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Cabibbo-angle anomaly

Vu
2 ≡ Vud

2 + Vus
2 + Vub

2

|Vu |2 ≃ 0.9983(7)
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FIG. 1. Summary of constraints on Vud and Vus (assuming the Standard Model hypothesis) from

nuclear, nucleon, meson, and � lepton decays. For each constraint, the one-sigma uncertainty on

Vus or Vud is given in parenthesis (see text for details). The one-sigma ellipse from a global fit

(with �
2
/d.o.f. = 2.8), depicted in yellow, corresponds to Vud = 0.97357(27) and Vus = 0.22406(34),

implying �CKM = |Vud|
2
+ |Vus|

2
� 1 = (�19.5 ± 5.3) ⇥ 10

�4
.

where h = �, K. An alternative method to test � � µ universality, similar to the µ � e case,

compares the electronic and muonic decay rates and can be expressed as

�
A�

Aµ

�

�

=

�

R�
�/µ

�µ

��

m2
µ

m3
�

(1 + �W )(1 + ��) . (24)

In the above equations me,µ,� are the masses of e, µ, and � , ��,h are the lifetimes of the

particles � and h, and �h,W,� are the weak and electromagnetic radiative corrections (see

Ref. [94] and references therein for details). Experimentally, these tests have been carried

out at B-factories where, at the nominal center-of-mass energy of 10.58 GeV/c2, thanks to

a cross section of 0.919 nb, these machines are ”� -Factories” de facto that produce large

numbers of � pairs.

Both the BaBar and the CLEO Collaborations performed the LFU tests according to

Eq. (22) [95] and Eq. (23) [96], while only CLEO performed the measurement according

Figure 1: Constraints in the Vud � Vus plane from various weak processes. The 68% C.L. ellipse from
a fit to all constraints is depicted in yellow and it deviates from the unitarity line by 3.7�.

as well as providing an interesting prediction, recently proposed in [6], for the Kµ3/Kµ2 branching ratio
that could be measured by NA62 in the coming years.

2 Preliminary Work

2.1 Semileptonic vector form factor in QCD

The calculation of vector form factors in lattice QCD enters into many observables of phenomenolog-
ical interest in particle physics, such as radiative leptonic decays of mesons. One of the PIs, DG, has
recently studied and developed strategies to compute the hadronic (vector and axial-vector) form factors
for H ! `⌫`�

(?) decays of charged pseudoscalar mesons H with sub-percent precision [7], [8]. Among
the challenges associated with the calculation, the following are mentioned: the control of systematic
error due to unwanted excited states created by the meson interpolating field, and due to unwanted ex-
ponentials in the sum over intermediate states, as well as the determination of the form factors over
the entire allowed kinematic range, requiring methods that allow to go beyond the discrete momenta
permitted on the lattice.

All these challenges are common to the calculation of the K`3 vector form factor of interest for the
present study, and previous experience in the numerical strategies adopted, such as the construction of
sequential propagators for the study of three-point functions, will enable the project objectives to be
achieved in an impactful timeframe.
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D. Bryman et al., arXiv:2111.05338
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points to a small but persistent 

 tension 

β

≈ 2σ

3

PDG



Cabibbo-angle anomaly

4

Figure 11: Same as Fig. 10 but with |Vus|/|Vud| obtained using Eq. (68).

5.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In particular, the elements of the
first row obey

|Vu|2 ⌘ |Vud|2 + |Vus|2 + |Vub|2 = 1 . (78)

The tiny contribution from |Vub| is known much better than needed in the present context:
|Vub| = 3.82(24)⇥ 10�3 [205].25 In the following, we test the first row unitarity Eq. (78)
by calculating |Vu|2 and by analyzing the lattice data within the Standard Model.

In Fig. 10, the correlation between |Vud| and |Vus| imposed by the unitarity of the
CKM matrix is indicated by a dotted line (more precisely, in view of the uncertainty in
|Vub|, the correlation corresponds to a band of finite width, but the e↵ect is too small
to be seen here). The plot shows that there is a tension with unitarity in the data for
Nf = 2 + 1 + 1: Numerically, the outcome for the sum of the squares of the first row of
the CKM matrix reads |Vu|2 = 0.9820(65), which deviates from unity at the level of ' 2.8
standard deviations. Still, it is fair to say that at this level the Standard Model passes a
nontrivial test on the kaon (semi)leptonic and pion leptonic decays.

The test sharpens considerably by combining the lattice results for f+(0) with the �
decay value of |Vud|: f+(0) for Nf = 2 + 1 + 1 in Eq. (72) and the PDG estimate of
|Vud| in Eq. (69) lead to |Vu|2 = 0.99802(66), which also shows a ' 3.0 � deviation with
unitarity. On the other hand, unitarity is fulfilled (1.7 �) with fK±/f⇡± and |Vud| (69)
(|Vu|2 = 0.99888(67)). Note that the uncertainties on |Vu|2 coming from the error of |Vud|
is larger by a factor of about three than that from |Vus|.

The situation is similar for Nf = 2 + 1: with the lattice data alone one has |Vu|2 =
0.9835(89), which is consistent with unity at the level of ' 1.8 standard deviations. The

25See also Sec. 8.8 for our determination of |Vub|.

77

Vus
Vud

fK
fπ

= 0.27599 38( )

Vus f+ 0( ) = 0.21654 41( )

Vus f+ 0( ) = 0.21654 41( )±

±

Electromagnetic  and strong 
isospin-breaking effects must be included

O(αem) O((md − mu)/ΛQCD)

fK±/fπ± = 1.1934(19)

< 0.2%

f+(0) = 0.9698(17)

9

0.2%



 Leptonic decays at O(α)
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what we need to calculate?

�(E) =

Z

2 b.p.s.
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including QED radiative corrections into a non-perturbative lattice calculation is a very challenging problem!

• QED is a long-range unconfined interaction that needs to be consistently defined on a finite volume: this is a very subtle
issue that I’ll not discuss in this talk (see backup slides);

• finite volume e↵ects are potentially very large, e.g. of O(1/L) in the case of the masses of stable hadrons

• in the case of decay rates the problem is much more involved because of the appearance of infrared divergences at
intermediate stages of the calculation: the infrared problem!

Γ0

Γ1(E)

 with  is infrared finiteΓ(E) = Γ0 + Γ1(E) 0 ≤ Eγ ≤ E
F. Bloch and A. Nordsieck, 1937

Both  and  can be evaluated in a fully non-perturbative way 
in lattice simulations

Γ0 Γ1(E)

The first lattice calculations of  have been finalized
and, within BMWc, we are working on a new one (see A. Cotellucci’s 
contribution)

Γ[π, K → ℓν(γ)]

DG et al. 

arXiv:1711.06537

M. Di Carlo et al. 

arXiv:1904.08731

P. Boyle et al. 

arXiv:2211.12865



 Finite-volume effects

6

Available calculations performed using  prescription (photon zero-
momentum mode excluded)

QEDL

Infinite-volume reconstruction method and  prescription have been 
recently proposed

QEDr
M. Di Carlo et al.,arXiv:2501.07936N.H. Christ et al.,arXiv:2304.08026
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40

“universal”, i.e. they are the same as in the full theory when the structure of the meson P is

considered6.

Eq. (30) is therefore replaced by

�AP = �AW
P + �ASIB

P +
X

i=J,T,P,S

�Ai
P + �A`

P � Y `
P (L)A

(0)

P , (96)

where �AW
P is given by Eq. (89).
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pt / (M
P
 L)2 subtracted

FIG. 9: Results for the corrections �R⇡ and �RK for the gauge ensembles A40.20, A40.24, A40.32 and A40.40

sharing the same lattice spacing, pion, kaon and muon masses, but with di↵erent lattice sizes (see Table II). Top

panel (a): the universal FVEs, i.e. the terms up to order O(1/MPL) in Eq. (95), are subtracted for each quantity.

Bottom panel (b): the same as in (a), but in addition to the subtraction of the universal terms, bpt
2
/(MPL)

2
, where

bpt
2

is the pointlike contribution to b2 in Eq. (95), is also removed. The solid and dashed lines are linear fits in 1/L2
.

The maximum photon energy �E� corresponds to the fully inclusive case �E� = �Emax,P

� = MP (1�m2

µ/M
2

P )/2.

6
Notice that the decay rate in the full theory, �0(L), can be a↵ected also by non-universal FVEs of order

O[1/(MPL)
n
] with n � 4 that do not appear in �

pt

0
(L).

M. Di Carlo et al., arXiv:1904.08731

After subtracting universal FVEs up 
to , RM123S data displayed a 
residual volume dependence linear 
in , interpreted as a sizable SD 
finite-volume effect

O(1/L)

1/L2

6
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Leptonic decays: P ! `⌫

(w/o FVE)

RBC-UKQCD (2023)

�PT (2011)

RM123S (2019)

�0.016 �0.012 �0.008 �0.004 0

�RK⇡

RBC-UKQCD 23:
�RK⇡ = �0.0086(39)

total (39)
total (w/o FVE) (13)

statistical (3)
FVE (37)
fit (11)

QED quenching (5)
discretisation (5)

�PT : �RK⇡= �0.0112(21)
RM123S 19: �RK⇡= �0.0126(14)

Issue: Finite-volume effects not sufficiently understood
Pointlike 1/L3 very enhanced and structure dependence unknown

Nils Hermansson-Truedsson Lattice 23 August 4, 2023 2 / 13

P. Boyle et al., arXiv:2211.12865
This interpretation became less compelling 
after the analysis of M. Di Carlo et al., 2022 
which determined the SD terms 
and found them numerically small. The 
dominant uncertainty of RBC/UKQCD 
ca lcu lat ion i s due to incomplete 
knowledge of the  FV corrections

O(1/L2)

O(1/L3)

An unusual hierarchy of FVEs emerged and here we revisit it in the light of exp-
suppressed FV contributions in the pt approximation so far neglected



FVEs in light meson 
leptonic decays

K+

!+

ν!



The contributions from soft virtual photon to        and         in the first 
term are exactly the same and the IR divergence cancels in the 
difference                  .Γ0 − Γ0

pt

Γ0 Γ0
pt

The sum                          in the second term is also IR finite since it is 
a physically well defined quantity. This term can be thus calculated in 
perturbation theory with a different IR cutoff.  

Γ0
pt + Γ1

pt ΔE( )

The two terms are also separately gauge invariant.

8

Γ Pℓ2
±( ) = Γ0 − Γ0

pt( )+ Γ0
pt + Γ1

pt ΔE( )( )

ΔΓ0 L( ) = Γ0 L( )− Γ0
pt L( )

Γ pt ΔE( ) = lim
mγ →0

Γ0
pt mγ( )+ Γ1pt ΔE,mγ( )⎡⎣ ⎤⎦

The lattice strategy [N. Carrasco et al. 2015]
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The point-like meson approximation
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(a) (b) (c)

(d) (e) (f)

FIG. 1. Tree-level (a) and O(↵em) (b)–(f) contributions to
the exclusive leptonic decay of a meson.

shown in Fig. 1, evaluated in a box with finite spatial
extent L and infinite temporal extent. The O(↵) correc-
tion to the decay rate is obtained from the interference of
the tree-level amplitude, diagram (a), with the one-loop
amplitudes corresponding to diagrams (b)–(f).

Since the power-law corrections in the pointlike
approximation are known through O(1/L3) in both
QEDL [17, 20] and QEDr [13, 21], we provide here
the corresponding exponentially suppressed finite-volume
corrections to the full inclusive decay rate, including their
leading large-volume behavior:

�Re
P (z) =

↵em

2⇡

1 + r2`
(1� r2` )

(
� ⇡

z
Ke

1(z) +
2r2
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Ke
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1� r2`
2⇡

Ke
3(z, r`; ˜̀)

� 2

z2
Ke

51(z, r`; ˜̀)�
8⇡

z2(1 + r2` )
Ke

53(z, r`; ˜̀)

+ e�
z2

4⇡ � 4⇡(1� r2` )

z2r2(1 + r2` )
e�

r2` z2

4⇡ �
2
⇥
z2(1 + r2` )

2 � 8⇡(1� r2` )
⇤

z2(1 + r2` )
3
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✓
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◆
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4

�
erfc

✓
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4
p
⇡

◆)
(5a)

=
2
p
2↵emp

⇡ (1� r2` )z
3/2

(
e�r`z

p
r`

3X

j=1

"
r`
(1� r2` )

2(2� r2` ) + 4r2`
˜̀2
j (2� 3r2` � 2˜̀2j )

(r2` +
˜̀2
j )

h
(1� r2` )

2 + 4r2`
˜̀2
j

i cos(z ˜̀j)
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j

2� 5r2` + 3r6` + 4r2`
˜̀2
j

(r2` +
˜̀2
j )

h
(1� r2` )

2 + 4r2`
˜̀2
j

i sin(z ˜̀j)

#
+

3

2
(1 + r2` ) e

�z

)
+ . . . , (5b)

where we have introduced z = mPL, r` = m`/mP , and
the lepton three-momentum normalized by the meson
mass, ˜̀ ⌘ `/mP . We define the generalized hypergeo-
metric function

F (x) ⌘ 3F3(1, 1, 1; 2, 2, 2;�x), (6)

and �(0, x) is the upper incomplete gamma function. The
integrals Ke, which are solely responsible for the leading
exponentials, are provided in Appendix A. The ellipses
denote all higher-order exponentially suppressed contri-
butions, including Gaussian terms such as ⇠ e�z2/4⇡.
As expected, the exponentially suppressed correction is
independent of the finite-volume prescription used to for-
mulate QED on the lattice.

The leading terms in Eq. (5b) exhibit a nontrivial com-

petition between the O(e�m`L) and O(e�mPL) asymp-
totic behaviors, controlled by the ratio m`/mP and by
the direction of the lepton momentum. As shown in
Fig. 2, this competition leads to oscillatory behavior for a
diagonal lepton-momentum orientation, while the behav-
ior becomes monotonic when the momentum is aligned
with the z direction.

It is customary to distinguish the factorizable contribu-
tions, diagrams (b), (c), and (f), which are independent
of the lepton momentum, from the lepton-momentum-
dependent nonfactorizable contributions, diagrams (d)
and (e). Since these two classes are usually evaluated
separately in lattice calculations, it is useful to present
their finite-volume e↵ects separately. For the factorizable
contribution, we find

Notes: finite-volume corrections to pion leptonic decay
based on Ref. [1]

Volodymyr Biloshytskyi

(Dated: June 2025)
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I. MASTER INTEGRAL DECOMPOSITION AND OTHER NOTATIONS

(a) (b) (c)

(d) (e) (f) (g)

FIG. 1. Tree-level (a) and one-loop (b)-(g) Feynman diagrams contributing at O(↵em).

At O(↵), the finite-volume e↵ects in the pion leptonic decay are generated by the one-loop diagrams shown in Fig. 1

and denoted as (b)-(g), which interfere with the tree-level decay amplitude (a), so that the pointlike decay rate reads:

�
pt
0 (L) = �

tree
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According Eq. (96) of the Ref. [1], the whole e↵ect can be expressed in terms of the one-loop master integrals Si,

i = 1, 2, 3, 5 plus the pion wave function renormalization, SP ,
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The first lattice analysis of ⇡`2 and K`2 decays includ-
ing IB corrections was performed by the RM123S group
in Refs. [14, 15] using gauge ensembles from the Euro-
pean Twisted Mass Collaboration. The authors used
the QEDL prescription and accounted for the universal,
i.e., structure-independent, finite-volume power-law cor-
rections derived in Ref. [16], which enter through O(1/L).
After subtracting these terms, the data displayed a visi-
ble residual volume dependence. Since this residual was
approximately linear in 1/L2, it was natural to interpret
it as a sizable structure-dependent finite-volume e↵ect.

This interpretation has become less compelling after
the analytic analysis of Ref. [17], which determined the
structure-dependent terms through O(1/L2) in a model-
independent way and found them to be numerically small
for the Pµ2 channels. The physical-mass RBC/UKQCD
calculation of Ref. [18] sharpened the point: in QEDL,
the dominant remaining uncertainty was traced to incom-
plete knowledge of the O(1/L3) finite-volume corrections,
particularly their structure-dependent components.

In this Letter, we show that the apparent discrep-
ancy is resolved once the exponentially suppressed finite-
volume contributions in the pointlike approximation are
included. We find that these terms largely compen-
sate for the e↵ect of applying the pointlike O(1/L2) and
O(1/L3) subtractions. As a result, the corrected data ex-
hibit only a mild residual finite-volume dependence, com-
patible with an O(1/L3) term and higher-order structure-
dependent e↵ects. Fits of the form A + B/L3 conse-
quently provide a more stable infinite-volume extrapola-
tion with a reduced uncertainty. Thus, the main outcome
of this work is not a revised determination of �R⇡ or �RK ,
but rather the demonstration that exponentially sup-
pressed finite-volume e↵ects, although often neglected,
must be included to control the volume dependence in
precision lattice calculations of leptonic decay rates.

II. FINITE-VOLUME EFFECTS IN DECAY
RATES BEYOND THE POWER EXPANSION IN

QEDL AND QEDr
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ceptual drawbacks and practical limitations. Both QEDL and
QEDr are nonlocal theories with generally unknown structure-
dependent power-law finite-volume e↵ects. The infinite-volume
reconstruction method is technically more complex and, in its
current formulation, relies on the assumption of single-meson-
state dominance in the large-time tail.

Before discussing finite-volume e↵ects in electromag-
netic isospin-breaking corrections, we recall the lattice
framework used in Refs. [14, 18] to compute inclusive lep-
tonic decay rates. The physical decay rate P ! ` ⌫`(�)
is conventionally expressed as

�P`2 = �tree
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[1 + �RP ] , (2a)
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where f (0)
P is the meson decay constant in the isospin-

symmetric limit, |VqQ| is the relevant CKM matrix ele-
ment, and �RP contains the leading electromagnetic and
strong IB corrections in the chosen prescription for sep-
arating QCD from QCD+QED. Consequently, the ratio
of charged-kaon and charged-pion leptonic decay rates is
conventionally written as

�K`2
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=
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(3)
with �RK⇡ = �RK � �R⇡.
A practical strategy for lattice calculations of isospin-

breaking corrections to inclusive leptonic decay rates was
proposed in Ref. [8] and further developed in Ref. [19].
In this framework, the inclusive decay rate is written as

�P = lim
L!1

⇥
�0(L)� �pt

0 (L)
⇤

+ lim
m�!0

⇥
�pt
0 (m�) + �1(m�)

⇤
. (4)

Here, �0(L) denotes the nonradiative leptonic decay rate,
including virtual electromagnetic corrections, computed
nonperturbatively on the lattice at finite spatial extent
L, which acts as an infrared regulator. The correspond-
ing pointlike contribution, �pt

0 (L), contains the univer-
sal infrared singularity and is subtracted analytically in
the same finite-volume setup. The first bracket is there-
fore infrared finite and admits a well-defined infinite-
volume limit. The second bracket is evaluated in in-
finite volume using a photon mass m� as an auxiliary
infrared regulator. It combines the pointlike virtual
correction, �pt

0 (m�), with the real-photon contribution,
�1(m�), so that the infrared singularities cancel in the
limit m� ! 0. Depending on the desired precision, �1

may be treated in the pointlike approximation or supple-
mented by structure-dependent contributions expressed
in terms of radiative leptonic form factors.

A. Pointlike approximation

We now turn to the finite-volume e↵ects in the point-
like contribution �pt

0 entering Eq. (4), which are currently
among the dominant sources of systematic uncertainty
in existing lattice analyses. To compute these e↵ects,
we follow Ref. [16] and consider the Feynman diagrams
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I. MASTER INTEGRAL DECOMPOSITION AND OTHER NOTATIONS

(a) (b) (c)

(d) (e) (f) (g)

FIG. 1. Tree-level (a) and one-loop (b)-(g) Feynman diagrams contributing at O(↵em).

At O(↵), the finite-volume e↵ects in the pion leptonic decay are generated by the one-loop diagrams shown in Fig. 1

and denoted as (b)-(g), which interfere with the tree-level decay amplitude (a), so that the pointlike decay rate reads:
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According Eq. (96) of the Ref. [1], the whole e↵ect can be expressed in terms of the one-loop master integrals Si,
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FIG. 1. Tree-level (a) and O(↵em) (b)–(f) contributions to
the exclusive leptonic decay of a meson.

shown in Fig. 1, evaluated in a box with finite spatial
extent L and infinite temporal extent. The O(↵) correc-
tion to the decay rate is obtained from the interference of
the tree-level amplitude, diagram (a), with the one-loop
amplitudes corresponding to diagrams (b)–(f).

Since the power-law corrections in the pointlike
approximation are known through O(1/L3) in both
QEDL [17, 20] and QEDr [13, 21], we provide here
the corresponding exponentially suppressed finite-volume
corrections to the full inclusive decay rate, including their
leading large-volume behavior:
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where we have introduced z = mPL, r` = m`/mP , and
the lepton three-momentum normalized by the meson
mass, ˜̀ ⌘ `/mP . We define the generalized hypergeo-
metric function

F (x) ⌘ 3F3(1, 1, 1; 2, 2, 2;�x), (6)

and �(0, x) is the upper incomplete gamma function. The
integrals Ke, which are solely responsible for the leading
exponentials, are provided in Appendix A. The ellipses
denote all higher-order exponentially suppressed contri-
butions, including Gaussian terms such as ⇠ e�z2/4⇡.
As expected, the exponentially suppressed correction is
independent of the finite-volume prescription used to for-
mulate QED on the lattice.

The leading terms in Eq. (5b) exhibit a nontrivial com-

petition between the O(e�m`L) and O(e�mPL) asymp-
totic behaviors, controlled by the ratio m`/mP and by
the direction of the lepton momentum. As shown in
Fig. 2, this competition leads to oscillatory behavior for a
diagonal lepton-momentum orientation, while the behav-
ior becomes monotonic when the momentum is aligned
with the z direction.

It is customary to distinguish the factorizable contribu-
tions, diagrams (b), (c), and (f), which are independent
of the lepton momentum, from the lepton-momentum-
dependent nonfactorizable contributions, diagrams (d)
and (e). Since these two classes are usually evaluated
separately in lattice calculations, it is useful to present
their finite-volume e↵ects separately. For the factorizable
contribution, we find
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FIG. 1. Tree-level (a) and O(↵em) (b)–(f) contributions to
the exclusive leptonic decay of a meson.

shown in Fig. 1, evaluated in a box with finite spatial
extent L and infinite temporal extent. The O(↵) correc-
tion to the decay rate is obtained from the interference of
the tree-level amplitude, diagram (a), with the one-loop
amplitudes corresponding to diagrams (b)–(f).

Since the power-law corrections in the pointlike
approximation are known through O(1/L3) in both
QEDL [17, 20] and QEDr [13, 21], we provide here
the corresponding exponentially suppressed finite-volume
corrections to the full inclusive decay rate, including their
leading large-volume behavior:
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where we have introduced z = mPL, r` = m`/mP , and
the lepton three-momentum normalized by the meson
mass, ˜̀ ⌘ `/mP . We define the generalized hypergeo-
metric function

F (x) ⌘ 3F3(1, 1, 1; 2, 2, 2;�x), (6)

and �(0, x) is the upper incomplete gamma function. The
integrals Ke, which are solely responsible for the leading
exponentials, are provided in Appendix A. The ellipses
denote all higher-order exponentially suppressed contri-
butions, including Gaussian terms such as ⇠ e�z2/4⇡.
As expected, the exponentially suppressed correction is
independent of the finite-volume prescription used to for-
mulate QED on the lattice.

The leading terms in Eq. (5b) exhibit a nontrivial com-

petition between the O(e�m`L) and O(e�mPL) asymp-
totic behaviors, controlled by the ratio m`/mP and by
the direction of the lepton momentum. As shown in
Fig. 2, this competition leads to oscillatory behavior for a
diagonal lepton-momentum orientation, while the behav-
ior becomes monotonic when the momentum is aligned
with the z direction.

It is customary to distinguish the factorizable contribu-
tions, diagrams (b), (c), and (f), which are independent
of the lepton momentum, from the lepton-momentum-
dependent nonfactorizable contributions, diagrams (d)
and (e). Since these two classes are usually evaluated
separately in lattice calculations, it is useful to present
their finite-volume e↵ects separately. For the factorizable
contribution, we find
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FIG. 1. Tree-level (a) and one-loop (b)-(g) Feynman diagrams contributing at O(↵em).

At O(↵), the finite-volume e↵ects in the pion leptonic decay are generated by the one-loop diagrams shown in Fig. 1

and denoted as (b)-(g), which interfere with the tree-level decay amplitude (a), so that the pointlike decay rate reads:
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A Calculation of S1 2

Each of master integrals in finite volume (FV) can be expressed as the sum of the infinite-volume part (IV), the

finite-infinite volume di↵erence (⇠i) and the part specific to a certain lattice formulation of QED (�Si):
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In what follows, we consider two formulations of QED: QEDL [2] and QEDr [3]. While the former is already

considered in Ref. [1], one should consider the QEDr-specific addition. We consider the minimal QEDr formulation

in accordance with Ref. [4] with the Euclidean photon propagator
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The UV-divergent integrals are regularized with the help of W -regularization:
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where p, ` and q are the pion, lepton and neutrino four-momenta, respectively.
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V. Lubicz et al.,arXiv:1611.08479

The whole effect can be expressed in terms of four one-loop master integrals, 
plus the meson wave function renormalization

Each FV MI is decomposed in terms of the IV part, the finite-infinite volume 
difference  and a part specific of the QED formulation usedξ

W-regularization to cure UV divergences:

minimal :QEDr
M. Di Carlo et al.,arXiv:2501.07936
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TABLE I. Finite-volume contributions to the IB correction
�R⇡, in units of 10�4, for the physical charged-pion and muon
masses at L = 6 fm.

1/L expansion
ˆ̀= (0, 0, 1) ˆ̀= (1, 1, 1)/

p
3

QEDL QEDr QEDL QEDr

c+ logL �150.4 �152.3 �150.4 �152.3

1/L 4.5 4.0 4.5 4.0

1/L2 32.6 21.0 32.8 21.3

1/L3 �31.7 ⌘ 0 �31.7 ⌘ 0

> 1/L3 ⌘ 0 �20.0 ⌘ 0 �20.0

exp 6.0 5.9

total �139.0 �141.2 �138.9 �141.2

TABLE II. Finite-volume contributions to the IB correction
�RK , in units of 10�4, for the physical charged-kaon and muon
masses at L = 6 fm.

1/L expansion
ˆ̀= (0, 0, 1) ˆ̀= (1, 1, 1)/

p
3

QEDL QEDr QEDL QEDr

c+ logL �224.0 �232.0 �200.0 �203.3

1/L 6.1 5.6 5.2 4.6

1/L2 �3.2 �8.8 11.0 8.8

1/L3 �1.9 ⌘ 0 �1.9 ⌘ 0

> 1/L3 ⌘ 0 1.3 ⌘ 0 �0.0

exp 3.1 1.2

total �220.0 �230.8 �184.5 �188.7

In terms of the photon field Aµ, the pseudoscalar field
P = ⇡,K, the vector and axial resonances Vµ and Aµ,
and the external charged weak source wµ, the relevant

P
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k
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FIG. 3. One-loop contribution to the virtual electromag-
netic correction, which produces the leading exponentially-
suppressed finite-volume structure-dependent e↵ect.

interaction terms are 2
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µ + fRmRw
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+ egV P� P ✏µ⌫⇢�@µA⌫@⇢V
†
�

+ egAP� A
†
µF

µ⌫@⌫P + h.c., (8)

where

Fµ⌫ = @µA⌫ � @⌫Aµ, Rµ⌫ = @µR⌫ � @⌫Rµ. (9)

The decay constants are defined through

h0|Jµ
W |P (p)i = ifP p

µ, (10)

h0|Jµ
W |V (q, ")i = fV mV "

µ, (11)

h0|Jµ
W |A(q, ")i = fAmA"

µ. (12)

In the basis adopted here, this minimal model gener-
ates the structure-dependent hadronic tensor

Hµ⌫
SD(k, p) = iV (k2, q2)✏µ⌫⇢�k⇢p�

�A(k2, q2) (p · k gµ⌫ � pµk⌫) , (13)

with the two structures already present for a real pho-
ton [19, 27]. The corresponding single-resonance form
factors are

V (k2, q2) =
fV mV gV P�

m2
V � q2

, (14)

A(k2, q2) =
fAmAgAP�

m2
A � q2

. (15)

A general virtual-photon hadronic tensor admits two
additional structure-dependent form factors [28], while
further resonance dependence may also enter through
the electromagnetic dressing (e.g., by ⇢0, !, etc.) of the
pointlike amplitude. However, within the minimal model
of Eq. (8), the V/A structures retained above remain non-
vanishing in the real-photon limit, whereas genuinely ad-
ditional o↵-shell contributions originate either from the
electromagnetic form-factor completion of the pointlike
amplitude or from higher-order genuinely o↵-shell struc-
tures and therefore carry additional powers of the light
virtuality relative to the resonance scale. For the leading
lepton-pole contribution, proportional to e�m`L, the rel-
evant singular configuration satisfies k2 ⇠ m2

` , implying
a parametric suppression by powers of m2

`/m
2
R for such

additional e↵ects, independently of whether P = ⇡ or
K. Contributions associated instead with a pseudoscalar
pole are also suppressed either by a small ratio m2

P /m
2
R

(. 0.03 for P = ⇡) or by more strongly suppressed expo-
nential e�mPL, which is especially relevant for P = K.
The

2 We use the convention ✏0123 = +1.
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tures and therefore carry additional powers of the light
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` , implying
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nential e�mPL, which is especially relevant for P = K.
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FIG. 3. One-loop contribution to the virtual electromag-
netic correction, which produces the leading exponentially-
suppressed finite-volume structure-dependent e↵ect.
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The decay constants are defined through
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A general virtual-photon hadronic tensor admits two
additional structure-dependent form factors [28], while
further resonance dependence may also enter through
the electromagnetic dressing (e.g., by ⇢0, !, etc.) of the
pointlike amplitude. However, within the minimal model
of Eq. (8), the V/A structures retained above remain non-
vanishing in the real-photon limit, whereas genuinely ad-
ditional o↵-shell contributions originate either from the
electromagnetic form-factor completion of the pointlike
amplitude or from higher-order genuinely o↵-shell struc-
tures and therefore carry additional powers of the light
virtuality relative to the resonance scale. For the leading
lepton-pole contribution, proportional to e�m`L, the rel-
evant singular configuration satisfies k2 ⇠ m2

` , implying
a parametric suppression by powers of m2
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additional e↵ects, independently of whether P = ⇡ or
K. Contributions associated instead with a pseudoscalar
pole are also suppressed either by a small ratio m2

P /m
2
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(. 0.03 for P = ⇡) or by more strongly suppressed expo-
nential e�mPL, which is especially relevant for P = K.
The
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A general virtual-photon hadronic tensor admits two
additional structure-dependent form factors [28], while
further resonance dependence may also enter through
the electromagnetic dressing (e.g., by ⇢0, !, etc.) of the
pointlike amplitude. However, within the minimal model
of Eq. (8), the V/A structures retained above remain non-
vanishing in the real-photon limit, whereas genuinely ad-
ditional o↵-shell contributions originate either from the
electromagnetic form-factor completion of the pointlike
amplitude or from higher-order genuinely o↵-shell struc-
tures and therefore carry additional powers of the light
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lepton-pole contribution, proportional to e�m`L, the rel-
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A general virtual-photon hadronic tensor admits two
additional structure-dependent form factors [28], while
further resonance dependence may also enter through
the electromagnetic dressing (e.g., by ⇢0, !, etc.) of the
pointlike amplitude. However, within the minimal model
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vanishing in the real-photon limit, whereas genuinely ad-
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amplitude or from higher-order genuinely o↵-shell struc-
tures and therefore carry additional powers of the light
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lepton-pole contribution, proportional to e�m`L, the rel-
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The pt exp-suppressed FVEs for both channels are comparable in magnitude 
to the combined power-law corrections and to the size of the  ones1/L

 redistributes a significant part of the large  correction (especially 
for pion channel) into the HO power-law tail. Like the  term in , 
this remainder is largely canceled by the  contribution

QEDr 1/L3
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Remaining FV dep. is mild and compatible with an  term and HO SD effectsO(1/L3)
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Conclusions and future perspectives

At the volumes used in present lattice simulations, these corrections are 
numerically comparable to the combined power-law contributions and 
subtracting them improves FV extrapolation

Our exact expressions reveal a subtle interplay among terms governed by 
different exponential scales, which can be removed analytically from lattice 
data.

We have computed the exp-suppressed FV corrections to the pt em 
contribution to the inclusive leptonic decay rates of charged pions and 
kaons. A paper on that will appear soon!

 redistributes a significant part of the large  correction into the 
HO power-law remainder
QEDr 1/L3



Backup slides



Observation raised by RBC/UKQCD

This puzzle is solved once the pt exp-suppressed FV terms are subtracted
from the data, as we have shown here

(a) (b)

Figure 10: The volume-dependence of (a) �R⇡ and (b) �RK based on data taken from

ref. [8] supplemented with analytic knowledge from ref. [14]. The L dependence is presented

at fixed, heavier-than-physical quark masses corresponding to m⇡ ⇡ 320 MeV and mK ⇡ 580

MeV. As indicated in the legend and described in detail in the text, the various points

correspond to di↵erent subtractions and the curves to fits of residual L dependence.

in figure 10, labelled in the legend as “1/L subtracted”, show the result of this analysis

and coincide to figure 9 of ref. [8]. As can be seen from the 1/L-subtracted data and the

dashed curves in figure 10, a linear description vs. 1/L2 for the residual volume dependence

is realistic. This results in a numerical prediction for the structure dependence that is much

larger than the analytic result of ref. [14]. Another way to reach this same conclusion is to

examine the residual L dependence in the pointlike 1/L2 subtracted data. The fact that

this shows a clear residual slope was interpreted as the e↵ect of the structure dependence at

1/L2. This can also be seen in figure 10 in the square data points labelled “1/L2 subtracted”

(strictly, here we subtract the full 1/L2 behaviour and ref. [8] the point-like part, but the

distinction is numerically insignificant.)

We argue that the puzzle is resolved by the observation that the data is equally well

described by 1/L3 behaviour. To explore this we first subtract the point-like 1/L3 prediction

and find that the L dependence is reduced. This is shown in figure 10 as the diamonds,

labelled in the legend as “1/L3 pointlike subtracted”. We then perform a fit of the form

a+ b/L
3 to the point-like 1/L3-subtracted data. We find this describes the data reasonably

and can be interpreted as an estimate of the residual 1/L3 behaviour, again arising from

structure dependence.8 The three solid curves in figure 10 show the result of the a+ b/L
3

fit for each of the three subtraction scenarios. We stress that the curves are related by

analytic terms and that only one fit was performed.

From these considerations, we conclude that the L ! 1 limit is challenging for QEDL

and that analytical knowledge of the L dependence can be of great importance in controlling

8
Given the discussion above, the reader might note that we are mimicking the approach of ref. [8] but

one order higher in 1/L. To this point we stress one key di↵erence; the point-like 1/Ln
contributions are

known to vanish for n > 3.

– 40 –

RBC/UKQCD argues that 
the RM123S data can be 
described by  behavior 
in order to get an estimate 
of the residual SD FVEs. This 
leads to a change in the FV 
e x t r a p o l a t e d v a l u e , 
according to P. Boyle et al.

1/L3

fit : a + b/L3

P. Boyle et al., arXiv:2211.12865


