v=¢"°

QQ
2p-q




Kinematic regions

> Integration over v includes several kinematic regions.

> Use experimental data (SLAC 1992) [phys.Lett.5 525 (1992) 475-482] in order to see how the
integrand looks like

» Can also reconstruct Euclidean SF data

< dv

—e "TFR(x,Q%) = -m’A(G*, B §,E5, ),
2E5

Vmin
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» For non-vanishing hadronic tensor, need on-shell state: W2 = (p+ q)2 > m?
> If v > |g| have light-like g (this is not DIS anymore).
> DIS region (W2, =6 GeV?, Q2. >2 GeV?):

Wlflin+(ﬁ+a)27Eﬁ<V< V627Q12nin

» Notice: These are not integration limits! The only non-trivial limit is imposed by
w2 > m? (:> Vmin)-

» Reconstructed effective energy is almost constant = Almost pure exponential



Kinematic regions

Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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r
0.12
exp bounds 0.07 exp bounds
~--~- Roper --~- Roper
~ 0.10 Vet =0.085 fm ~ 0.06 Vet| = 0.085 fm
g g — t=0.085 fm
£ 0.08 £ 0,054 -=- t=0.170fm
S S s 120,255 fm
¥ T 0.04
©0.06 o
2 Zo0.03
S 0.04 54
B 5 0.02
X X
W 0.02 < 0.01
0.00 0.
0.9 1.0 11 1.2 1.3 1.4 15 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
v[GeV] v [Gev]

» For non-vanishing hadronic tensor, need on-shell state: W2 = (p+ q)2 > m?
> If v > |g| have light-like g (this is not DIS anymore).
> DIS region (W2, =6 GeV?, Q2. >2 GeV?):

Wlflin+(ﬁ+a)27Eﬁ<V< V627Q12nin

» Notice: These are not integration limits! The only non-trivial limit is imposed by
w2 > m? (:> Vmin)-

» Reconstructed effective energy is almost constant = Almost pure exponential



Kinematic regions

Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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For non-vanishing hadronic tensor, need on-shell state: W2 = (p+ q)2 > m?
If v > |§| have light-like g (this is not DIS anymore).
DIS region (anin =6 GeV?, Qfmn > 2 GeVQ):

W2, +(B+a)? - Es<v<./q— @,
Notice: These are not integration limits! The only non-trivial limit is imposed by
W2 > m? (= Vmin)-

Reconstructed effective energy is almost constant = Almost pure exponential



Kinematic regions

Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482

0.0040

0.0035

0.0030

0.0025

0.0020

Q%(v)) e ™ 2xm?/Q?

0.0015

0.0010

Falx(v),

0.0005

0.0000

Prawe =(0,0,0), |5 =0.00 GeV, Giare = (8, 8, 8), |G| = 6.31 GeV Pa=(-=1, =1, = 1), |p| =0.79 GeV, Gir: = (8,8, 8), |G| =6.31 C
T T
exp bounds 0.0020 exp bounds
DIs DIs
-~ Roper - --- Roper
Vel = 0.085 m Lo.0015 Vel =0.085 tm
— t=0.085 fm £ — t=0.085 fm
N === t=0.170 fm
§ - t=0.255 fm
©0.0010
3
5
B
£ 0.0005
[y
""""" 0.0000 22220000 >
55 56 57 58 59 60 61 62 63 450 475 500 525 550 575 6.00 6.5
v[GeV] v [GeV]

» For non-vanishing hadronic tensor, need on-shell state: W2 = (p+ q)2 > m?
> If v > |g| have light-like g (this is not DIS anymore).
» DIS region (anin =6 GeV?, Qfmn > 2 GeVQ):
W2, +(B+a)? - Es<v<./q— @,
» Notice: These are not integration limits! The only non-trivial limit is imposed by
W2 > m? (= Vmin)-
>

Reconstructed effective energy is almost constant = Almost pure exponential



Kinematic regions

Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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» For non-vanishing hadronic tensor, need on-shell state: W2 = (p+ q)2 > m?

> If v > |g| have light-like g (this is not DIS anymore).
» DIS region (anin =6 GeV?, Qfmn > 2 GeVQ):
W2, +(B+a)? - Es<v<./q— @,
» Notice: These are not integration limits! The only non-trivial limit is imposed by
W2 > m? (= Vmin)-

» Reconstructed effective energy is almost constant = Almost pure exponential



Gaussian process regression

Follow [Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515, arXiv:2604.21476]

Bayes’ theorem

P(AIF)P(FIN)

P(F|AI) = PCATT)




Gaussian process regression

Follow [Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515, arXiv:2604.21476]

Bayes’ theorem

P(AIF)P(FIN)

P(F|AI) = PCATT)

1
» Prior distribution: P(F|/) o< exp {fE(F —g)TGY(F- g)}

v

1
Likelihood (x2): P(A|F) o exp {—E(A —K-F)CYA-K. F)}
F: Function to be determined
g: initial guess (set g = 0)

A: Lattice data for Euclidean structure functions; C: Covariance matrix

vyvyYyywy

G: Gaussian kernel (ensure smoothness, prior assumption on functional form F(9)(x)):

2.1 A2y _ 2p(0) 0y  (log(x) —log(x))* (@ - Q¥)?
G(x, Q% x', Q) =0"FY (x)F (X)exp{ ) 282(\)2

> K: Kernel of our inverse problem (see previous slide)



Gaussian process regression

Follow [Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515, arXiv:2604.21476]

Bayes’ theorem

P(AIF)P(FIN)

P(F|AI) = PCATT)

1
» Prior distribution: P(F|/) o< exp {fE(F —g)TGY(F- g)}

v

1
Likelihood (x2): P(A|F) o exp {—E(A —K-F)CYA-K. F)}
F: Function to be determined
g: initial guess (set g = 0)

A: Lattice data for Euclidean structure functions; C: Covariance matrix

vyvyYyywy

G: Gaussian kernel (ensure smoothness, prior assumption on functional form F(9)(x)):

2.1 A2y _ 2 (0) (0)(  (log(x) —log(x))* (@ - Q¥)?
G(x, Q% x', Q) =0"FY (x)F (X)exp{ ) 282(\)2

> K: Kernel of our inverse problem (see previous slide)

Posterior mean for F

(F) =g+ GKT (C+KGKT) ' (A-K -g)




Euclidean structure functions

Contributions from diagram G, p = 0:

Euclidean structure functions for C; 4, p =0, § = (3,4, 5)2m/L ~ 3.21 GeV Effective energy ver for Cy.u, t=10a, 5=0, § = (3,4, 5)2n/L ~ 3.21 GeV

—+ A Could@.T) Enuai(d)
107 A, Cou(=G, = T) 7+ AcGu@n
—+ B9, Co.uld. ) = A Cul=G, =)
B9, Gy y(~G, = T) 6] —— B, (G, 1)
o0-r —+ D9, Cu(G, 0 BO, Cau(=G, =)
! - DY, Crul-d, ~ 1) 5| — DO, Cud
s |+ 09 Crut-d, -0
% gs
1072 k3
K
3 / \“l\
107 2
1
1075

> Solid line: t/a = 8, dashed line t/a =10
» Have good signal for 7/a < 4
P> As expected, observe exponential decay along 7; effective energy

A(g,0,0,7)

e =1 A= NN -
aleff og A(q2,0,0,7'+ a)



Wilson fermion dispersion relation

o Eff. energy vs Wilson disp. rel. (r=1a, A, C, ol=G, = 1)

Verr data
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Eff. energy vs Wilson disp. rel. (t=1a, B, C, ,(—G, — 1))
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> Lower bound of the Laplace integral (vmin) is given by elastic scattering

» One-fermion state = Obeys dispersion relation for Wilson fermions:

sinh?(agWilsony — Z sin(ap;) + | am + Z (1 — cos(apj))

J

> The corresponding anisotropy effects are clearly visible in the lattice data (effective
energy)
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