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81 - SECTION ONE

Motivation.

Why care about I'(71 — Xv,)?
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Motivation é)

[PDG, Phys. Rev. D 110 (2024)], [FLAG, Phys.Rev.D 113 (2026)], [M. Davier et al., Rev. Mod. Phys. 78, 1043]

High precision tests of the Standard Model

THE CKM-MATRIX FERMI-THEORY

We want to calculate Cabibbo-Kobayashi-Maskawa +
matrix elements V4, V5. W ud
T b u
LAGRANGIAN
I

g dL Vud Vus Vub Vr
Lsy C ~5 (4r ez tr) vuW, Verm | sz Vekmw = | Ve Ves Ve
br Via Vis Vi
Pl < M3
Processes that depend on the CKM-matrix
\/
+ Taudecay 7 — Xv
Xud
+ Semi-leptonic decays K? — mev or D — 7{v efc. d
T p: U
+ (-decay ;

Vr

Hegr o /d?’ifi UrYudr TLYLVL

*
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Motivation é

[PDG, Phys. Rev. D 110 (2024)], [FLAG, Phys.Rev.D 113 (2026)], [M. Davier et al., Rev. Mod. Phys. 78, 1043]

High precision tests of the Standard Model

THE CKM-MATRIX FERMI-THEORY

We want to calculate Cabibbo-Kobayashi-Maskawa +
matrix elements V4, V5. W ud
T b u
LAGRANGIAN
I

g dr Ve Vus Vb UV,
Lsy C ~5 (4r ez tr) vuW, Verm | sz Vekmw = | Ve Ves Ve
br Viae Vis Vi
iy < Mg,
Processes that depend on the CKM-matrix
+ Tau decay 7 — Xv v
.  ags Xud
+ Semi-leptonic decays i °* simple initial state d
Pr
+ B-decay + related to (g — 2), T > U
Pv
o + sensitive to NP V.

Hegr o /d?’w UrYudr TLYLVL
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Motivation i

[FLAG, Phys.Rev.D 113 (2026)], [HFLAV, Phys.Rev.D 113 (2026)]

Current status of lattice determinations

Neglecting isospin-breaking effects:

L] L] L] L} I L L] L} L] I L} Ll L) L]
FCAG2024 red Vis Kig. N, = 24141

o 0.2233 + 0.0005
0.228 A : o4 Vis Kia, No = 2+1+1
. 0.2250 + 0.0005

—— CKM unitarity & V &V,
0.2272 £ 0.0011

e t — X.v [OPE-1]
0.2184 + 0.0018 + 0.0010

: —e—o © — X,v [OPE-2]
o22a4._._ . _ il B 0.2219 + 0.0022

—e—o| T — X,V [latt-disp]
0.2240 £ 0.0018

—e— T — XV [latt-incl]
0.2189 £ 0.0018 + 0.0007

0.226 1

|Vus|

0.222 A

: H H—e—H T > Kv/t— v
lattice results for fL(0), Ny=24+1+1 0.2229 + 0.0016 + 0.0010

:attice resu:ts ;or ;K z(/(i)‘,;z}VNf=22 +11 +1 . Ky
attice results for £, (0), N,=2 + —e—i
lattice results for fx«/fo-, N,=2 +1 0.2224 #0'0016 2l
lattice results for N,=2 + 1 + 1 combined —e— t exclusive average
lattice results for N,=2 + 1 combined 0.2225 + 0.0015 + 0.0008
nuclear 8 decay —e—i T average

P 0.2208 £ 0.0013 + 0.0005

0.220

HOROAD

0.218

' . e o * L I L L L L I L L L 1
0.955 0.960 0.965 0.970 0.975 0.980 TR HFLAY

|Vudl V|

us

DISCREPANCIES DISCREPANCIES
Lattice results disagree (2.8 o) with experimentally measured Lattice results for semi-leptonic Kaon decays and inclusive

B-decays and CKM-unitarity. decays disagree (2 — 30)
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Outline

§1 Motivation §4 Matrix Element from 4-point function
Isolating the external r states using the interpolating fields
§2 The decay-rate §5 Matrix Element from 2-point function
Real time quantities from Euclidean data Isolating the external 7 states using the thermal trace
§3 Simulation set-up §6 Outlook
Simulations with dynamical = and ~ What we still have to do
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The decay-rate

§2 - SECTION TWO

The decay-rate

Real time quantities from Euclidean data

PN PN 4 4 r'y @ PN 4 r's r'S r'N 'y 'S r'S PN PN 4
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The decay-rate I_é

[ETMC, Phys.Rev.D 108 (2023)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Old fashioned perturbation theory

DECAY-RATE

D(r—Xv)=lim _ > <X‘I<j;’f£z‘7|7> — o (TIH(0) (2m)5 (P~ ) H(O)I7) (1 + O(G)
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The decay-rate I_é

[ETMC, Phys.Rev.D 108 (2023)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Old fashioned perturbation theory

D(r—Xv)=lim _ > <X‘I<j;’f£z‘7|7> — oo (TIH(0) (2)!6(P— p) H(O)I) (1-+ O(G})

- - - : ANALYTIC CONTINUATION
» Analytic continuation/spectral reconstruction

(r{H(0) S(H —m) H(O)Ir) = [ dt (r[H(0)e ™ H(O)]r) et
= (17| H(it,0)H(0)|7)

A\ /

~~

points we can measure
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The decay-rate I_é

[ETMC, Phys.Rev.D 108 (2023)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Old fashioned perturbation theory

D(r—Xv)=lim _ > <X‘I<j;’f£z‘7|7> — oo (TIH(0) (2)!6(P— p) H(O)I) (1-+ O(G})

» Analytic continuation/spectral reconstruction

+ |solating the matrix element
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The decay-rate I_é

[ETMC, Phys.Rev.D 108 (2023)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Old fashioned perturbation theory

D(r—Xv)=lim _ > <X‘I<j;’f£z‘7|7> — oo (TIH(0) (2)!6(P— p) H(O)I) (1-+ O(G})

» Analytic continuation/spectral reconstruction
+ |solating the matrix element

» QED effects: inclusion of dynamical  and ~
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The decay-rate {——é

[ETMC, Phys.Rev.D 108 (2023)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Old fashioned perturbation theory

D(r— Xv)= Jim > <x."z<j§;£z‘f|7> — oo (TIH(0) (2)!6(P— p) H(O)I) (1-+ O(G})

» Analytic continuation/spectral reconstruction
+ |solating the matrix element
» QED effects: inclusion of dynamical  and ~

+ Renormalization of the effective electroweak Hamiltonian
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The decay-rate

[M. Hansen et al., Phys. Rev. D 99 (2019)], [ETMC, Phys.Rev.D 108 (2023)], [RM123 Collaboration, Phys.Rev.D 87 (2013)], [M. Bruno et al., arXiv:2607.00564]

Spectral reconstruction a la HL'T

We can turn the ill-posed problem into a merely ill-conditioned one by first smearing the é-function

SMEARING
N (e)
d(z) =limé,(z) = limlim Y c,(0)e™™
o—0 oc—0e—0 -
Expanding §(H — m.) in a basis of e—an(H-m:) gives the decay-rate as
N (e) 1
[(7) =limlim Y c¢,(0) = Z d’z (77 (0)|H (an, z)H(0)|7"(0))
o—0e—0 i 2 - - T -

' he HLT- hod: . . .
detgrmlned by the . method matrix element at discrete Euclidean
optimize ¢, s.t. kernel is reproduced fimes

accurately
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The decay-rate { l

[M. Hansen et al., Phys. Rev. D 99 (2019)], [ETMC, Phys.Rev.D 108 (2023)], [RM123 Collaboration, Phys.Rev.D 87 (2013)], [M. Bruno et al., arXiv:2607.00564]

Spectral reconstruction a la HL'T

We can turn the ill-posed problem into a merely ill-conditioned one by first smearing the é-function

SMEARING
N(e)
d(z) =limé,(z) = limlim Y c,(0)e™™
oc—0 oc—0e—0 o
Expanding §(H — m.) in a basis of e—an(H-m:) gives the decay-rate as
N(e)
1 . 3 r
r) =l > en(0) 5 3 [ @' 57O Hlam, ) KO} (0)

In iso-QCD (neglecting isospin breaking or in the RM123 method) a very different kernel is used

ro [ (2j)f;E b (prs20) (Q1TE(0) (20)*84(P — (p, — p.))T2(0)])

/ \

kernel from analytic lepton piece hadronic spectral density
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Simulation set-up I I

84 - SECTION FOUR

Simulation set-up

Simulations with dynamical = and ~

t t t t t + 4 t t t t t t t t t t t t t t t t t t T 4 4 \ 4 4 4 4 4
& P & & & & P & & & & & & & & & P & & & P & & & P & & P & & & P
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Simulation set-up

BE.

[K. Osterwalder and E. Seiler, Annals Phys. 110 (1978)], [Alpha Collaboration, JHEP 08 (2001)], [M. Di Carlo et al., arXiv:2603.29016], [B. Lucini et al., JHEP 02 (2016) 076], [RC* Collaboration, Eur.Phys.J.C 80 (2020)]

Parameters and action

ACTIONS

Fermion action

SF [uv d7 8, C, U7 A] — SWilson [ua U7 A] =+ SWilson [d, U7 A]
+ SWﬂSOIl[37 Ua A] + SWilson [Ca U, A]

Valence T action

1

ar .
?foVf +mo + _CSWO-MVF/E/(D + Z’75/1) T

syifr, 4] =7 (795 - :

Gauge action

SelU, A] = SEwV [U] + Sysiea 4]

Erik Baske « Spectral reconstruction of I'(t — Xv,) « Lattice 2026

PARAMETERS

C* BOUNDARY CONDITIONS

Y(z +L1/2) = ¢()¢ =0 'P(z)"
Yz + L1/2) = () =—¢T(iv)0
Uu(z + L1/2) = Uy(z) (z)°

RC)KOH

Lattice size

Boundary conditions

Lattice spacing

Quark flavours

Pion mass

Electromagnetic coupling
Mass of the =

Number of configurations

64 x 323

periodic in time
C* in k = 3 spatial directions

B =3.24
a = 0.0539(2) fm

Ny=1+2+1

m, ~ 380 MeV
m,L ~ 3

OEM — 1/137
m, = 1777(8) MeV

Nents = O(100)
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Simulation set-up % I l

Tuning of the 7

PHYSICAL MASS INTERPOLATION

18401 A9907 fit ames = 0.497930(13)
—4— data points
1820 -
0.4985 A
1800 1
>
)
= 17801 = 0.4980 1
~— E
= -
&}
S 1760 A
) — L 0.4975-
L7404 linear fit

———= physical mass

17201 Hphys = 0.4964(24) 049701
¢ data points

1700 . . . . . . . . . .
0.49 0.50 0.51 0.52 0 5 10 15 20 29 30
apl t/a
— Zy —tm,, T —7 —(T—t)ym, ,r —r
Co(t) = (r()7(0) = o T3 (™ () (0) + ¢TI0 ()57 (0)) + ...

r
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Simulation set-up

[Alpha Collaboration, JHEP 08 (2001)]

Tuning of the 7

MAXIMAL TWIST INTERPOLATION

0.008  0.00766-
fit result k. = 0.121725302(23) K
linear interpolation
0.0061  §  data
0.00755-
= =
O O .
g £.0.00750 1
S 0.0021 3
[ ]
A
0.0001 &
. { fit amiih, = 0.00754364(91) ¢
. T ——4— data points 1
—0.0021 . . . . . 0.00740 . . . . .
0.12170  0.12175 0.12180 0.12185 0.12190 0 10 20 30 40 50 60
K t/a

sy ey 00 Ao, 2) P (b0, )
mPCAC( — 0) — 2<Zx,yP1(t7£)Pl(t07g)>

with mass term mg + ipuyso®, maximal twist at mz ~ mpcac = 0
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Matrix Element from 4-point function : E [

- SECTION THREE

T he matrix element from a
4-point function

Isolating the external 7 states using the interpolating fields

;;;;;
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Matrix Element from 4-point function

[M. Di Carlo et al., arXiv:2603.29016], [M. Bruno et al., arXiv:2607.00564]

The matrix element using interpolating tields

Our task is now to calculate the matrix element

; S (7 (0)|H (¢t 2)H(0) |7 (0))

Using the interpolating field of the

TARGET 4-POINT FUNCTION

Erik Baske « Spectral reconstruction of I'(t — Xv,) « Lattice 2026
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Matrix Element from 4-point function

Extracting the matrix element

Need to project the 4 x 4 spinor matrix to the trace over physical polarizations
MATRIX ELEMENT DATA

10-5 —4— data points
10~°
SE !
<t
P 10—11
|
O,
—13
= 10
10_15 l
1071
t 0 10 20 30t 40
t/a

[yt — £ )Calt,8,0,8)] = 3 (T (O HBH(0)|7(0)) + ...

r
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Matrix Element from 2-point function : E [ [

;;;;;

- SECTION FIVE

T he matrix element from a
2-point function

Isolating the external 7 states using the thermal trace

;;;;;;
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Matrix Element from 2-point function ‘ ‘ ‘ ‘ é

Computing the matrix element using a trace

Recall that with periodic boundary conditions we compute

Z(]'T)tr[eTHO] _ m < _TE0<Q‘O|Q —Tm Z |O‘T —|— )

\

How to isolate this part?

(O)r =

Erik Baske « Spectral reconstruction of I'( — Xwv,) « Lattice 2026 17/ 21



Matrix Element from 2-point function l ‘ ‘ ‘ é

Computing the matrix element using a trace

Recall that with periodic boundary conditions we compute

1

O)r = or

w[e 0] = o (eTE°<90|ﬂ> ot e T (0)[0)F(0) + )

Z(T) -
\

How to isolate this part?

ldea: -number is conserved (QCD+QED)

T — er 7 — Te @ & 0(05) — gl ﬁ(a)\¢> — eiaNT(¢)|¢>
= projector to odd T-number
(7(p)
R T+
L 1 — (_]‘)NT L 1 —Tm, r r
T r TTT
-
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Matrix Element from 2-point function ‘ ‘ ‘ ‘ l

Flavour projection in practice

How to calculate (P,qqO)r in practice?
Recall: thermal expectation value

1 TH
T ﬁ Z n\e O|n
_ / U, A,vle "0 0
%)
7(T)=—71(0)
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Matrix Element from 2-point function ‘ ‘ ‘ ‘ l

Flavour projection in practice

How to calculate (P,qqO)r in practice?
With U(a) = e

Erik Baske « Spectral reconstruction of I'(t — Xv,) « Lattice 2026 18/ 21



Matrix Element from 2-point function ‘ ‘ ‘ ‘ l

Flavour projection in practice

How to calculate (P,qqO)r in practice?
With U(a) = e

1 _TH

U(@0)r = 7 ;<n|U<a>e Oln)

— 1/D[U A, ¢le 00O
Z(T) Y Y '

T(T)——GWT(O)
FLAVOUR PROJECTION
1 1 N, _ 1 _
<P0ddO>T _ _<O>T N §<(_1) O>T o 2 (<O> T anti-periodic <O> Tperiodic)
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Matrix Element from 2-point function I l ‘ ‘ ‘

Extracting the matrix element

MATRIX ELEMENT DATA

e_TmT r r
Poaa HOHO))r = Zpy D (T OHOHO)]7(0)) +

1011_
e 108_
§ 1074
Ry
S 102_
X
T 1071
= 'y
QS 1074 '
5 1077 :
\B) .y oL

10—10_ % =

As 'y
0 10 20 30 40 50 60

t/a
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Outlook

86 - SECTION FIVE OF FIVE

Outlook & to-do list

What we still have to do

Erik Baske - Spectral reconstruction of I'(t — Xv,) « Lattice 2026
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Outlook

e

Outlook & to-do list

NOISE REDUCTION

Analyse source/gauge variance
try different sources

noise reduction techniques

l

SPECTRAL RECONSTRUCTION
Reconstruct I" using the HLT

COMPARISON

Compare with RM123 results from
collaborators at ETMC

RENORMALIZATION

Define suitable renormalization
conditions and measure
renormalization constants

l

MATCHING TO THE SM

Run to high energies to match to
perturbation theory

Erik Baske « Spectral reconstruction of I'(t — Xv,) « Lattice 2026

INFINITE-VOLUME LIMIT

Analyse finite volume effects (more
severe for QED)

CONTINUUM LIMIT

Implement O(a)-improvement and
take a — 0 limit

GOING TO THE PHYSICAL POINT

Current ensembles are far away from
the physical point

m,; ~ 380 MeV > 135 MeV
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Appendix
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Appendix

Flavour projection in action

2-POINT FUNCTION OF THE TAU

| —}— even flavour projection at 7T’
—}+— no flavour projection

T - ' 107°
T T+t 0 to T to+ T 2T

0 10 20 30 A0 50 60

t/a
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Appendix

Random point sources

2-POINT FUNCTION NOISE
Varying the number of randomized point sources g(()”)

N,
1 Src
Colt) = 1 D (PoaaH(t,p = O)H(0,2(”))
Src n
x 10~
T 5 ) N~1/2 scaling
—4— data
1.2-
Ty,
% 0.8
0.61
0.4
2 3 4 5 6 7 8 9 10
NSI"C
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Appendix

Mixing pattern

The effective Hamiltonian H « v“ VL mixes with...

Action Wilson u,d,T Wilson u,d
Operator Overlap T Overlap u,d,
SLSL:’L_LRdL TRVJ, .
SRSL:’L_LLCZR TRVJ, .
’ULVL — ’L_LL’YHCZL ’7_'[/’}/’“1/1; * * .
vV = ’L_LR’)’MCZR TLYuVL % *
thTLh — URO A, TRO VI, o
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Appendix

[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

Notice that the Z, subgroup

VoY Y — —Ys

of U(1)4 is a spurionic symmetry

D(r,m,p)p = 'D(—r,—m,p)yy’ D =~v-V —

Erik Baske « Spectral reconstruction of I'(t — Xv,) « Lattice 2026
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Appendix

[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

Notice that the Z, subgroup

b= Y= Py
of U(1)4 is a spurionic symmetry
$D(r,m, u)p =P D(—r,—m,p)' D=7V = TVIVE +m+ips
SYMMETRY st Sk st St vl VI vRV L ttt
Z3 () + + - - -
73 (u) + -~ —~ + +
Zé(d) — -+ — + -
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Appendix

[R. Frezzotti and G. C. Rossi, JHEP 08 (2004)]

Wilson averages

New goal: renormalize only certain correlators instead of the full operator

WILSON AVERAGE

1
R VIR = 2 (VR + (V7 1R) - )
_ <Z1(7°T) +2Z1(—7“T)SLSL n Zy(r-) +2Z2(—7°T)SRSL n Z3(r+) +2Z3(_7°T),ULVL n Z4(r-) +2Z4(_TT),URVL + Z5(17) +2Z5(_TT)tLTL> + O(a)
cont
— <Z3('r7)vLVL + Z4(TT)URVL> + O(a)
cont

SYMMETRY sl SL sBSL vIVL vRVL +LpL
Zé(T) + + — — i
Zy (d) - + - + -
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Appendix

Constraints from the anomalous chiral symmetry

ANOMALY IN THE MASSLESS THEORY
In the massless theory the contributions from @ # 0 sectors automatically vanish by the index theorem

Zy = / D[A e SclAl—YDy—i0Q _ Z / DA e Scldl=n qet D = / DA e %A det D = Z,
QlA]=

Since H does not mix with lower dimensional operators, the renormalization constants can be chosen to be mass independent. So we can calculate them in the
massless theory and here

Z[J] = /'D A, ¢] —SclAl—¢'DY'+JO[ '] (Y = ei*Wap P = 1/;6%'&75)

_ / D[ A, b, e~ 0QA] ¢=Sel4)-FDy+7 (p(e)Olw.5))

_ / D[A, 3, ] e~ 56 A-FD%-+(Tp(@))Ok 1]

= Z|Jp(a)]

The same symmetry constraint then holds for the (renormalized) vertex functional I'[J] = I'[Jp(«a)]. Suppose now that O transforms in some (1-dimensional) irrep
p, 0f U(1)4 and O’ in a different inequivalent irrep p, then

JZ0' = Jp,(a)Zpy(—a)O' = et J 70/
which cannot be true for all @ when ¢ # ¢'. This implies that JO' cannot appear in I'z.
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