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Introduction

* Estimating the trace of the inverse of a large quark matrix is a longstanding problem in
lattice QCD.

* The standard estimator is Hutchinson’s method, which requires solving systems of
linear equations.

* |n this talk | will explore:
* New solver algorithms for Hutchinson’s method

 Testing results

» Singular value deflation (SVD) and polynomial approximation of A ™! for computing Tr(A_l)
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Hutchinson’s method

Hutchinson’s method for computing the trace of A-inverse is given by

N

1

—1\ ~ —1

TrA™) ~ — Z bTA~b,
i

where b is a random noise vector (z-4 noise in this work). In practice, N is not fixed but is

dependent upon the desired trace tolerance.

It Is prohibitively expensive to directly compute Al directly, so we solve the system
Ax = b. The trace then becomes

1 &
—1\ ~
Ir (A ) ~ N Z b;xi
i
Which linear equations solver do we use?
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Solving algorithms at a glance

BICGStab BICG-QCD Twin BICG

e 2 MVPs per iteration e BiCG algorithm e One base solve, apply

e 2 dot products per specialized for QCD parameters to all
iteration (extremely matrices subsequent solves.
costly on a distributed e Exploits the symmetry e 1 MPV per iteration
system) yM =M nys to after base solve

¢ Usually numerically eliminate a matrix e Eliminates all dot
stable and vector product—1 MVP products beyond the
straightforward to per iteration base solve
implement e Premature breakdown e Easily adaptable to

¢ Independent solve per is possible (zero batched solves/multiple

RHS at a time

noise vector divisors)

¢ Independent solve per
hoise vector
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Twin BICG
MaA 1ded
Twin method applied to Bi-Conjugate Gradient (BiCG) recycles the same parameters
from an initial base solve for all subsequent solves.

Theo)
* Approximate solution is in the Krylov subspace,

e H"b,A) =span{b,Ab,A%b, ..., A" b} = % = p(A)b
Then
r=b—Ax =n(A)b

. To solve Ax") = bV, the polynomial 7(A) = I — Ap(A) must be small along the whole
spectrum of A. This is true for each system solved.

* Reuse the polynomial on future solves!
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Benefits of Twin

 MVPs are effectively cut in half

* Dot products are eliminated beyond the base solve

Twin 1
1. mvep — 5 MVP

 |Important for large scale problems on distributed memory
where the relative cost of a DP is very high

(after base solve)

 Each solve requires the same number of iterations

 Easily adapted to a batched solve context (i.e. solve multiple
RHS at once until convergence)—further improves efficiency r{ o _
« Npp, i = fpp, 1

* Only one good solve is needed! i

* |f the problem is very difficult, independent solves may vyield
several non-convergences. Twin circumvents this by picking a

: > N. : = N. .
successful system and reusing the parameters. 3. Miter, i>1 iter, i=1
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Twin BICG vs BiCGStab

* Single thread, single CPU tests

* Directly compare algorithm performance of Twin BiCG against BiCGStab

. 9 matrices, 12° X 16 lattice, quenched, & k..

rit

3<104

2.5

I BiCGStab
[ Twin BIiCG

T&M‘eawaj
Twin BlCG
ouﬁperﬂforms
BLCCxSkab on
the level of
algorithm
skructure.

hO1 h02 h03 h04 h05 h06 hQ7 h08 h09 Ben Luke — Lattice 2026 8
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Dot Products
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Twin BICG, BiCGStab, BiCG-QCD

 Compare the three algorithms on NVIDIA A100 GPUs (and all tests hereafter)

duct € unts

ot Pre

- | I BiCGStab
- [ BiCG-QCD

| ]Twin BiCG

A9000 A9005 A9010 A9015 A9020 A9025 A9030 A9035 A9040 A9045
Matrix

Time (s)

10°

I BiCGStab
I BiCG-QCD
Twin BiCG

A9000

A9005

A9010 A9015

A9020 A9025
Matrix

A9030

A9035 A9040 A9045
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Include batching

. Same matrices: 16> X 48 MILC lattice size, semi-quenched, physical pion mass. Trace tol. t,. = 0.0005 X 16> x 48,
solve tol. £, , = 107>

 Batched solves for Twin methods (BiCGStab included). (“Batching” solves multiple RHS at once.)

olve

I BiCGStab
Twin BiCG

Regular Bic e spapl_ 29k Ay —

aL .
104 — I Twin BiCGStab Bf“ NLS where TM(M
- | I Twin BICG Batch (CGStab doe s ok T
| I Twin BiCGStab Batch
@
()
£
= 103
10°
A9000 A9005 A9010 A9015 A9020 A9025 A9030 A9035 A9040 A9045
Matrix
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Larger matrix

. 243 x 64 MILC lattice, physical
pion Mass

 Trace tolerance
t,. = 0.0005 x 24° x 64

— 10-3
» Solve tolerance t,,,,, = 10

* |n instances of hon-convergence,
a good-faith time estimate is
given, when possible.

@
O}
E
—

= 10% |

I BiCGStab
B BiCG-QCD
Twin BiCG

- | I Twin BiCGStab

Fale color Means
QSE&MQEQd EEMQ

B5005 B5010 B5015 B5020 B5025 B5030 B5035 B5040 B5045

Matrix
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Polynomials and singular values

* The solver algorithms discussed stand in service of a more sophisticated evaluation of the
trace,

1 1
Tr A=Y =~ Tr(A~' — p(A)) + Tr| p(A) — Z —vau! |+ Tr Z —vu!
‘ . J i c; l i c; l
(1) § A y
. o () | (3)
» Polynomial p(A) ~% A™", vectors {v;} and {u;} are right and left singular vectors,
respectively, { 1/0;} are the largest singular values of AL

* When p(A) is a strong approximation ofA_l, very few noises are needed for trace (1)

» Trace (2) deflates out the largest singular values, and trace (3) IS computed exactly.

« p(A) and SVD can be expensive to generate, but payoff is anticipated for difficult problems.
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Polynomial approximation of A~

* Recall that the solution is extracted from the Krylov subspace

e H"b,A) =span{b,Ab,A%b, ..., A" b} = % £ p(A)b
\\\D high-deqree

. The polynomial p(A) must approximate A~ well

* Run non-symmetric Lanczos algorithm (specialized for QCD) on A

_ In testing we focus on Tr(A~! — p(A)) + Tr(p(A))

(1) (2)
Matrix hO1 | hO2 | h03 | h0o4 | h05 | h08 | h09 | h10
noises (1) 2 2 2 2 2 2 2 2
noises (2) | 323 | 114 | 585 | 235 | 74 | 145 | 128 | 59

Noises required for each krace on 24* quenched lattice at k. Trace tolerance = 0.0005 X 244,
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Singular value deflation (SVD)

 Run the symmetric Lanczos algorithm on ysA (special for QCD) to generate singular values and vectors

* We test the full polynomial-subtracted, SVD trace,

Matrix |nsvals
N0 62
N02 71
N03 69
N04 70
N05 73
N06 69
N07 61
N08 73
h09 56
h10 53

Number of noises

600

500 -

400

300 -

200 -

100 -

1\ -1 _ i oyl
TrA™Y) ~ Tr(A p(A))J+Tr p(A) Zaovlul. + Tr Z

-

(1)

l

1
—vu

6.
{ l

(2

B trace 2, SVD
I trace 2, PS

Time (s)

h04 h05

Matrix

hO1 h02 h03 h06 h07 h08 h09 h10

Noises required for each brace on qu@.m«thecz& 24* Laltice ot k..
Trace tolerance = 0.0005 x 244,

6000 -

5000 -

4000 -

3000 -

2000 -

1000 -

0

SVD Eimme
conbribubtions

I Entire trace time
I SVD time

hO1

h02 h03 h04 h05 hO6

Matrix

hO7 h08 h09 h10
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Trace times

 Compare the total times for regular Hutchinson’s method, a polynomial subtraction trace,
and a full polynomial subtraction and SVD subtracted trace.

(&)
T

S
T

Speed up factor
N w

—
I

Hutchinson PS SVD Subtracted
Method

(Comparison excludes matrices hot
and ho?7 which are E,m:ompi.e&e)

10° [

__10*

Time (s

hO1 h02 h03 h04 h05 h06 hO7 h08 h09 h10

Matrix

I Hutchinson

R PS
SVD subtracted
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A9015

A9020
Matrix

Number of DP

A9025

10°
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A9030

A9000

A9035
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A matrices, physical

I BiCGStab
I BiCG-QCD
[ 1Twin BiCG
I Twin BiCGStab

A9040

A9045
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A9020
Matrix
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A9000

A9030

A9035

IoNn Mass

ounkts

I BiCGStab
I BiCG-QCD
[ Twin BiCG
I Twin BiCGStab

I_III I‘III —

A9005

A9010

A9015

I BiCGStab
I BiCG-QCD
[ Twin BiCG
I Twin BiCGStab

oo I Wl

A9025 A9040

A9045

A9020 A9025
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B matrices, physical pion mass

MV

10°

Number of MVP

10°

T T T I

T

counks

B5000 B5005 B5010 B5015

B5020

B5025

Matrix
107

Dot Al

108

Number of DP
=)
[¢,]

10*

T IIIIII’ IG II]II]|

T

IIIIIII|

IIIIIII|

B5030

B5000

B5035

B5005

I BiCGStab
I BiCG-QCD
[ Twin BiCG
I Twin BiCGStab

B5040

B5045

0
=
o3
0
g
P
($)

B5010 B5015

Number of noises

B5020

Matrix

Noilse counts

B5000 B5005

B5025 B5030 B5035

B5010

B5040

B5015 B5020

I BiCGStab
[N BiCG-QCD
[ Twin BiCG
I Twin BiCGStab

B5045

Matrix

B5025

B5030

B5035

I BiCGStab
I BiCG-QCD
[ Twin BiCG
I Twin BiCGStab

B5040 B5045
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