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Introduction: Lepton-Nucleon scattering
▶ One of the most fundamental processes in high-energy physics
▶ Essential for understanding the structure of nucleons ⇒ purpose of the

Electron-Ion-Collider (EIC)
▶ Proxy for discovering physics beyond the standard model ⇒ Neutrino experiments

(DUNE, Hyper-K)

www.bnl.gov www.dunescience.org

▶ The cross section for lepton-nucleon scattering (e.g. deeply inelastic scattering, DIS) can
be factorized in a leptonic part (leptonic tensor Lµν) and a hadronic part (hadronic
tensor Wµν): σ2 ∝ LµνWµν

▶ In general, Wµν is a non-perturbative object. It is parameterized in terms of Lorentz
invariant structure functions Fi (x , Q2)

▶ This work: Calculate the hadronic tensor directly from two-current matrix elements on
the lattice. Goal: Determine x and Q2 dependence of all structure functions for all
electroweak currents
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The hadronic tensor and structure functions
Definition of the hadronic tensor

Wµν(p, q, s) := 1
4π

∫
d4z e iqz ⟨p, s|

[
J†

µ(z), Jν(0)
]

|p, s⟩

Lepton-nucleon scattering:

p p

µ ν

q −q

Wµν(p, q)

Lµν(k, q)
Cross section

σ2

dxdy = 2πyα2

Q4

∑
j

ηjLµν
j W j

µν

Electroweak currents

Jem
µ JW +

µ = JW −,†
µ JZ

µ
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j W j

µν

Electroweak currents

Jem
µ JW +

µ = JW −,†
µ JZ

µ

Wµν can be decomposed in terms of structure functions by Lorentz symmetry:

Structure functions
▶ F1, F2

▶ F3 (only W ±, Z)
▶ Spin: g1, g2, g3 ,g4, g5

Kinematic variables:
▶ Momentum transfer: Q2 = q⃗2 − ν2, ν = q0

▶ Bjorken-x : x = Q2

2p·q
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The hadronic tensor on the lattice
Problem: Euclidean time:

Wµν(p, q, s) := 1
4π

∫
dz0e iνz0

∫
d3z e−i q⃗⃗z ⟨p, s|

[
J†

µ(z), Jν(0)
]

|p, s⟩

There is no lattice calculation that can address this "directly". Instead, identify the
time integral as inverse Laplace transform w.r.t. Euclidean time difference τ :

Wµν(p, q, s) := 2Ep⃗

2πi

∫ i∞

−i∞
dτeντ W E

µν(p⃗, q⃗, s, τ)

Hence, consider: [K.F. Liu and S.J. Dong, Phys.Rev.Lett. 72 (1994) 1790-1793; K.F. Liu, Phys.Rev.D 62 (2000) 074501]

Hadronic tensor in Euclidean spacetime

W E
µν(p⃗, q⃗, s, τ) = 1

4Ep⃗

∫
d3z e−i q⃗⃗z ⟨p, s| J†

µ(⃗z, τ)Jν (⃗0, 0) |p, s⟩ → Lattice
(

4pt
2pt

)
=

∫ ∞

νmin

dν

2Ep⃗
e−ντ Wµν(p, q, s)

Minimal energy transfer νmin defined by on-shell threshold (p + q)2 ≥ m2
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Lattice calculation strategy

(1) Four-point functions (Two-current correlator)

W E
µν(p⃗, q⃗, τ) = e−E⃗pτ

2
⟨ΓχN(p⃗, t

2 ) Jµ(q⃗, τ̄ + τ
2 ) Jν(−q⃗, τ̄ − τ

2 ) χN(p⃗, − t
2 )⟩

⟨χN(p⃗, t) χN(p⃗, 0)⟩

∣∣∣∣
t≫τ̄≫0

(2) Euclidean structure functions

W E
µν(p⃗, q⃗, τ) → A(q⃗2, p⃗ · q⃗, p⃗2, τ), B(q⃗2, p⃗ · q⃗, p⃗2, τ), . . .

(3) Inverse problem∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ · q⃗, p⃗2, τ)∫ ∞

νmin

dν

2Ep⃗
e−ντ 2x

Q2 F2(x , Q2) = B(q⃗2, p⃗ · q⃗, p⃗2, τ)

· · ·
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Lattice setup and calculations

Four-point functions

W E
µν(p⃗, q⃗, τ) = e−E⃗pτ

2
⟨ΓχN(p⃗, t

2 ) Jµ(q⃗, τ̄ + τ
2 ) Jν(−q⃗, τ̄ − τ

2 ) χN(p⃗, − t
2 )⟩

⟨χN(p⃗, t) χN(p⃗, 0)⟩

∣∣∣∣
t≫τ̄≫0

▶ χN , χN interpolating fields for the nucleon; Γ: spin/parity projector
→ consider spin average for now

▶ JµJν : Currents of interest
→ consider VµVν or AµAν current combinations ⇒ F1 and F2

▶ t: source-sink separation, τ̄ : averaged current time; avoid excited state contaminations:
t ≫ τ̄ ≫ 0 → consider t/a = 8, 10, 12

▶ τ : time difference between currents; Laplace transform τ → ν

▶ p⃗: Nucleon momentum → consider p⃗ ∈ {(0, 0, 0), (1, 1, 1)}2π/(La)
▶ q⃗: 3-Momentum transfer
▶ Calculate for all q⃗, τ , τ̄ → stochastic sources, use approach of [G. Bali et al. JHEP 09 (2021) 106]

▶ Start with CLS ensemble S100 (nf = 2 + 1 Wilson-clover fermions)
id β a[fm] L3 × T mπ[MeV] mK [MeV] mπL L[fm] # conf

S100 3.4 0.085 323×128 223 476 3.1 2.7 984

6 / 13



Wick contractions
Five types of diagrams

Cjj′

1,q1...q4
=

Jq1q2,j

Jq3q4,j′

Cjj′

2,qq′ =

Jq′q,j′ Jqq′,j

Sjj′

1,qq′ =

Jqq,j

Jq′q′,j′

Sjj′

2,qq′ =

Jqq′,j Jq′q,j′

Djj′

qq′ =

Jq′q′,j′Jqq,j

Contributions to
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Jqq,j

Jq′q′,j′

Sjj′

2,qq′ =

Jqq′,j Jq′q,j′

Djj′

qq′ =

Jq′q′,j′Jqq,j

Contributions to ⟨p| Jem
µ (−q⃗, τ) Jem

ν (q⃗, 0) |p⟩ (proton)
4
9

CVV ,µν
1,uuuu (⃗q, τ) −

2
9

CVV ,µν
1,uudd (⃗q, τ) −

2
9

CVV ,νµ
1,uudd (−q⃗, −τ) +

4
9

CVV ,µν
2,u (⃗q, τ) +

4
9

CVV ,νµ
2,u (−q⃗, −τ)

+
1
9

CVV ,µν
2,d (⃗q, τ) +

1
9

CVV ,νµ
2,d (−q⃗, −τ) +

2
9

SVV ,µν
1,u (⃗q, τ) +

2
9

SVV ,νµ
1,u (−q⃗, −τ) −

1
9

SVV ,µν
1,d (⃗q, τ)

−
1
9

SVV ,νµ
1,d (−q⃗, −τ)+

5
9

SVV ,µν
2 (⃗q, τ) +

1
9

DVV ,µν (⃗q, τ)
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Sjj′

2,qq′ =
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qq′ =

Jq′q′,j′Jqq,j

Contributions to ⟨p| JW +
µ (−q⃗, τ)JW −

ν (q⃗, 0) |p⟩ (proton)
1
4

Cνµ
1,duud (−q⃗, −τ) +

1
4

Cµν
2,u (⃗q, τ) +

1
4

Cνµ
2,d (−q⃗, −τ)+

1
4

Sµν
2 (⃗q, τ)

for V µV ν − V µAν − AµV ν + AµAν
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Matrix element data
Results for ⟨p| V µ(q⃗, τ̄ + τ/2) V ν(−q⃗, τ̄ − τ/2) |p⟩; the point τ̄ = 0 corresponds to
the average of the source and sink timeslice

4 2 0 2 4
/a

0.0

0.1

0.2

0.3

0.4

0.5

V
V

q = (0, 3, 3), = 0, = 0

t = 12a, = 1a
t = 12a, = 2a
t = 10a, = 1a
t = 10a, = 2a
t = 8a, = 1a
t = 8a, = 2a

4 2 0 2 4
/a

0.00

0.05

0.10

0.15

0.20

0.25

0.30

V
V

q = (0, 3, 3), = 0, = 3

t = 12a, = 1a
t = 12a, = 2a
t = 10a, = 1a
t = 10a, = 2a
t = 8a, = 1a
t = 8a, = 2a

▶ No significant dependence on t = tsnk − tsrc or τ̄ (both VV , AA)
▶ Excited state contamination (of the initial state) is small
▶ Average over certain τ̄ region (→ bands)
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Lattice calculation strategy
(1) Four-point functions

W E
µν(p⃗, q⃗, τ) = e−E⃗pτ

2
⟨ΓχN(p⃗, t

2 ) Jµ(q⃗, τ̄ + τ
2 ) Jν(−q⃗, τ̄ − τ

2 ) χN(p⃗, − t
2 )⟩

⟨χN(p⃗, t) χN(p⃗, 0)⟩

∣∣∣∣
t≫τ̄≫0

(2) Euclidean structure functions

W E
µν(p⃗, q⃗, τ) → A(q⃗2, p⃗ · q⃗, p⃗2, τ), B(q⃗2, p⃗ · q⃗, p⃗2, τ), . . .

(3) Inverse problem∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ · q⃗, p⃗2, τ)∫ ∞

νmin

dν

2Ep⃗
e−ντ 2x

Q2 F2(x , Q2) = B(q⃗2, p⃗ · q⃗, p⃗2, τ)

· · ·



Euclidean structure functions
Hadronic tensor (spin average) in Euclidean space:

W E
µν(p⃗, q⃗, τ) =

∫ ∞

νmin

dν

2Ep⃗
e−ντ Wµν(p⃗, q⃗, ν)

Apply Laplace transform

Euclidean structure functions

W E
00 = m2A + E2B +

∂2

∂τ2 C − 2E
∂

∂τ
D

W E
0j = W E

j0 = pj EB − qj
∂

∂τ
C +

(
qj E − pj

∂

∂τ

)
D

W E
jk = −m2δjkA + pj pkB + qj qkC + (pj qk + qj pk) D

Relation to (Minkowski) structure functions:∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ ·q⃗, Ep⃗ , τ)∫ ∞

νmin

dν

2Ep⃗
e−ντ 2xm2

Q2 F2(x , Q2) = m2B(q⃗2, p⃗ ·q⃗, Ep⃗ , τ)

Q2 = q⃗2 − ν2 x =
q⃗2 − ν2

Ep⃗ν − p⃗ · q⃗

x and Q2 are functions of ν
AND q⃗2, Ep⃗ and p⃗ · q⃗
⇒ Can exploit this when re-
constructing Fi
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dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ ·q⃗, Ep⃗ , τ)∫ ∞

νmin

dν

2Ep⃗
e−ντ 2xm2

Q2 F2(x , Q2) = m2B(q⃗2, p⃗ ·q⃗, Ep⃗ , τ)

Q2 = q⃗2 − ν2 x =
q⃗2 − ν2

Ep⃗ν − p⃗ · q⃗

x and Q2 are functions of ν
AND q⃗2, Ep⃗ and p⃗ · q⃗
⇒ Can exploit this when re-
constructing Fi
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Euclidean structure functions: Results

▶ Correct for lattice artifacts by multiplying by exp{τ(EWilson
p⃗+q⃗ − Ep⃗+q⃗)} (dispersion

relation for Wilson fermions), only keep data for q⃗ close to lattice diagonal.
▶ Perform Laplace transform on experimental results (use data from [SLAC ’92]) to

compare with our Euclidean structure functions.
▶ Notice: Cover deep inelastic region only at large |⃗q|. At small |⃗q|, resonances and elastic

scattering dominate.
▶ Lattice result for A matches perfectly the experimental data for |⃗q| > 4.5 GeV.
▶ Discrepancies for small q⃗ (elastic/resonance contributions the exp. data is not aware of).
▶ Non-zero p⃗: have same trends, discrepancies larger for p⃗·⃗q

|⃗p||⃗q| = cos ϕ < 0.
▶ Also have (preliminary) results for other electroweak currents.
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Lattice calculation strategy
(1) Four-point functions

W E
µν(p⃗, q⃗, τ) = e−E⃗pτ

2
⟨ΓχN(p⃗, t

2 ) Jµ(q⃗, τ̄ + τ
2 ) Jν(−q⃗, τ̄ − τ

2 ) χN(p⃗, − t
2 )⟩

⟨χN(p⃗, t) χN(p⃗, 0)⟩

∣∣∣∣
t≫τ̄≫0

(2) Euclidean structure functions

W E
µν(p⃗, q⃗, τ) → A(q⃗2, p⃗ · q⃗, p⃗2, τ), B(q⃗2, p⃗ · q⃗, p⃗2, τ), . . .

(3) Inverse problem∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ · q⃗, p⃗2, τ)∫ ∞

νmin

dν

2Ep⃗
e−ντ 2x

Q2 F2(x , Q2) = B(q⃗2, p⃗ · q⃗, p⃗2, τ)

· · ·



Inverse problem for structure functions
▶ For now consider only A ↔ F1

▶ Employ Callan-Gross relation F2 = 2xF1 (approximately valid as long as x is not small)

Defining relation: Laplace transform∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ · q⃗, p⃗2, τ)

Recast as integral over (x , Q2):

Inverse problem

m2A(q⃗2, p⃗ ·q⃗, Ep⃗ , τ) =
∫

dQ2
∫ 1

0
dx K(q⃗2, p⃗ ·q⃗, Ep⃗ , τ, x , Q2)F1(x , Q2)

K(q⃗2, p⃗ ·q⃗, Ep⃗ , τ, x , Q2) := e−τ(R−E⃗px)
(

1 −
Ep⃗x
R

−
p⃗ ·q⃗
Ep⃗R

)
Θ(R − R1 + Ep⃗(1 − x))×

× δ(Q2 − (R − Ep⃗x)2 − q⃗2)

with R :=
√

E2
p⃗ x2 + 2p⃗ ·q⃗x + q⃗2, R1 := R|x=1.

⇒ Use Gaussian process regression [H. Dutrieux et al. Phys.Rev.D 111 (2025) 3]
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A first reconstruction of F2
Use data for Euclidean structure function data for |⃗q| > 4 GeV and cos ϕ > 0.

0.0 0.2 0.4 0.6 0.8 1.0
x

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35
F 2

(x
,Q

2 )

PRELIMINARY

Structure function F2, -exchange, CLS ensemble S100
lattice GP
SLAC 1992
Q2 = 4.13 GeV2

Q2 = 6.16 GeV2

Q2 = 9.2 GeV2

▶ Reasonably good agreement between our result and experimental data
▶ Caveat: This is only a first calculation; still have to study systematics of

GPR in our case
12 / 13



Conclusion
Goal of our project

First principle calculation of the hadronic tensor (structure functions) of lepton-nucleon
scattering using four-point functions.

Achieved
▶ Calculated four-point functions for VV and AA combinations for all q⃗ and two

nucleon momenta p⃗. We use the CLS ensemble S100 (32 × 128,
mπ = 223 MeV, a = 0.085 fm).

▶ Determined Euclidean structure functions for all electroweak currents. Good
agreement with the Laplace transform of the exp. data for F em

2 for large |⃗q|.
▶ Obtained a first preliminary result for F em

2 using Gaussian process regression.

Open issues
▶ S2 diagram missing.
▶ Study systematics of Gaussian process regression in our case.
▶ Increase statistics, add more momenta.
▶ Reconstruct F W ±

i , F Z
i ; consider nucleon spin (⇒ spin structure functions gi ).

▶ Physical limit: Consider finite volume and discretization artifacts, physical
masses.

Thanks for your attention!
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Electroweak currents
Electroweak currents (nf = 2)

Jem
µ (x) := 2

3V uu
µ (x) − 1

3V dd
µ (x)

JW +
µ (x) := 1

2
[
V ud

µ (x) − Aud
µ (x)

]
= JW −,†

µ (x)

JZ
µ (x) := 1

4
[
V uu

µ (x) − Auu
µ (x) − V dd

µ (x) + Add
µ (x)

]
− sin2 θWJem

µ (x)

V qq′
µ (x) := q̄(x)γµq′(x) Aqq′

µ (x) := q̄(x)γµγ5q′(x)



Elastic contributions
Consider electromagnetic currents and calculate:

W E
µν,elastic = 1

8Ep⃗Ep⃗+⃗q
e−τ E⃗p+⃗q 1

2
∑
λλ′

⟨p, λ| Jem
µ |⃗p+q⃗, λ′⟩︸ ︷︷ ︸

→form factors

⟨p⃗+q⃗, λ′| Jem
ν |p, λ⟩
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PRELIMINARY

p = 0,  JemJem

A, = 1a
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▶ Elastic contribution only relevant for |⃗q| < 2 GeV



The scope of four-point functions

⟨J1(x1) J2(x2) J3(x3) J4(x4)⟩
4pt-function

Πµνλσ(x , y , z) =
⟨jµ(x) jν(y) jλ(0) jσ(z)⟩

four-current amplitude

Cij (t, τ, τ ′; y⃗ , p⃗f p⃗i ) =
⟨Op⃗f (t) Ji (⃗x , τ) Jj (⃗x +y⃗ , τ ′) Op⃗i (0)⟩

hadronic two-current correlation

Ji (x) = q̄(x)Γi q′(x)

g − 2
hadronic

light-by-light
scattering

τ = τ ′

position space

Charge
correlations

Hadron
WF & shape

Double
parton

distributions
(DPDs)

PDFs x-dep.:
Ioffe-time &

LaMET

PDFs
LHC

physics

C̃(τ − τ ′; p⃗, q⃗)
momentum space

Electric
polarizability

Hadronic
tensor

Structure
functions

EIC
physics

Exp. cross
sections

neutrino
physics

hadron
resonances

2411.11719
2304.04423
2204.08844 Annals Phys. 168(1986) 284

Phys. Rev. D34 (1986) 3882
Nucl. Phys. A555 (1993) 272

1807.03073

hep-lat/0307009
0809.2056

2106.03451
2006.14826

1709.03018
1901.03921
2405.07712
2605.03234

1906.05312
2311.04206

2301.05200
2408.13388



Techniques
Following previous work [Bali et al, JHEP 09 (2021) 106]:

××
× ×

point source / propagator

stochastic source / propagator×
sequential source / propagator with constituents

▶ Point source at fixed position, sequential and/or stochastic (C1) sources at the
sink; corresponding propagators have to be re-calculated for each momentum /
source-sink separation

▶ Gaussian smearing at source and sink; if p⃗ ̸= 0⃗ → Momentum smearing [Bali et al,

Phys.Rev.D 93 (2016) 9 094515]

▶ Stochastic propagators (C2, S2); can be re-used along different momenta, etc...
▶ Do contractions in momentum space (current momentum q⃗) for desired

current/insertion timeslice combination (low computational cost); FFT for
position space (y⃗)



Structure functions
Use Lorentz symmetry to decompose [PDG]:

Wµν(p, q, s) =
(

qµqν

q2 − gµν

)
F1(x , Q2) + p̂µp̂ν

p · q F2(x , Q2) − iϵµνρσ
qρpσ

2p · q F3(x , Q2)

+ iϵµνρσ
qρ

p · q

[
sσg1(x , Q2) +

(
sσ − s · q

p · q pσ

)
g2(x , Q2)

]
+ 1

2p · q

[
(p̂µŝν + ŝµp̂ν) − 2s · q

p · q p̂µp̂ν

]
g3(x , Q2)

+ s · q
p · q

[
p̂µp̂ν

p · q g4(x , Q2) +
(

qµqν

q2 − gµν

)
g5(x , Q2)

]
with p̂µ = pµ − p·q

q2 qµ, ŝµ = sµ − s·q
q2 qµ.



Structure functions
Use Lorentz symmetry to decompose [PDG]:

Wµν(p, q, s) =
(

qµqν

q2 − gµν

)
F1(x , Q2) + p̂µp̂ν

p · q F2(x , Q2) − iϵµνρσ
qρpσ

2p · q F3(x , Q2)

+ iϵµνρσ
qρ

p · q
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(
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]
+ 1

2p · q

[
(p̂µŝν + ŝµp̂ν) − 2s · q

p · q p̂µp̂ν

]
g3(x , Q2)

+ s · q
p · q

[
p̂µp̂ν

p · q g4(x , Q2) +
(

qµqν

q2 − gµν

)
g5(x , Q2)

]
with p̂µ = pµ − p·q

q2 qµ, ŝµ = sµ − s·q
q2 qµ.

Structure functions

▶ F1, F2

▶ F3 (only W ±, Z)
▶ Spin: g1, g2, g3 ,g4, g5

Kinematic variables:
▶ Momentum transfer: Q2 = q⃗2 − ν2, ν = q0

▶ Bjorken-x : x = Q2

2p · q



Kinematic regions
▶ Integration over ν includes several kinematic regions.
▶ Use experimental data (SLAC 1992) [Phys.Lett.B 828 (1992) 475-482] in order to see how the

integrand looks like
▶ Can also reconstruct Euclidean SF data∫ ∞

νmin

dν

2Ep⃗
e−ντ F1(x , Q2) = −m2A(q⃗2, p⃗ · q⃗, Ep⃗ , τ) ,∫ ∞

νmin

dν

2Ep⃗
e−ντ 2xm2

Q2 F2(x , Q2) = m2B(q⃗2, p⃗ · q⃗, Ep⃗ , τ) ,

▶ For non-vanishing hadronic tensor, need on-shell state: W 2 = (p + q)2 ≥ m2

▶ If ν > |⃗q| have light-like q (this is not DIS anymore).
▶ DIS region (W 2

min = 6 GeV2, Q2
min > 2 GeV2):√

W 2
min + (p⃗ + q⃗)2 − Ep⃗ < ν <

√
q⃗2 − Q2

min
▶ Notice: These are not integration limits! The only non-trivial limit is imposed by

W 2 ≥ m2 (⇒ νmin).
▶ Reconstructed effective energy is almost constant ⇒ Almost pure exponential



Kinematic regions
Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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▶ For non-vanishing hadronic tensor, need on-shell state: W 2 = (p + q)2 ≥ m2

▶ If ν > |⃗q| have light-like q (this is not DIS anymore).
▶ DIS region (W 2

min = 6 GeV2, Q2
min > 2 GeV2):√

W 2
min + (p⃗ + q⃗)2 − Ep⃗ < ν <

√
q⃗2 − Q2

min
▶ Notice: These are not integration limits! The only non-trivial limit is imposed by

W 2 ≥ m2 (⇒ νmin).
▶ Reconstructed effective energy is almost constant ⇒ Almost pure exponential



Kinematic regions
Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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▶ For non-vanishing hadronic tensor, need on-shell state: W 2 = (p + q)2 ≥ m2

▶ If ν > |⃗q| have light-like q (this is not DIS anymore).
▶ DIS region (W 2

min = 6 GeV2, Q2
min > 2 GeV2):√

W 2
min + (p⃗ + q⃗)2 − Ep⃗ < ν <

√
q⃗2 − Q2

min
▶ Notice: These are not integration limits! The only non-trivial limit is imposed by

W 2 ≥ m2 (⇒ νmin).
▶ Reconstructed effective energy is almost constant ⇒ Almost pure exponential



Kinematic regions
Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482

5.5 5.6 5.7 5.8 5.9 6.0 6.1 6.2 6.3
[GeV]

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

0.0040

F 2
(x

(
),

Q
2 (

))
e

2x
m

2 /Q
2

platt = (0, 0, 0), |p| = 0.00 GeV, qlatt = (8, 8, 8), |q| = 6.31 GeV

exp bounds
DIS
Roper

eff| = 0.085 fm
t=0.085 fm
t=0.170 fm
t=0.255 fm

4.50 4.75 5.00 5.25 5.50 5.75 6.00 6.25
[GeV]

0.0000

0.0005

0.0010

0.0015

0.0020

F 2
(x

(
),

Q
2 (

))
e

2x
m

2 /Q
2

platt = ( 1, 1, 1), |p| = 0.79 GeV, qlatt = (8, 8, 8), |q| = 6.31 GeV

exp bounds
DIS
Roper

eff| = 0.085 fm
t=0.085 fm
t=0.170 fm
t=0.255 fm

▶ For non-vanishing hadronic tensor, need on-shell state: W 2 = (p + q)2 ≥ m2

▶ If ν > |⃗q| have light-like q (this is not DIS anymore).
▶ DIS region (W 2

min = 6 GeV2, Q2
min > 2 GeV2):√

W 2
min + (p⃗ + q⃗)2 − Ep⃗ < ν <

√
q⃗2 − Q2

min
▶ Notice: These are not integration limits! The only non-trivial limit is imposed by

W 2 ≥ m2 (⇒ νmin).
▶ Reconstructed effective energy is almost constant ⇒ Almost pure exponential



Kinematic regions
Experimental data (SLAC 1992) Phys.Lett.B 828 (1992) 475-482
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▶ For non-vanishing hadronic tensor, need on-shell state: W 2 = (p + q)2 ≥ m2

▶ If ν > |⃗q| have light-like q (this is not DIS anymore).
▶ DIS region (W 2

min = 6 GeV2, Q2
min > 2 GeV2):√

W 2
min + (p⃗ + q⃗)2 − Ep⃗ < ν <

√
q⃗2 − Q2

min
▶ Notice: These are not integration limits! The only non-trivial limit is imposed by

W 2 ≥ m2 (⇒ νmin).
▶ Reconstructed effective energy is almost constant ⇒ Almost pure exponential



Gaussian process regression
Follow [Dutrieux et al. Phys.Rev.D 111 (2025) 3, 034515, arXiv:2604.21476]:

Bayes’ theorem

P(F |A, I) =
P(A|F )P(F |I)

P(A|I)

▶ Prior distribution: P(F |I) ∝ exp
{

−
1
2

(F − g)T G−1(F − g)
}

▶ Likelihood (χ2): P(A|F ) ∝ exp
{

−
1
2

(A − K · F )C−1(A − K · F )
}

▶ F : Function to be determined
▶ g : initial guess (set g = 0)
▶ A: Lattice data for Euclidean structure functions; C : Covariance matrix
▶ G: Gaussian kernel (ensure smoothness, prior assumption on functional form F (0)(x)):

G(x , Q2; x ′, Q2′) = σ2F (0)(x)F (0)(x ′) exp
{

−
(log(x) − log(x ′))2

2ℓ2
x

−
(Q2 − Q2′)2

2ℓ2
Q2

}
▶ K : Kernel of our inverse problem (see previous slide)

Posterior mean for F

⟨F ⟩ = g + GKT
(

C + KGKT
)−1 (A − K · g)
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Euclidean structure functions
Contributions from diagram C2, p⃗ = 0⃗:
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Effective energy eff for C2, u, t = 10a, p = 0, q = (3, 4, 5)2 /L 3.21 GeV
Enucl(q)
A, C2, u(q, )
A, C2, u( q, )
B(c), C2, u(q, )
B(c), C2, u( q, )
D(c), C2, u(q, )
D(c), C2, u( q, )

▶ Solid line: t/a = 8, dashed line t/a = 10
▶ Have good signal for τ/a ≤ 4
▶ As expected, observe exponential decay along τ ; effective energy

aνeff = log
{

A(q⃗2, 0, 0, τ)
A(q⃗2, 0, 0, τ + a)

}



Wilson fermion dispersion relation
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▶ Lower bound of the Laplace integral (νmin) is given by elastic scattering
▶ One-fermion state ⇒ Obeys dispersion relation for Wilson fermions:

sinh2(aEWilson) =
∑

j

sin2(apj ) +

[
am +

∑
j

(1 − cos(apj ))

]2

▶ The corresponding anisotropy effects are clearly visible in the lattice data (effective
energy)
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