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Computing the correlator

<latexit sha1_base64="Vr91ZRh6q+O3k1vC56SzlUZzxJE=">AAACOnicbVC7TgJBFJ31ifhCLW0mEhMsJLuEqI0JkcZOSOSRsLiZHQaYMDu7mblrQgjfZeNX2FnYWGiMrR/gAFsgeJNJzpxzbu69x48E12Dbr9bK6tr6xmZqK729s7u3nzk4rOswVpTVaChC1fSJZoJLVgMOgjUjxUjgC9bwB+WJ3nhkSvNQ3sMwYu2A9CTvckrAUF6mWs7BGb7GriCyJxh2AwJ9SgS+82D+Y2NXTR2ewufL5kR8KHjKy2TtvD0tvAycBGRRUhUv8+J2QhoHTAIVROuWY0fQHhEFnAo2TruxZhGhA9JjLQMlCZhuj6anj/GpYTq4GyrzJOApO98xIoHWw8A3zsmyelGbkP9prRi6V+0Rl1EMTNLZoG4sMIR4kiPucMUoiKEBhCpudsW0TxShYNJOmxCcxZOXQb2Qdy7yxWoxW7pJ4kihY3SCcshBl6iEblEF1RBFT+gNfaBP69l6t76s75l1xUp6jtCfsn5+ATEaq/s=</latexit>

C(t) = hOtO0ir � hOi
2
r

Connected 2-point function 

Monte Carlo average over base  
Boltzmann distribution with action S

Derivative of 1-point function 

MC average with respect to a distr. with 
action deformed by a source term

<latexit sha1_base64="fLCoxUYBBmABxdtoGyEilHuUa2E="></latexit>

C(t) =
@

@"

���
"=0

hOtir"

<latexit sha1_base64="C5S02rdeS/U+OOpsT7tjQ3AI0sk=">AAACInicbVDJSgNBEO2JW4zbqEcvjUHwYpiR4HIQgl48RjQLJjH0dGqSJj09Q3dPIAz5Fi/+ihcPinoS/Bg7yyGLDwoe71VRVc+LOFPacX6s1NLyyupaej2zsbm1vWPv7pVVGEsKJRryUFY9ooAzASXNNIdqJIEEHoeK170Z+pUeSMVC8aD7ETQC0hbMZ5RoIzXtS9ms94iESDEeCnyF674kNHEHyeO0MYCn5OR+RmnaWSfnjIAXiTshWTRBsWl/1VshjQMQmnKiVM11It1IiNSMchhk6rGCiNAuaUPNUEECUI1k9OIAHxmlhf1QmhIaj9TpiYQESvUDz3QGRHfUvDcU//NqsfYvGgkTUaxB0PEiP+ZYh3iYF24xCVTzviGESmZuxbRDTEbapJoxIbjzLy+S8mnOPcvl7/LZwvUkjjQ6QIfoGLnoHBXQLSqiEqLoGb2id/RhvVhv1qf1PW5NWZOZfTQD6/cPeqilhQ==</latexit>

r" =
1

Z"
e�S" <latexit sha1_base64="HYEDsNA9YLtK8Vua1za60M1mjvc=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCRS1I1QdOPOSu0DmhAm00k7dDIJM5NCCf0JN/6KGxeKuBXc+TdO2ixq64ELh3Pu5d57/JhRqSzrx1haXlldWy9sFDe3tnd2zb39powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wW3mt4ZESBrxRzWKiRuiHqcBxUhpyTNP654zRILEkrKIw2tYh2dwVnFCpPoYMXjvWZ5ZssrWBHCR2DkpgRw1z/x2uhFOQsIVZkjKjm3Fyk2RUBQzMi46iSQxwgPUIx1NOQqJdNPJV2N4rJUuDCKhiys4UWcnUhRKOQp93ZndKOe9TPzP6yQquHJTyuNEEY6ni4KEQRXBLCLYpYJgxUaaICyovhXiPhIIKx1kUYdgz7+8SJrnZfuiXHmolKo3eRwFcAiOwAmwwSWogjtQAw2AwRN4AW/g3Xg2Xo0P43PaumTkMwfgD4yvX7vzne0=</latexit>

S" = S � "O0

<latexit sha1_base64="ObkxqBcK9wq+TimbCAn2gu0y3Lc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siRd0IRTcuK9oHtrFMpjft0MmDmYlQYhb+ihsXirj1N9z5N07aLLT1wIXDOfdy7z1uxJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdIeXmd98ACFZGNyqUQSOT/oB8xglSktdc1fgc9zxBKGJnSZ3KdwnRzdpsWuWrLI1Bp4ldk5KKEeta351eiGNfQgU5UTKtm1FykmIUIxySIudWEJE6JD0oa1pQHyQTjK+P8UHWulhLxS6AoXH6u+JhPhSjnxXd/pEDeS0l4n/ee1YeWdOwoIoVhDQySIv5liFOAsD95gAqvhIE0IF07diOiA6DKUjy0Kwp1+eJY3jsn1SrlxXStWLPI4C2kP76BDZ6BRV0RWqoTqi6BE9o1f0ZjwZL8a78TFpnTPymR30B8bnD51jlTc=</latexit>

r =
1

Z
e�S

with

<latexit sha1_base64="XsAHf8TFtnqvlXQISCBvpY+LFLY="></latexit>

Ot =
X

~x

�(t, ~x)

[Catumba, Ramos] - Eur. Phys. J C 85 (2025) 9

[Abbot et al.] - 2606.15986 [Abbot et al.] - PRD 114 (2026)
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Computing the correlator

Derivative of 1-point function 

MC average with respect to a distr. with 
action deformed by a source term

<latexit sha1_base64="fLCoxUYBBmABxdtoGyEilHuUa2E="></latexit>

C(t) =
@

@"

���
"=0

hOtir"

<latexit sha1_base64="C5S02rdeS/U+OOpsT7tjQ3AI0sk=">AAACInicbVDJSgNBEO2JW4zbqEcvjUHwYpiR4HIQgl48RjQLJjH0dGqSJj09Q3dPIAz5Fi/+ihcPinoS/Bg7yyGLDwoe71VRVc+LOFPacX6s1NLyyupaej2zsbm1vWPv7pVVGEsKJRryUFY9ooAzASXNNIdqJIEEHoeK170Z+pUeSMVC8aD7ETQC0hbMZ5RoIzXtS9ms94iESDEeCnyF674kNHEHyeO0MYCn5OR+RmnaWSfnjIAXiTshWTRBsWl/1VshjQMQmnKiVM11It1IiNSMchhk6rGCiNAuaUPNUEECUI1k9OIAHxmlhf1QmhIaj9TpiYQESvUDz3QGRHfUvDcU//NqsfYvGgkTUaxB0PEiP+ZYh3iYF24xCVTzviGESmZuxbRDTEbapJoxIbjzLy+S8mnOPcvl7/LZwvUkjjQ6QIfoGLnoHBXQLSqiEqLoGb2id/RhvVhv1qf1PW5NWZOZfTQD6/cPeqilhQ==</latexit>

r" =
1

Z"
e�S" <latexit sha1_base64="HYEDsNA9YLtK8Vua1za60M1mjvc=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCRS1I1QdOPOSu0DmhAm00k7dDIJM5NCCf0JN/6KGxeKuBXc+TdO2ixq64ELh3Pu5d57/JhRqSzrx1haXlldWy9sFDe3tnd2zb39powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wW3mt4ZESBrxRzWKiRuiHqcBxUhpyTNP654zRILEkrKIw2tYh2dwVnFCpPoYMXjvWZ5ZssrWBHCR2DkpgRw1z/x2uhFOQsIVZkjKjm3Fyk2RUBQzMi46iSQxwgPUIx1NOQqJdNPJV2N4rJUuDCKhiys4UWcnUhRKOQp93ZndKOe9TPzP6yQquHJTyuNEEY6ni4KEQRXBLCLYpYJgxUaaICyovhXiPhIIKx1kUYdgz7+8SJrnZfuiXHmolKo3eRwFcAiOwAmwwSWogjtQAw2AwRN4AW/g3Xg2Xo0P43PaumTkMwfgD4yvX7vzne0=</latexit>

S" = S � "O0with

<latexit sha1_base64="XsAHf8TFtnqvlXQISCBvpY+LFLY="></latexit>

Ot =
X

~x

�(t, ~x)

In practice, one computes the weights

…and reweight a 1 point function

Signal-to-noise 
degradation

Fluctuation in 
the weights

<latexit sha1_base64="VXfbVGlWRsZZbDJLGCM7nA6SetE="></latexit>

hwOti = hOti+ "hOtO0i+ . . .

<latexit sha1_base64="k9NpH5QUkQcEGzbYip/jv9YatsQ="></latexit>

w(�) =
e"O0(�)

he"O0i
= 1 + "(O0 � hO0i) + . . .

[Catumba, Ramos] - Eur. Phys. J C 85 (2025) 9
[Abbot et al.] - 2606.15986
[Abbot et al.] - PRD 114 (2026)
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Source deformations
Goal: find the vector field  that induces 

a source deformation in the action
f

<latexit sha1_base64="ObkxqBcK9wq+TimbCAn2gu0y3Lc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siRd0IRTcu K9oHtrFMpjft0MmDmYlQYhb+ihsXirj1N9z5N07aLLT1wIXDOfdy7z1uxJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdIeXmd98ACFZGNyqUQSOT/oB8xglSktdc1fgc9zxBKGJnSZ3KdwnRzdpsWuWrLI1Bp4ldk5KKEeta351eiGNfQgU5UTKtm1FykmIUIxySIudWEJE6JD0oa1pQHyQTjK+P8UHWulhLxS6AoXH6u+JhPhSjnxXd/pEDeS0l4n/ee1YeWdOwoIoVhDQySIv5liFOAsD95gAqvhIE0IF07diOiA6DKUjy0Kwp1+eJY3jsn1SrlxXStWLPI4C2kP76BDZ6BRV0RWqoTqi6BE9o1f0ZjwZL8a78TFpnTPymR30B8bnD51jlTc=</latexit>

r =
1

Z
e�S

<latexit sha1_base64="2uPGR0MLeSoKkSH9iYOk4A9qErk="></latexit>

r" =
1

Z"
e�S+"O0

<latexit sha1_base64="ENiW25XMWYWkzr62BBJOmvCFBnI="></latexit>

� ! �+ "f(�) + . . .

(or more generally with a flow)

?
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Source deformations
Goal: find the vector field  that induces 

a source deformation in the action
f

<latexit sha1_base64="ObkxqBcK9wq+TimbCAn2gu0y3Lc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siRd0IRTcu K9oHtrFMpjft0MmDmYlQYhb+ihsXirj1N9z5N07aLLT1wIXDOfdy7z1uxJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdIeXmd98ACFZGNyqUQSOT/oB8xglSktdc1fgc9zxBKGJnSZ3KdwnRzdpsWuWrLI1Bp4ldk5KKEeta351eiGNfQgU5UTKtm1FykmIUIxySIudWEJE6JD0oa1pQHyQTjK+P8UHWulhLxS6AoXH6u+JhPhSjnxXd/pEDeS0l4n/ee1YeWdOwoIoVhDQySIv5liFOAsD95gAqvhIE0IF07diOiA6DKUjy0Kwp1+eJY3jsn1SrlxXStWLPI4C2kP76BDZ6BRV0RWqoTqi6BE9o1f0ZjwZL8a78TFpnTPymR30B8bnD51jlTc=</latexit>

r =
1

Z
e�S

<latexit sha1_base64="2uPGR0MLeSoKkSH9iYOk4A9qErk="></latexit>

r" =
1

Z"
e�S+"O0

<latexit sha1_base64="ENiW25XMWYWkzr62BBJOmvCFBnI="></latexit>

� ! �+ "f(�) + . . .

(or more generally with a flow)

…aka, find the flowed distribution by 
minimising the KL divergence  

(variance of the weights)

<latexit sha1_base64="Y6kzOdL3O7t3cHWkQ8rNBaYc79Q="></latexit>

KL(qkr") =
1

2
Var[w̃] +O(h(w̃ � 1)3i)

?



QTCh

Source deformations
Goal: find the vector field  that induces 

a source deformation in the action
f

<latexit sha1_base64="ObkxqBcK9wq+TimbCAn2gu0y3Lc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siRd0IRTcu K9oHtrFMpjft0MmDmYlQYhb+ihsXirj1N9z5N07aLLT1wIXDOfdy7z1uxJlUlvVtzM0vLC4tF1aKq2vrG5vm1nZDhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdIeXmd98ACFZGNyqUQSOT/oB8xglSktdc1fgc9zxBKGJnSZ3KdwnRzdpsWuWrLI1Bp4ldk5KKEeta351eiGNfQgU5UTKtm1FykmIUIxySIudWEJE6JD0oa1pQHyQTjK+P8UHWulhLxS6AoXH6u+JhPhSjnxXd/pEDeS0l4n/ee1YeWdOwoIoVhDQySIv5liFOAsD95gAqvhIE0IF07diOiA6DKUjy0Kwp1+eJY3jsn1SrlxXStWLPI4C2kP76BDZ6BRV0RWqoTqi6BE9o1f0ZjwZL8a78TFpnTPymR30B8bnD51jlTc=</latexit>

r =
1

Z
e�S

<latexit sha1_base64="2uPGR0MLeSoKkSH9iYOk4A9qErk="></latexit>

r" =
1

Z"
e�S+"O0

<latexit sha1_base64="ENiW25XMWYWkzr62BBJOmvCFBnI="></latexit>

� ! �+ "f(�) + . . .

(or more generally with a flow)

…aka, find the flowed distribution by 
minimising the KL divergence  

(variance of the weights)

<latexit sha1_base64="Y6kzOdL3O7t3cHWkQ8rNBaYc79Q="></latexit>

KL(qkr") =
1

2
Var[w̃] +O(h(w̃ � 1)3i)

<latexit sha1_base64="Pc3M4Eg4cqRXvpS+4u+fojXEcN8="></latexit>

ṙ = �r · (rf)
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The Stein operator

Stein’s identity 
Conservation of probability along the flow

Stein operator: generator of the action 
deformation under the flowed

<latexit sha1_base64="WUGHRmXXOOT1l51Dfmtdc5zA16Q="></latexit>

dS"

d"
= �Trf

<latexit sha1_base64="xFpjXVmUcR4Jr3LTROuHjSkEMzY="></latexit>

hTrfi =
Z

D�r · (rf) = 0

Hutchinson 
O(V) scaling HMC force

<latexit sha1_base64="uvn3F7FqA4U9Rh0yRA5H77QDlW0="></latexit>

h(Trf)2i ⌘ kfk2Tr

Define a Riemannian length over the 
manifold of probability densities

<latexit sha1_base64="2tf9FNF1jc3X/KvVrdc8iwkE9D4="></latexit>

Trf = trJf � f ·rS

<latexit sha1_base64="vMZyq736dMmiyN+YakocFFgyQzI="></latexit>

d�"

d"
= f(�")

<latexit sha1_base64="oHzI7ES8Gk1j21XlWl4DZoKN2nw="></latexit>

�0 ⌘ � ⇠ r
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The KL expansion

<latexit sha1_base64="vMZyq736dMmiyN+YakocFFgyQzI="></latexit>

d�"

d"
= f(�")

Given a vector field , evolve the 
configurations via flow equation in time  

f(ϕ)
ε

<latexit sha1_base64="oHzI7ES8Gk1j21XlWl4DZoKN2nw="></latexit>

�0 ⌘ � ⇠ rwith

The Lie derivative along the flow  
dictates the evolution of the Jacobian

L = f ⋅ ∇

The KL divergence expansion reads

<latexit sha1_base64="AbA6q8ItGjm6cL2HW3620V2puVk="></latexit>

log detJ (") =
X

n�1

"n

n!
(Ln�1r · f)(�)

<latexit sha1_base64="azIjx8iOPBQl48UbTA9tCK0tyBE="></latexit>

KL(qkr") = KL(rkr")�
X

n�1

"n

n!
hLn�1(Tr"f)i

<latexit sha1_base64="dyQHf7P3lU4USeWRWgw4CcfStl0="></latexit>

KL(qkp) =
D
log

p

r

E
� "

D
Tpf

E
+

"2

2

D
(Tpf)(Trf)

E
+O("3)

Controlled by the Stein operator

<latexit sha1_base64="La0dg2JOm5szTmIF3QYkIcdi8ok="></latexit>

Trf ⌘ trJf � f ·rS

<latexit sha1_base64="GgLCfsAHlUvDjnS+/nkcu8tCrUA="></latexit>

KL[f ] =
"2

2

⌧
(trJf � f ·rS)2 � 2f ·rO0

�
+O("3)

For source deformation:
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Recap

StN is due to big fluctuations in 
the reweighting factors

How source reweighting could solve the StN degradation?

Expanding KL divergence in , 
reduces the problem to minimise

ε

Overlap can be systematically 
improved via a change of variable 
that minimises the KL divergence

s.t.
<latexit sha1_base64="ENiW25XMWYWkzr62BBJOmvCFBnI="></latexit>

� ! �+ "f(�) + . . .
<latexit sha1_base64="u2EPLmwHAoVO6d/wGRDkGbIbCpc="></latexit>

min
f

KL(qfkr")

<latexit sha1_base64="GgLCfsAHlUvDjnS+/nkcu8tCrUA="></latexit>

KL[f ] =
"2

2

⌧
(trJf � f ·rS)2 � 2f ·rO0

�
+O("3)

<latexit sha1_base64="uvMO/VMlfrq4ON25rTgEGz4bho8="></latexit>

hwOti = hOti+ "hOtO0i+ . . .
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If you’re not convinced, do this

<latexit sha1_base64="ZY+8v87Ov60NOHoB5LS/5xY5MAE="></latexit>

KL[f ] =

⌧
(trJf � f ·rS)2 � 2f ·rO0

�
Stein operator

<latexit sha1_base64="La0dg2JOm5szTmIF3QYkIcdi8ok="></latexit>

Trf ⌘ trJf � f ·rS

Direct ML minimisation:

Solve Euler-Lagrange equation of KL
<latexit sha1_base64="LI0S5X6kXA37ck50KaSwHMLdq9Y="></latexit>

Trf +�O0 = 0

<latexit sha1_base64="4ZtS0cIgJeJhJnGacBti9cOxfME="></latexit>

f✓(�) = iFFT


�(p)

p̂2 +M✓(�)

�
+ C✓(�)

“Exact” solution in terms of the 
stochastic resolvent of the theory

Find field  that minimises the 
following scalar functional

f(ϕ)
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Once you’re done, compute this

<latexit sha1_base64="tLVvH5Xxh86riB4T7LNDfWzRetM="></latexit>

hÂti ⌘ C(t)
(ensured by Stein identity)

The variance of the improved estimator can be easily decomposed as

Pure variance 
reduction term

Reduced during 
minimisation

2pt func. Variance 
(StN degradation)

Reweighting method gives the 
following improved estimator

<latexit sha1_base64="Y6E0/hwC+4RhoE+nHFjTt7udz/8="></latexit>

Ât = O0Ot + (Trf)Ot + ft

<latexit sha1_base64="u4xH/ldVrNCVM42ARvpUWs2p1Sk="></latexit>

Var[Ât] = �2
C +Var[(Trf)Ot + ft]� hO

2
t f0 +O0Otfti



Stochastic approach
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Stein-Poisson equation

Euler-Lagrange equation for the KL divergence 
gives the Stein-Poisson equation

<latexit sha1_base64="FnhgButeIj4mNhetHh+ADEWA0aY="></latexit>

Trf +�O0 = 0

<latexit sha1_base64="A1fEYFV0ppLomw+wAn48ddS7W88="></latexit>

�O0 ⌘ O0 � hO0i

fluctuation at t=0

<latexit sha1_base64="OLGezGsuJRtMSj2Y89EmMTnGw9s="></latexit>

Trf = r · f � f ·rS

Stein operator

Restrict to gradient fields
<latexit sha1_base64="9OYCNzg/Lbgab6aaOv2QfF63+IQ="></latexit>

f = rg

The Stein-Poisson equation has a solution in 
via the stochastic resolvent  (Feynman-Kac)

Generator of (overdamped) 
Langevin dynamics

<latexit sha1_base64="GqLP6444Y+LzeUl/quESEr2PNAE="></latexit>

g(�) =

Z 1

0
d⌧

D
O0[Z⌧ (�)]

E

⌘

<latexit sha1_base64="u2SZfWWp4QD4qL/j7ed3kqoaCxk="></latexit>

(42 �rS ·r)g +�O0 = 0

[Albergo, Vanden Eijnden] - 2410.02711[Albergo, Kanwar] - 2603.00252
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A practical recipe

1.   Integrate overdamped Langevin equation up to T
<latexit sha1_base64="9+xokFN2bxXXcaV77x8x4ApNU2U="></latexit>

dZ⌧ = �rS d⌧ +
p
2 dW⌧

  

2.   Integrate backward adjoint equation (deterministic)

with

  3.   Repeat for  walkersNw

<latexit sha1_base64="965rCo2smPH4ucQOQBrNMILom1Y="></latexit>

Z0 = �with

<latexit sha1_base64="TxS8Chrn251RNOd6sV9mvLC0A4w="></latexit>

dA⌧

d⌧
= �HS [ZT�⌧ ]A⌧ + �x0,0

<latexit sha1_base64="Xfm+zv+FGXzX3MP9uaUGVrxuC/8="></latexit>

A0 = 0

<latexit sha1_base64="qa5UQCkiB1guu5DGEm3xKduKWak="></latexit>

T

<latexit sha1_base64="kqdyHVkF9wWn4P1qoMf8UyhJe4Q="></latexit>

f(�) = lim
T!1

hAT i⌘
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Once you done, compute this

<latexit sha1_base64="fiFjtbqNVzLvAOy7JPIj8gIkTZg="></latexit>

Ât = O0Ot + (Trf)Ot + ft
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Once you done, compute this

Main signal. 
Biased, no variance

<latexit sha1_base64="fiFjtbqNVzLvAOy7JPIj8gIkTZg="></latexit>

Ât = O0Ot + (Trf)Ot + ft
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Once you done, compute this

Main signal. 
Biased, no variance

<latexit sha1_base64="fiFjtbqNVzLvAOy7JPIj8gIkTZg="></latexit>

Ât = O0Ot + (Trf)Ot + ft

<latexit sha1_base64="LFlMBD82eQkkDqJnkjcnpsNCdLg="></latexit>

Trf +�O0 = ⇢T

Bias. (residual Stein-Poisson) 
controls the variance 

<latexit sha1_base64="6zZS63fo4effgAEvSA/Jr/8b1cc="></latexit>

⇢TOt
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The biased estimator

The estimator has no 
variance but is biased

The bias is proportional to 
T, t and the stepsize

<latexit sha1_base64="g3V+zXFl5+pWy6FJQn1SchrwM0U="></latexit>

Ât = ⇢TOt + fT
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The bias

Spectral gap of the theory

<latexit sha1_base64="1iyRli8FqZcNj/igAwoOEubqUB0="></latexit>

h⇢TOti ⇠ e��?T + c(�⌧)

<latexit sha1_base64="g3V+zXFl5+pWy6FJQn1SchrwM0U="></latexit>

Ât = ⇢TOt + fT
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The bias

<latexit sha1_base64="1iyRli8FqZcNj/igAwoOEubqUB0="></latexit>

h⇢TOti ⇠ e��?T + c(�⌧)

<latexit sha1_base64="g3V+zXFl5+pWy6FJQn1SchrwM0U="></latexit>

Ât = ⇢TOt + fT
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Variance reduction
<latexit sha1_base64="g3V+zXFl5+pWy6FJQn1SchrwM0U="></latexit>

Ât = ⇢TOt + fT



ML minimisation
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Direct ML minimisation

Direct ML minimisation:

<latexit sha1_base64="4ZtS0cIgJeJhJnGacBti9cOxfME="></latexit>

f✓(�) = iFFT


�(p)

p̂2 +M✓(�)

�
+ C✓(�)

Main limiting factor is 
Hutchinson trace to 

compute Jacobian trace! 
O(V) scaling in cost

[L. Spatscheck] - Master thesis
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Direct ML minimisation



QTCh

Direct ML minimisation
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Direct ML minimisation
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Conclusions

Stein operator is the generator of the action deformations and define the optimal path

“Perfect flow” limit (aka zero variance) corresponds to the Stein-Poisson equation

Stochastic evolution provides a systematical way to reduce StN degradation

Stein operator is expensive, but needed for the bias => warm start NF!

<latexit sha1_base64="WUGHRmXXOOT1l51Dfmtdc5zA16Q="></latexit>

dS"

d"
= �Trf

<latexit sha1_base64="FnhgButeIj4mNhetHh+ADEWA0aY="></latexit>

Trf +�O0 = 0

<latexit sha1_base64="9+xokFN2bxXXcaV77x8x4ApNU2U="></latexit>

dZ⌧ = �rS d⌧ +
p
2 dW⌧

<latexit sha1_base64="TxS8Chrn251RNOd6sV9mvLC0A4w="></latexit>

dA⌧

d⌧
= �HS [ZT�⌧ ]A⌧ + �x0,0

<latexit sha1_base64="g3V+zXFl5+pWy6FJQn1SchrwM0U="></latexit>

Ât = ⇢TOt + fT

<latexit sha1_base64="LFlMBD82eQkkDqJnkjcnpsNCdLg="></latexit>

Trf +�O0 = ⇢T
<latexit sha1_base64="1iyRli8FqZcNj/igAwoOEubqUB0="></latexit>

h⇢TOti ⇠ e��?T + c(�⌧)

<latexit sha1_base64="La0dg2JOm5szTmIF3QYkIcdi8ok="></latexit>

Trf ⌘ trJf � f ·rS



BACKUP
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The spectral gap
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Minimal variance condition
Lattice / physics transport / flow

<latexit sha1_base64="xYA8ya41BufnMkubMbULKAE+bVA="></latexit>

S
<latexit sha1_base64="gDYgSZyQoAKt1FGBtKtgQJqIZR8="></latexit>

S � JO0

Action w/ a sourceAction Base distribution Target distribution
<latexit sha1_base64="JSf1HF/g/Iy1PInHbj8P0RwnslY="></latexit>

r = e�S/Z0

<latexit sha1_base64="qWakmCvpxFNKfpznKpAYjWCCr7I="></latexit>

p = e�SJ/ZJ

<latexit sha1_base64="NI+5E9j6d/w23ODI3SC1IpfVIQs="></latexit>

� �! �̃ = �+ "f(�)
<latexit sha1_base64="SYS/EfYw2Ec/Q9nNM0I2hsslN08="></latexit>

� ! T (�)

Transport/flow mapTransf. of configs induces effective action
<latexit sha1_base64="666GEewf2tHDmUN2FH6+tYKwZU4="></latexit>

⇠ q = r| det JT |�1

Overlap factor / likelihood ratioReweighting factors
<latexit sha1_base64="+Bi0khoRxMx/4rdBmMQ02d52mYY="></latexit>

logw = ��S + log |1 + "Jf |
<latexit sha1_base64="SzDECTyD1l2R+IhjAj8oEpkd3Oc="></latexit>

logw = log p(T (�))� log r(�) + log det JT

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i<latexit sha1_base64="zKZivvK7dtIXEO7nqngfQTMUF+U="></latexit>

= �KL(qkp")

<latexit sha1_base64="K9KOH5oXbvTIwL7tHXaG4jISzBs="></latexit>

KL(qfkp") =
1

2
Var[w̃] +O(h(w̃ � 1)3i)
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Beat 1: change of variable

Expectation values are invariant  
under an invertible reparametrization

The changes produce an effective action: the 
Jacobian compensate for the change in confs

A notable example: a flow

The Jacobian also flows accordingly (Liouville)

The effective action evolves as

<latexit sha1_base64="4vBorJQU/nbvnx9F9aVuKA56QQ8="></latexit>

hOi =
1

Z

Z
D�O(�)e�S(�) =

1

Z

Z
D�̃O(�̃)e�S(�̃)

| det JT |
�1

<latexit sha1_base64="yBgpCZ5zCOHuNstBM8fvAwvlrLM="></latexit>

Se↵(�) = S(T (�))� log | det JT |

The volume element is our handle

<latexit sha1_base64="vMZyq736dMmiyN+YakocFFgyQzI="></latexit>

d�"

d"
= f(�")

<latexit sha1_base64="oHzI7ES8Gk1j21XlWl4DZoKN2nw="></latexit>

�0 ⌘ � ⇠ r

<latexit sha1_base64="PUU6AKpevlp/QbBw5CFtgRHLOkQ="></latexit>

dS"

d"
= f ·rS �r · f

<latexit sha1_base64="e+nDK8B1KzoLdFDHBEh4xvGlLqI="></latexit>

d

d"
log | det JT" | = (r · f)(�")

<latexit sha1_base64="nboubt64FoONyGkUHHsgrL4TZfA="></latexit>

�" = T"(�)
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Recap

StN is due to big fluctuations in 
the reweighting factors

How source reweighting could solve the StN degradation?

<latexit sha1_base64="h+r4wcNjZspl7l42peNVNfX0Ifk="></latexit>

hwOti = hOti+ "hOtO0i+ . . .

Using flow-based models, only 
amounts to minimise directly

<latexit sha1_base64="ZY+8v87Ov60NOHoB5LS/5xY5MAE="></latexit>

KL[f ] =

⌧
(trJf � f ·rS)2 � 2f ·rO0

�

Overlap can be systematically 
improved via a change of variable 
that minimises the KL divergence

<latexit sha1_base64="ENiW25XMWYWkzr62BBJOmvCFBnI="></latexit>

� ! �+ "f(�) + . . .
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Signal-to-noiseParisi-Lepage: Signal and noise decays as 
states with different mass gaps

Mass of the lightest 
states of #

Signal dominated by excited states 

Z0e−E0t + Z1e−ΔEt + ⋯

Mass of the lightest 
state of ##†

<latexit sha1_base64="OR4oqvjtRls2BxgIlqdsKA+B4+A=">AAACKHicbVBNS8NAEN34WetX1aOXYBHqpSRS1ItY7MWbFWwrNLVMttO4dLMJuxuhhP4cL/4VLyKK9OovcZv2UD8GFt6+94aZeX7MmdKOM7YWFpeWV1Zza/n1jc2t7cLOblNFiaTYoBGP5J0PCjkT2NBMc7yLJULoc2z5g9pEbz2iVCwSt3oYYyeEQLA+o6AN1S1c1Er66NzzWeBxEAFHLwT9QIGn1yOjzP3uvR4EAcqSc5TZZWbvFopO2cnK/gvcGSiSWdW7hTevF9EkRKEpB6XarhPrTgpSM8pxlPcShTHQAQTYNlBAiKqTZoeO7EPD9Ox+JM0T2s7Y+Y4UQqWGoW+ck8XVb21C/qe1E90/66RMxIlGQaeD+gm3dWRPUrN7TCLVfGgAUMnMrjZ9AAlUm2zzJgT398l/QfO47J6UKzeVYvVyFkeO7JMDUiIuOSVVckXqpEEoeSIv5J18WM/Wq/VpjafWBWvWs0d+lPX1DfgnppM=</latexit>

C(t) =
⌦
O(t)O†(0)

↵ <latexit sha1_base64="Ygcy/KdmF/9F06R0txJy4QlQSn4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEurAkUtRl8QEuK9gHNLFMppN06OTBzI1QQsFfceNCEbd+hzv/xmmbhVYPXDiccy/33uMlgiuwrC+jsLC4tLxSXC2trW9sbpnbOy0Vp5KyJo1FLDseUUzwiDWBg2CdRDISeoK1veHlxG8/MKl4HN3BKGFuSIKI+5wS0FLP3APsBAGuOFdMAMHXR/fZsT3umWWrak2B/xI7J2WUo9EzP51+TNOQRUAFUaprWwm4GZHAqWDjkpMqlhA6JAHrahqRkCk3m54/xoda6WM/lroiwFP150RGQqVGoac7QwIDNe9NxP+8bgr+uZvxKEmBRXS2yE8FhhhPssB9LhkFMdKEUMn1rZgOiCQUdGIlHYI9//Jf0jqp2qfV2m2tXL/I4yiifXSAKshGZ6iOblADNRFFGXpCL+jVeDSejTfjfdZaMPKZXfQLxsc3wIKUFA==</latexit>

t � (�E)�1 <latexit sha1_base64="SUK3wlZxF7OAQFCX1z8+NJNkwkk=">AAACA3icbVBNS8NAEN34WetX1JteFovgxZJIUY9FL14EBatiG8tmO61LN5uwOxFLCHjxr3jxoIhX/4Q3/43bmoNfDwYe780wMy9MpDDoeR/O2PjE5NR0aaY8Oze/sOguLZ+ZONUcGjyWsb4ImQEpFDRQoISLRAOLQgnnYf9g6J/fgDYiVqc4SCCIWE+JruAMrdR2Vy8pXGVbR+2shXCLmRE9xWSeU8zbbsWreiPQv8QvSIUUOG67761OzNMIFHLJjGn6XoJBxjQKLiEvt1IDCeN91oOmpYpFYIJs9ENON6zSod1Y21JIR+r3iYxFxgyi0HZGDK/Nb28o/uc1U+zuBZlQSYqg+NeibiopxnQYCO0IDRzlwBLGtbC3Un7NNONoYyvbEPzfL/8lZ9tVf6daO6lV6vtFHCWyRtbJJvHJLqmTQ3JMGoSTO/JAnsizc+88Oi/O61frmFPMrJAfcN4+ATVGl+k=</latexit>

Ze�Msignalt

<latexit sha1_base64="V8Wkrr0A9eeYwYf1PrzxPxrzPQU="></latexit>

noise ⇠
⌦
|O(t)O†(0)|2

↵
� |C(t)|2

<latexit sha1_base64="Ygcy/KdmF/9F06R0txJy4QlQSn4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEurAkUtRl8QEuK9gHNLFMppN06OTBzI1QQsFfceNCEbd+hzv/xmmbhVYPXDiccy/33uMlgiuwrC+jsLC4tLxSXC2trW9sbpnbOy0Vp5KyJo1FLDseUUzwiDWBg2CdRDISeoK1veHlxG8/MKl4HN3BKGFuSIKI+5wS0FLP3APsBAGuOFdMAMHXR/fZsT3umWWrak2B/xI7J2WUo9EzP51+TNOQRUAFUaprWwm4GZHAqWDjkpMqlhA6JAHrahqRkCk3m54/xoda6WM/lroiwFP150RGQqVGoac7QwIDNe9NxP+8bgr+uZvxKEmBRXS2yE8FhhhPssB9LhkFMdKEUMn1rZgOiCQUdGIlHYI9//Jf0jqp2qfV2m2tXL/I4yiifXSAKshGZ6iOblADNRFFGXpCL+jVeDSejTfjfdZaMPKZXfQLxsc3wIKUFA==</latexit>

t � (�E)�1 <latexit sha1_base64="3foWWMxgCrU5aRaIBVGxMMlzGHg=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBxnAnQS2DNjZCBPOBSTz2NpNkyd7esbsnhOMKG/+KjYUitv4IO/+Ne8kVmvhg4PHeDDPzvJAzpW3728otLa+sruXXCxubW9s7xd29pgoiSaFBAx7ItkcUcCagoZnm0A4lEN/j0PLGl6nfegCpWCBu9SSEnk+Ggg0YJdpIbrF0h+E+Pr52465P9Ej6sQiYgiTBOnGLZbtiT4EXiZORMspQd4tf3X5AIx+Eppwo1XHsUPdiIjWjHJJCN1IQEjomQ+gYKogPqhdPn0jwoVH6eBBIU0Ljqfp7Iia+UhPfM53ppWreS8X/vE6kB+e9mIkw0iDobNEg4lgHOE0E95kEqvnEEEIlM7diOiKSUG1yK5gQnPmXF0nzpOKcVqo31XLtIosjj0roAB0hB52hGrpCddRAFD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gD7WZhX</latexit>

Ze�Mnoiset

<latexit sha1_base64="3LMANEZc8VaOUf+I7gvfuCp89aM=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAmqgLGiC2OR6ENKo8pxndaqHUe2g1RFmVn4FRYGEGLlC9j4G5w2A7QcyfLROffq3nuCmFGlHefbWlldW9/YLG2Vt3d29/btg8OOEonEpI0FE7IXIEUYjUhbU81IL5YE8YCRbjBp5n73gUhFRXSvpzHxORpFNKQYaSMN7JN+KBFO+xzpseQpkVLIzGtW9bmfpfmXDeyKU3NmgMvELUgFFGgN7K/+UOCEk0hjhpTyXCfWfoqkppiRrNxPFIkRnqAR8QyNECfKT2enZPDMKEMYCmlepOFM/d2RIq7UlAemMl9ZLXq5+J/nJTq89lMaxYkmEZ4PChMGtYB5LnBIJcGaTQ1BWFKzK8RjZLLRJr2yCcFdPHmZdC5q7mWtflevNG6KOErgGJyCKnDBFWiAW9ACbYDBI3gGr+DNerJerHfrY166YhU9R+APrM8faTWatQ==</latexit>

error[C(t)]

C(t)

<latexit sha1_base64="MrmZUEU6QwO5PS/FsRpPNUNlqWk=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIKFhDsRtRS1sBIFo4FcDHubuWRxb+/cnRPCcn/Cxr9iY6GIrWDnv3ETU2j0wcDjvRlm5kWZFAZ9/9MbG5+YnJqemS3NzS8sLpWXVy5NmmsONZ7KVNcjZkAKBTUUKKGeaWBJJOEqujnq+1d3oI1I1QX2MmgmrKNELDhDJ7XKW2GsGbdwbZGGxyCR0aKwobnVaE9bYcKwqxPLUxUXRdEqV/yqPwD9S4IhqZAhzlrlj7Cd8jwBhVwyYxqBn2HTMo2CSyhKYW4gY/yGdaDhqGIJmKYdfFXQDae0aZxqVwrpQP05YVliTC+JXGf/TDPq9cX/vEaO8X7TCpXlCIp/L4pzSTGl/YhoW2jgKHuOMK6Fu5XyLnMxoQuy5EIIRl/+Sy63q8Fuded8p3JwOIxjhqyRdbJJArJHDsgJOSM1wsk9eSTP5MV78J68V+/tu3XMG86skl/w3r8Ah1OgVw==</latexit>

et�p
Nconf

<latexit sha1_base64="Ygcy/KdmF/9F06R0txJy4QlQSn4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEurAkUtRl8QEuK9gHNLFMppN06OTBzI1QQsFfceNCEbd+hzv/xmmbhVYPXDiccy/33uMlgiuwrC+jsLC4tLxSXC2trW9sbpnbOy0Vp5KyJo1FLDseUUzwiDWBg2CdRDISeoK1veHlxG8/MKl4HN3BKGFuSIKI+5wS0FLP3APsBAGuOFdMAMHXR/fZsT3umWWrak2B/xI7J2WUo9EzP51+TNOQRUAFUaprWwm4GZHAqWDjkpMqlhA6JAHrahqRkCk3m54/xoda6WM/lroiwFP150RGQqVGoac7QwIDNe9NxP+8bgr+uZvxKEmBRXS2yE8FhhhPssB9LhkFMdKEUMn1rZgOiCQUdGIlHYI9//Jf0jqp2qfV2m2tXL/I4yiifXSAKshGZ6iOblADNRFFGXpCL+jVeDSejTfjfdZaMPKZXfQLxsc3wIKUFA==</latexit>

t � (�E)�1
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Linearised flow maps

<latexit sha1_base64="1QT/kJc0rrVw482zIKMlmdg57Qk=">AAACIHicbVBLSwMxGMzWV62vVY9egkWoCGVXihVPBS96q9AXdEvJptk2NJuEJFsopT/Fi3/FiwdF9Ka/xrTdg7YOBCYz30cyE0pGtfG8Lyeztr6xuZXdzu3s7u0fuIdHDS0ShUkdCyZUK0SaMMpJ3VDDSEsqguKQkWY4vJ35zRFRmgpeM2NJOjHqcxpRjIyVum651g1GSBGpKRMc3sBADigMYiS1EYvLBfw9ERVm4nnXzXtFbw64SvyU5EGKatf9DHoCJzHhBjOkddv3pOlMkDIUMzLNBYkmEuEh6pO2pRzFRHcm84BTeGaVHoyEsocbOFd/b0xQrPU4Du1kjMxAL3sz8T+vnZjoujOhXCaGcLx4KEoYtNlnbcEeVQQbNrYEYUXtXyEeIIWwsZ3mbAn+cuRV0rgs+lfF0kMpX7lP68iCE3AKCsAHZVABd6AK6gCDR/AMXsGb8+S8OO/Ox2I046Q7x+APnO8fgbOilQ==</latexit>

T" : � 7! �+ "f(�)

<latexit sha1_base64="Z41tvIvqr9rQm3xOLcbrcGNoyqY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXvRWwX5Au5Rsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb24Wd4u7e/sFh6ei4ZWSqCW0SyaXuRNhQzgRtWmY57ShNcRJx2o7GtzO//US1YVI82omiYYKHgsWMYOuktq701Ihd9Etlv+rPgVZJkJMy5Gj0S1+9gSRpQoUlHBvTDXxlwwxrywin02IvNVRhMsZD2nVU4ISaMJufO0XnThmgWGpXwqK5+nsiw4kxkyRynQm2I7PszcT/vG5q45swY0KllgqyWBSnHFmJZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdK6rAZX1dpDrVy/z+MowCmcQQUCuIY63EEDmkBgDM/wCm+e8l68d+9j0brm5TMn8Afe5w+0AY8w</latexit>

r(�)

<latexit sha1_base64="EdlrboS278fq5HNereRdBUVcI6I=">AAACDXicbVDLSsNAFJ34rPUVdelmMAp1UxIp6kYouNFdhb6gCWEynbRDJ5M4MymU0B9w46+4caGIW/fu/BunbRa19cCFwzn3cu89QcKoVLb9Y6ysrq1vbBa2its7u3v75sFhU8apwKSBYxaLdoAkYZSThqKKkXYiCIoCRlrB4Hbit4ZESBrzuholxItQj9OQYqS05Junj747RIIkkrKYwxtYqs8L575rQeGbll22p4DLxMmJBXLUfPPb7cY4jQhXmCEpO46dKC9DQlHMyLjoppIkCA9Qj3Q05Sgi0sum34zhmVa6MIyFLq7gVJ2fyFAk5SgKdGeEVF8uehPxP6+TqvDayyhPUkU4ni0KUwZVDCfRwC4VBCs20gRhQfWtEPeRQFjpAIs6BGfx5WXSvCg7l+XKQ8Wq3udxFMAxOAEl4IArUAV3oAYaAIMn8ALewLvxbLwaH8bnrHXFyGeOwB8YX79gPZsi</latexit>

q" = (T")#r

<latexit sha1_base64="Pc3M4Eg4cqRXvpS+4u+fojXEcN8="></latexit>

ṙ = �r · (rf)

natural notion of 
“tangent vector”

…what about length?
<latexit sha1_base64="/aNnQlg2UwV+/vlD+7GVaMq3tow="></latexit>

kṙk2 ?⌘ hf, fi

 “curve” of prob. measures passing for  at r ε = 0
<latexit sha1_base64="ACA/0y8gWUMGCo3v8WamODAKBl4="></latexit>

dq"
d"

+r · (q"f) = 0

describes the evolution of “shifting” 
probability  along the vector field r f
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Linearised flow maps

<latexit sha1_base64="1QT/kJc0rrVw482zIKMlmdg57Qk=">AAACIHicbVBLSwMxGMzWV62vVY9egkWoCGVXihVPBS96q9AXdEvJptk2NJuEJFsopT/Fi3/FiwdF9Ka/xrTdg7YOBCYz30cyE0pGtfG8Lyeztr6xuZXdzu3s7u0fuIdHDS0ShUkdCyZUK0SaMMpJ3VDDSEsqguKQkWY4vJ35zRFRmgpeM2NJOjHqcxpRjIyVum651g1GSBGpKRMc3sBADigMYiS1EYvLBfw9ERVm4nnXzXtFbw64SvyU5EGKatf9DHoCJzHhBjOkddv3pOlMkDIUMzLNBYkmEuEh6pO2pRzFRHcm84BTeGaVHoyEsocbOFd/b0xQrPU4Du1kjMxAL3sz8T+vnZjoujOhXCaGcLx4KEoYtNlnbcEeVQQbNrYEYUXtXyEeIIWwsZ3mbAn+cuRV0rgs+lfF0kMpX7lP68iCE3AKCsAHZVABd6AK6gCDR/AMXsGb8+S8OO/Ox2I046Q7x+APnO8fgbOilQ==</latexit>

T" : � 7! �+ "f(�)

<latexit sha1_base64="Z41tvIvqr9rQm3xOLcbrcGNoyqY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LXvRWwX5Au5Rsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb24Wd4u7e/sFh6ei4ZWSqCW0SyaXuRNhQzgRtWmY57ShNcRJx2o7GtzO//US1YVI82omiYYKHgsWMYOuktq701Ihd9Etlv+rPgVZJkJMy5Gj0S1+9gSRpQoUlHBvTDXxlwwxrywin02IvNVRhMsZD2nVU4ISaMJufO0XnThmgWGpXwqK5+nsiw4kxkyRynQm2I7PszcT/vG5q45swY0KllgqyWBSnHFmJZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdK6rAZX1dpDrVy/z+MowCmcQQUCuIY63EEDmkBgDM/wCm+e8l68d+9j0brm5TMn8Afe5w+0AY8w</latexit>

r(�)

<latexit sha1_base64="EdlrboS278fq5HNereRdBUVcI6I=">AAACDXicbVDLSsNAFJ34rPUVdelmMAp1UxIp6kYouNFdhb6gCWEynbRDJ5M4MymU0B9w46+4caGIW/fu/BunbRa19cCFwzn3cu89QcKoVLb9Y6ysrq1vbBa2its7u3v75sFhU8apwKSBYxaLdoAkYZSThqKKkXYiCIoCRlrB4Hbit4ZESBrzuholxItQj9OQYqS05Junj747RIIkkrKYwxtYqs8L575rQeGbll22p4DLxMmJBXLUfPPb7cY4jQhXmCEpO46dKC9DQlHMyLjoppIkCA9Qj3Q05Sgi0sum34zhmVa6MIyFLq7gVJ2fyFAk5SgKdGeEVF8uehPxP6+TqvDayyhPUkU4ni0KUwZVDCfRwC4VBCs20gRhQfWtEPeRQFjpAIs6BGfx5WXSvCg7l+XKQ8Wq3udxFMAxOAEl4IArUAV3oAYaAIMn8ALewLvxbLwaH8bnrHXFyGeOwB8YX79gPZsi</latexit>

q" = (T")#r

<latexit sha1_base64="Pc3M4Eg4cqRXvpS+4u+fojXEcN8="></latexit>

ṙ = �r · (rf)

…what about length?

Wasserstein geometry à-la Benamou-Brenier

Stein-geometry

“Minimum kinetic energy 
needed to transport  into  

along a mass-conserving flow”
r p

<latexit sha1_base64="ZDRgKRFnLa7vslwORggmqTOmcvY="></latexit>

kṙk2 ?⌘ hf, fi = min
f :ṙ=�r·(rf)

kfk2

<latexit sha1_base64="W3lP4lcEM6by7OdirigwMn70pg0="></latexit>

k · kL2

<latexit sha1_base64="pZRXC47dQscgqKEX59BpykXYhSA="></latexit>

k · k2
RKHS

or
<latexit sha1_base64="gUEndHWifehHC1+pnf+WFCpbV8w="></latexit>

k · k2 = h(Tr·)2ir



QTCh

Correlators via reweigthing
<latexit sha1_base64="V719tEvaWJhW4kQ9PscZ0mYzD5A="></latexit>

hOtiSJ = hwOtiS
<latexit sha1_base64="31DZAHOoUg8xgKfKBS7RxHC0gnc="></latexit>

= hOtiS + "C(t) + . . .

<latexit sha1_base64="NI+5E9j6d/w23ODI3SC1IpfVIQs="></latexit>

� �! �̃ = �+ "f(�)

Solution: find sample transformation 
that renders the w constant!
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Improved reweigthing
Configurations Target distribution

<latexit sha1_base64="0I4lXK5CY1eJtb3yc3iFYcrj1eE="></latexit>

� ⇠ e�S

Transform samples before reweigthing
<latexit sha1_base64="NI+5E9j6d/w23ODI3SC1IpfVIQs="></latexit>

� �! �̃ = �+ "f(�)

<latexit sha1_base64="iXoYDdxqYKPimA3loUottNnFX6I="></latexit>

e�(S�JO0)

Scalar free theory:
<latexit sha1_base64="/UH/YIZTqP+Lmt2/3/fGZBd1s3g="></latexit>

�p ! �̃p = �p +
1

2

�(~p)

p̂2 + m̂2
"
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Improved reweigthing
Configurations Target distribution

<latexit sha1_base64="0I4lXK5CY1eJtb3yc3iFYcrj1eE="></latexit>

� ⇠ e�S

Transform samples before reweigthing
<latexit sha1_base64="NI+5E9j6d/w23ODI3SC1IpfVIQs="></latexit>

� �! �̃ = �+ "f(�)

<latexit sha1_base64="iXoYDdxqYKPimA3loUottNnFX6I="></latexit>

e�(S�JO0)

Scalar free interacting theory:

Renormalised mass

<latexit sha1_base64="mmAUbljcSVLeRCuTqy91tx8VXEA="></latexit>

w = exp
h
� SJ [�̃] + S[�] + log |1 + "Jf |

i

<latexit sha1_base64="q/Il0oGCcgPSLFZ6my3KWhXfM10="></latexit>

�p ! �̃p = �p +
1

2

�(~p)

p̂2 + m̂2
R(�)

"

reweight with…
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<latexit sha1_base64="xvtspIhcAxnRlhyzsu+BWMyUV4g=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAh1E5KY2rgrunFZwT6gDWUynbRDJ5NhZiKU0I9w40IRt36PO//G6UNQ0QMXDufcy733RIJRpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVmEpMmTlkqOxFShFFOmppqRjpCEpREjLSj8fXMb98TqWjK7/REkDBBQ05jipE2UltWemJEz/qlsmO7l37Vq0LH9oLA92uGBK7nuOfQtZ05ymCJRr/03hukOEsI15ghpbquI3SYI6kpZmRa7GWKCITHaEi6hnKUEBXm83On8NQoAxin0hTXcK5+n8hRotQkiUxngvRI/fZm4l9eN9NxEOaUi0wTjheL4oxBncLZ73BAJcGaTQxBWFJzK8QjJBHWJqGiCeHrU/g/aXm2e2H7t365frWMowCOwQmoABfUQB3cgAZoAgzG4AE8gWdLWI/Wi/W6aF2xljNH4Aest08deo9z</latexit>

r(�)
Base distribution

<latexit sha1_base64="IjzABjD2iEbPBiJztPAhK5ZaPuM="></latexit>

q✓(�)

Infinitesimal transport
<latexit sha1_base64="1GOox3aQW05SCTlLU/Bq5LUD+es="></latexit>

� �! �+ "f✓(�)

Target distribution Linearised flow maps<latexit sha1_base64="e6aFhHvg3q9JFc52/ohpnwucnhQ="></latexit>

p = eS�JO0/ZJ

<latexit sha1_base64="y2y6PqlABGM++vX9v32VxsHZPuM="></latexit>

KL(qkp) =
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<latexit sha1_base64="xvtspIhcAxnRlhyzsu+BWMyUV4g=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAh1E5KY2rgrunFZwT6gDWUynbRDJ5NhZiKU0I9w40IRt36PO//G6UNQ0QMXDufcy733RIJRpR3nw1pZXVvf2CxsFbd3dvf2SweHLZVmEpMmTlkqOxFShFFOmppqRjpCEpREjLSj8fXMb98TqWjK7/REkDBBQ05jipE2UltWemJEz/qlsmO7l37Vq0LH9oLA92uGBK7nuOfQtZ05ymCJRr/03hukOEsI15ghpbquI3SYI6kpZmRa7GWKCITHaEi6hnKUEBXm83On8NQoAxin0hTXcK5+n8hRotQkiUxngvRI/fZm4l9eN9NxEOaUi0wTjheL4oxBncLZ73BAJcGaTQxBWFJzK8QjJBHWJqGiCeHrU/g/aXm2e2H7t365frWMowCOwQmoABfUQB3cgAZoAgzG4AE8gWdLWI/Wi/W6aF2xljNH4Aest08deo9z</latexit>

r(�)
Base distribution

<latexit sha1_base64="IjzABjD2iEbPBiJztPAhK5ZaPuM="></latexit>

q✓(�)

Infinitesimal transport
<latexit sha1_base64="1GOox3aQW05SCTlLU/Bq5LUD+es="></latexit>

� �! �+ "f✓(�)

Target distribution Linearised flow maps<latexit sha1_base64="e6aFhHvg3q9JFc52/ohpnwucnhQ="></latexit>

p = eS�JO0/ZJ

<latexit sha1_base64="y2y6PqlABGM++vX9v32VxsHZPuM="></latexit>

KL(qkp) =
<latexit sha1_base64="+3+C1XfTLWuJTTiFXe8lgkF2V2c="></latexit>D
log

r

p

E

<latexit sha1_base64="2YSapZoL9A1QIodqa5XJNfcF+T4="></latexit>

+ "
D
f ·r log

r

p

E
<latexit sha1_base64="bdBKUa2JqEQxu2nBrrvAPo/lnF8="></latexit>

+

<latexit sha1_base64="bdBKUa2JqEQxu2nBrrvAPo/lnF8="></latexit>

+

base-target KL divergence 
(constant)

Score-mismatch or  
Stein’s discrepancy

Riemannian “length” of   
in Stein’s geometry

f Curvature instabilities 
(Hessian mismatch)

<latexit sha1_base64="ExaFPWmf15D/3zJS7z6VIfERoEY="></latexit>

+
"
2

2

⇣D�
Trf

�2E
+

D
fHlog r

p
f

E⌘

<latexit sha1_base64="QgXDDTIUCM19CKu13BuY202IVCo="></latexit>

Trf = r · f + f · log r
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Base distribution

<latexit sha1_base64="IjzABjD2iEbPBiJztPAhK5ZaPuM="></latexit>

q✓(�)

Infinitesimal transport
<latexit sha1_base64="1GOox3aQW05SCTlLU/Bq5LUD+es="></latexit>

� �! �+ "f✓(�)

Target distribution Linearised flow maps

<latexit sha1_base64="y2y6PqlABGM++vX9v32VxsHZPuM="></latexit>

KL(qkp) =
<latexit sha1_base64="+3+C1XfTLWuJTTiFXe8lgkF2V2c="></latexit>D
log

r

p

E

<latexit sha1_base64="2YSapZoL9A1QIodqa5XJNfcF+T4="></latexit>

+ "
D
f ·r log

r

p

E
<latexit sha1_base64="bdBKUa2JqEQxu2nBrrvAPo/lnF8="></latexit>

+

<latexit sha1_base64="bdBKUa2JqEQxu2nBrrvAPo/lnF8="></latexit>

+

base-target KL divergence 
(constant)

Score-mismatch or  
Stein’s discrepancy

Riemannian “length” of   
in Stein’s geometry

f Curvature instabilities 
(Hessian mismatch)

<latexit sha1_base64="ExaFPWmf15D/3zJS7z6VIfERoEY="></latexit>

+
"
2

2

⇣D�
Trf

�2E
+

D
fHlog r

p
f

E⌘
<latexit sha1_base64="Qx2Sy3/0TJOlLmhInfvg1wlppKE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbixIy3oBePCZoFkiH0dHqSNj0L3T1CGPIFXjwo4tVP8ubf2FkEFX1Q8Hiviqp6fsKZVJb1YeRWVtfWN/Kbha3tnd294v5BS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb98dXMb99TIVkc3apJQr0QDyMWMIKVlho3/WLJMu0Lp1KuIMssu67jVDVx7bJlnyHbtOYowRL1fvG9N4hJGtJIEY6l7NpWorwMC8UIp9NCL5U0wWSMh7SraYRDKr1sfugUnWhlgIJY6IoUmqvfJzIcSjkJfd0ZYjWSv72Z+JfXTVXgehmLklTRiCwWBSlHKkazr9GACUoUn2iCiWD6VkRGWGCidDYFHcLXp+h/0iqb9rnpNJxS7XIZRx6O4BhOwYYq1OAa6tAEAhQe4AmejTvj0XgxXhetOWM5cwg/YLx9AhynjSo=</latexit>

S

<latexit sha1_base64="JFBPl0FPofSoawkcRPh3hpPbJqo="></latexit>

S � "O0

<latexit sha1_base64="OLGezGsuJRtMSj2Y89EmMTnGw9s="></latexit>

Trf = r · f � f ·rS
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Feynman-Kac formula[Kanwar-Albergo] - hep-lat/2603.00252<latexit sha1_base64="3bU90sTs8Tcz4FoUkUhLf6Vxg30="></latexit>

f(�) = r�'

Integrate Langevin dynamics 
starting from 

<latexit sha1_base64="ywxtaF/D+PuBFkn5GsNzWGaiPYU="></latexit>

Z0 = �

Expectation value over walkers 
(average over Brownian noise)Integrate in stochastic time

<latexit sha1_base64="AZAuyBiFRVMgGIp3lcVJOwZTE2g="></latexit>

'(�) =

Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i

���Z0 = �
i

[Albergo, Eijnden] - 2410.02711

https://arxiv.org/abs/2410.02711
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Feynman-Kac formula[Kanwar-Albergo] - hep-lat/2603.00252<latexit sha1_base64="3bU90sTs8Tcz4FoUkUhLf6Vxg30="></latexit>

f(�) = r�' [Albergo, Eijnden] - 2410.02711

<latexit sha1_base64="8k9T+/cRosXt0CbTFIPhUkLJMjo="></latexit>

r' = E

r

Z 1

0
d⌧ O0[Z⌧ |Z0 = �]

�
Swap gradient and noise average

SDEsolve(…)  forward to obtain
<latexit sha1_base64="5O0ZBBtHZntX1atsGCSIUrfxGOc="></latexit>

'̂[0,T ] =

Z T

0
d⌧ O0[Zt]

Backprop to get  or save “every” 
intermediate  and solve adj. backward

∇Z0
φ̂[0,T]

Zt
<latexit sha1_base64="U3CMZJFW0LxCoNu3QI2/ntm7L2E="></latexit>

dA⌧

d⌧
= �HS [Zt�⌧ ]A⌧ + �x0,0

<latexit sha1_base64="Y45bkGAWXigJnI4vW5cU6BrtJVA="></latexit>

A0 = 0

Works, but reproduce same hessian 
instabilities of HAD!

<latexit sha1_base64="DIc9RJ1fKsZ23EadC9DcFsQFIvM="></latexit>

f = lim
T!1

E[AT (�)]

<latexit sha1_base64="7nCn/mBvAh8rV+A0m3e19QRnxtk="></latexit>

f(�) = r�

Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i

���Z0 = �
i

https://arxiv.org/abs/2410.02711
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Thanks for the attention!
[Catumba, Ramos] - "Stochastic automatic differentiation and the signal to noise 
problem”, Eur.Phys.J.C 85 (2025)

[Liu, Wang] - "Stein variational gradient descent: A general purpose bayesian inference 
algorithm”, NeurIPS 29 (2016)

[Albergo, Kanwar] - “A Monte Carlo estimator of flow fields for sampling and noise 
problems”, PoS Lattice 2025 

[Albergo, Eijnden] - “NETS: A Non-Equilibrium Transport Sampler”, e-Print: 2410.02711

[Butti, Catumba, Nada, Spatscheck] - in preparation

https://arxiv.org/abs/2410.02711
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Maximally coupled noise

<latexit sha1_base64="UZwYUlm1sctvQ9Oxikx8xm/dDrk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmt7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvav65cNlrXFfxFGGEziFc/DgGhpwB01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyY2jlg=</latexit>⌧
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Feynman-Kac formula

Langevin dynamics = Ornstein-Uhlenbeck process

Feynman-Kac formula gives the 0-mom propagator
<latexit sha1_base64="+Fn6QcoToXXxL/2I8dhLvFsjn1k=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpJIUTdC0Y3gpoJ9QBPDZDpph84kYWZSLCF7N/6KGxeKuPUH3Pk3TtsstPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ryWjRGDSxBGLRMdHkjAakqaiipFOLAjiPiNtf3g18dsjIiSNwjs1jonLUT+kAcVIackzy84IiXhA4QV0ZMK91BkRDB+ym/v02M6goy3PrFhVawq4SOycVECOhmd+Ob0IJ5yECjMkZde2YuWmSCiKGclKTiJJjPAQ9UlX0xBxIt10+ksGD7XSg0EkdIUKTtXfEyniUo65rzs5UgM5703E/7xuooJzN6VhnCgS4tmiIGFQRXASDOxRQbBiY00QFlTfCvEACYSVjq+kQ7DnX14krZOqfVqt3dYq9cs8jiI4AGVwBGxwBurgGjRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fkD+VCaYQ==</latexit>

' =
X

~x

K�1�
<latexit sha1_base64="t7qsmbSUWmNkJFreg9SkM3cQVpw=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQwrArQW2EoI1gE8E8IBvD3clsMmR2dpmZDYYl32Djr9hYKGJrZeffOHkUmnjgwuGce7n3Hj/mTGnH+bYyC4tLyyvZ1dza+sbmlr29U1VRIgmtkIhHsu6DopwJWtFMc1qPJYXQ57Tm965Gfq1PpWKRuNODmDZD6AgWMALaSC37KMAX2BPgc8BeH2TcZSNBJWEr9fqU4IchvrlPj91hy847BWcMPE/cKcmjKcot+8trRyQJqdCEg1IN14l1MwWpGeF0mPMSRWMgPejQhqECQqqa6filIT4wShsHkTQlNB6rvydSCJUahL7pDEF31aw3Ev/zGokOzpspE3GiqSCTRUHCsY7wKB/cZpISzQeGAJHM3IpJFyQQbVLMmRDc2ZfnSfWk4J4WirfFfOlyGkcW7aF9dIhcdIZK6BqVUQUR9Iie0St6s56sF+vd+pi0ZqzpzC76A+vzB+wJnGc=</latexit>

f = r' =
X

~x

K�1

Free-field theory check

Define Langevin autocorrelation function

Green-Kubo relation: 

<latexit sha1_base64="kdebHza68R1UGgT89Pw1xOzR+Ic="></latexit>

S = �K�

Langevin evolution makes the integrand 
to converge to zero exponentially in τ

<latexit sha1_base64="AZAuyBiFRVMgGIp3lcVJOwZTE2g="></latexit>

'(�) =

Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i

���Z0 = �
i

<latexit sha1_base64="/v2niJ5U+MOeLlxaRwRJFT7TRY4=">AAACF3icbVBLS8NAGNz4rPUV9ehlsQheDIkU9SIURRC8VLAPmsSw2W7bpZsHuxuhxPwLL/4VLx4U8ao3/42bNgdtHVh2mPk+dmf8mFEhTfNbm5tfWFxaLq2UV9fWNzb1re2miBKOSQNHLOJtHwnCaEgakkpG2jEnKPAZafnDi9xv3RMuaBTeylFM3AD1Q9qjGEklebrhBEgOfD+9zOyO50iUPHQ8E55BJx5QV93kLj28zvUsVzy9YhrmGHCWWAWpgAJ1T/9yuhFOAhJKzJAQtmXG0k0RlxQzkpWdRJAY4SHqE1vREAVEuOk4Vwb3ldKFvYirE0o4Vn9vpCgQYhT4ajJPIaa9XPzPsxPZO3VTGsaJJCGePNRLGJQRzEuCXcoJlmykCMKcqr9CPEAcYamqLKsSrOnIs6R5ZFjHRvWmWqmdF3WUwC7YAwfAAiegBq5AHTQABo/gGbyCN+1Je9HetY/J6JxW7OyAP9A+fwDIIp8Q</latexit>

E[Z⌧ |Z0 = �] = e�K⌧�

<latexit sha1_base64="Y1FNtS9KN4AEZVENS1BDk1KoUy4="></latexit>

�(⌧) =
D
�O0[Z⌧ ]�O0[Z0]

E

Z0⇠r

<latexit sha1_base64="vuvsrfYmS8Jo3jQjoB/pY4B4YNU="></latexit>

h'�O0i = �

Z 1

0
d⌧ �(⌧)
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Feynman-Kac:  
numerical implementation

1. Select one sample .  Compute HMC force ϕ ∇S

2. Integrate Langevin trajectory (EM scheme, with dt and T)

2.1  generate Gaussian noise upfront.   eps = randn(T//dt*size(ϕ)) 
2.2 initial config:                                                  Z[0].= ϕ 

2.3 repeat:                                                        Z[t+1] = Z[t] - ∇S*dt + sqrt(2*dt)*eps[t]

3. Repeat for Nw walkers

4. Compute integral (correlated cumulative sum in [0,T])

5. Compute the gradient wrt the original conf

6. Repeat for all confgurations

<latexit sha1_base64="AZAuyBiFRVMgGIp3lcVJOwZTE2g="></latexit>

'(�) =

Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i

���Z0 = �
i

<latexit sha1_base64="UZwYUlm1sctvQ9Oxikx8xm/dDrk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmt7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvav65cNlrXFfxFGGEziFc/DgGhpwB01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyY2jlg=</latexit>⌧
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h
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i

<latexit sha1_base64="UZwYUlm1sctvQ9Oxikx8xm/dDrk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmt7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvav65cNlrXFfxFGGEziFc/DgGhpwB01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyY2jlg=</latexit>⌧
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Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i
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i
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QTCh

Feynman-Kac:  
numerical implementation

1. Select one sample .  Compute HMC force ϕ ∇S

2. Integrate Langevin trajectory (EM scheme, with dt and T)

2.1  generate Gaussian noise upfront.   eps = randn(T//dt*size(ϕ)) 
2.2 initial config:                                                  Z[0].= ϕ 

2.3 repeat:                                                        Z[t+1] = Z[t] - ∇S*dt + sqrt(2*dt)*eps[t]

3. Repeat for Nw walkers

4. Compute integral (correlated cumulative sum in [0,T])

5. Compute the gradient wrt the original conf

6. Repeat for all confgurations

<latexit sha1_base64="AZAuyBiFRVMgGIp3lcVJOwZTE2g="></latexit>
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Z 1

0
d⌧ E

h
O0[Z⌧ ]� hO0i
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QTCh

Feynman-Kac:  
numerical implementation

1. Select one sample .  Compute HMC force ϕ ∇S

2. Integrate Langevin trajectory (EM scheme, with dt and T)
2.1  generate Gaussian noise upfront.   eps = randn(T//dt*size(ϕ)) 
2.2 initial config:                                                  Z[0].= ϕ,  int=0. 

2.3 repeat:                                                        Z[t+1] = Z[t] - ∇S*dt + sqrt(2*dt)*eps[t] 

2.4 accumulate:                                         int += volume_sum(Z[t+1])

4. Compute gradient  for a single walker∇φ̂[0,T]

3. Compute  for single walkerφ̂[0,T]

5. Repeat for Nw walkers with coupled noise

6. Repeat for all confgurations

<latexit sha1_base64="6mJI4TneYggOOsHmR0sa/gpj8v0="></latexit>

f(�) = E
"
r

Z 1

0
dtO0[Zt]

#

<latexit sha1_base64="mzAHOOoYm74+Dhos3o3WLaTFHZk=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBhZREirosunFZoS9IYrmZTJqhk4czk0IJdeOvuHGhiFv/wp1/47TNQlsPXDiccy/33uOljAppmt/a0vLK6tp6aaO8ubW9s6vv7bdFknFMWjhhCe96IAijMWlJKhnpppxA5DHS8QY3E78zJFzQJG7KUUrcCPoxDSgGqaSefug8ZOA7IUhnCDwN6X1um2dNd9zTK2bVnMJYJFZBKqhAo6d/OX6Cs4jEEjMQwrbMVLo5cEkxI+OykwmSAh5An9iKxhAR4ebTD8bGiVJ8I0i4qlgaU/X3RA6REKPIU50RyFDMexPxP8/OZHDl5jROM0liPFsUZMyQiTGJw/ApJ1iykSKAOVW3GjgEDliq0MoqBGv+5UXSPq9aF9XaXa1Svy7iKKEjdIxOkYUuUR3dogZqIYwe0TN6RW/ak/aivWsfs9YlrZg5QH+gff4AeMKW6A==</latexit>

'̂[0,T ]

*

PRELIMINARY

[Kanwar-Albergo] - hep-lat/2603.00252

<latexit sha1_base64="AZAuyBiFRVMgGIp3lcVJOwZTE2g="></latexit>
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<latexit sha1_base64="UZwYUlm1sctvQ9Oxikx8xm/dDrk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmt7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvav65cNlrXFfxFGGEziFc/DgGhpwB01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyY2jlg=</latexit>⌧
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(forward) Automatic Differentiation

<latexit sha1_base64="9siPSg2JRqpriIkOHQPRDaeeQHI="></latexit>

f(✓)

<latexit sha1_base64="lYgCHB878lzf//PMh4jglBMXY3w="></latexit>

✓0

<latexit sha1_base64="L6DVYXGoBiRjlvRB14eoceBeTaE="></latexit>

f(✓0)

<latexit sha1_base64="GhLPUuZorLFbxbP4phdrRWI4N6w="></latexit>

✓̃ = ✓0 + "

<latexit sha1_base64="y+Ke+0bfpQtYEjOoycFjPy5lySM="></latexit>

f(✓̃) = f(✓0) + "
df

d✓

����
✓=✓0

hard-code
<latexit sha1_base64="9siPSg2JRqpriIkOHQPRDaeeQHI="></latexit>

f(✓)
<latexit sha1_base64="9uRykfH/0H10qH++M6DM/mNQFa0=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRtau1CKLpxWcE+oI1lMp20QyeTMDOplNhPceNCEbd+iTv/xulDUNEDFw7n3Mu99/gxo1LZ9oeRWVldW9/Ibua2tnd298z8flNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uhy5rfGREga8Rs1iYkXogGnAcVIaaln5rtjJEgsKYv4bRGeQ7tnFmyrUqq6ThXallMuOW5lQcolGzqWPUcBLFHvme/dfoSTkHCFGZKy49ix8lIkFMWMTHPdRJIY4REakI6mHIVEeun89Ck81kofBpHQxRWcq98nUhRKOQl93RkiNZS/vZn4l9dJVHDmpZTHiSIcLxYFCYMqgrMcYJ8KghWbaIKwoPpWiIdIIKx0Wjkdwten8H/SLFrOqeVeu4XaxTKOLDgER+AEOKACauAK1EEDYHAHHsATeDbujUfjxXhdtGaM5cwB+AHj7RN56pOB</latexit>

"2 = 0
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1.0

sin

0.84147

Series((1., 1.))

Series((0.84147, 0.54030))

Overloaded for 
Series types

sin

(forward) Automatic Differentiation
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weights

<latexit sha1_base64="avGWmg+d2byIU0L6OD7yUDLPbZ8="></latexit>

{�}
MCMC samples with Sβ

weights
<latexit sha1_base64="ZXFSf7cVAfAoV/2Z80mAWdRtWws="></latexit>

eS��S�̃ = 1 + (. . .)"

<latexit sha1_base64="TMY/AMQU8i7ycbnVsOVZsA+/zhI="></latexit>

�̃0 = �0 + "

<latexit sha1_base64="TsMCSNfGAcW1sj0ifyyt0Xj245U="></latexit>

heS�0�S�̃0
Oi

heS�0�S�̃0
i

= hOi+ "
d

d�

����
�=�0

hOi

<latexit sha1_base64="Ax44vVJvKBNKGKW/mbQSx45zcmQ="></latexit>

�0<latexit sha1_base64="BGXa8CAn3vFG+88ohqY60JeasmM="></latexit>

hOi�0

<latexit sha1_base64="3B3l3BrpCI7Ia6pKXetUT7Kqssw="></latexit>

w ⌘ eS�0�S�0

<latexit sha1_base64="3hzcdYP9UdICfvOleZD49jKFPrQ="></latexit>

hOi�0 ⌘
hwOi�0

hwi�0

(forward) Automatic Differentiation
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weights

<latexit sha1_base64="gs3gvF5p5erg+Y8SIOUbkku0/qk="></latexit>�
hOi, J

�

<latexit sha1_base64="P3APqAgJR8qjqPr5mmxHpqyxeyw="></latexit>

w ⌘ eS�(S�J�)

<latexit sha1_base64="gs3gvF5p5erg+Y8SIOUbkku0/qk="></latexit>�
hOi, J

�
<latexit sha1_base64="avGWmg+d2byIU0L6OD7yUDLPbZ8="></latexit>

{�}
MCMC samples with S

<latexit sha1_base64="EIZI2jlSFfqOdvAEl2k5FOuygTE="></latexit>

hOiJ ⌘
hwOi

hwi

<latexit sha1_base64="TfZ4EwCVyYsJickjCYRBllcWqA8="></latexit>

J̃ = 0 + "

weights
<latexit sha1_base64="kWgWRj+uCe1h+RmzUS4dqPpihhM="></latexit>

eS�SJ̃ = 1 + (. . .)"

<latexit sha1_base64="IHoN3ey60LFTSNJKv3FtTwS7Sik="></latexit>

heS�SJ̃Oi

heS�SJ̃ i
= hOi+ "

d

dJ

����
J=0

hOi

(forward) Automatic Differentiation



QTCh…but exact convergence 
only for  theories∂2S > 0

Stochastic (H)AD
Target distribution

<latexit sha1_base64="jq2ryE0wHAVVGnPZKZmvjNlBWLs="></latexit>

e�S

Base distribution

Promote also fields and momenta to 
formal series

Integrate HMC equations order by order 

Samples now contains the dependence 
on the source 

<latexit sha1_base64="awH76kEGYaoKTAITm0YGB8Z+br4="></latexit>

�̃ = �⌧ + �(1)
⌧ "

<latexit sha1_base64="iNUzLMYB30l7eJ3joZVnOVfkkvs="></latexit>

e�S+J�

<latexit sha1_base64="7NsKkKNgVJQNJDofWQF9wvXpm5g="></latexit>

� ! �+ " ⇡ ! ⇡ + "

<latexit sha1_base64="mTWu6JvGWeLPlwMi6XxjrCFcqms="></latexit>

�̇ = ⇡̃ ⇡̇ = �
@S̃J̃

@�̃

[Catumba, Ramos] - Eur.Phys.J.C 85 (2025) 9, 1037

[Catumba, Ramos] - Eur.Phys.J.C 85 (2025) 9, 1037
[Catumba, Ramos, Zaldivar] - Comput.Phys.Commun. 307 (2025) 109396
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Automatic Differentiation

<latexit sha1_base64="1fvALiEl8rnWGnW28Su5wASNIX8=">AAACN3icbVBLSwMxGMzWV62vVY9egkWoiGW3FPUiFL14kgr2Ad21ZNNsG5rNLkm2UJb9V178G9704kERr/4D08ehDwcCk5n5SL7xIkalsqw3I7Oyura+kd3MbW3v7O6Z+wd1GcYCkxoOWSiaHpKEUU5qiipGmpEgKPAYaXj925HfGBAhacgf1TAiboC6nPoUI6WltnnvFyx4Bp0BEiSSlIX8FF5DxxcIJ3aa2OczTqodez48f3sqtc28VbTGgMvEnpI8mKLaNl+dTojjgHCFGZKyZVuRchMkFMWMpDknliRCuI+6pKUpRwGRbjLeO4UnWulAPxT6cAXH6uxEggIph4GnkwFSPbnojcT/vFas/Cs3oTyKFeF48pAfM6hCOCoRdqggWLGhJggLqv8KcQ/pzpSuOqdLsBdXXib1UtG+KJYfyvnKzbSOLDgCx6AAbHAJKuAOVEENYPAM3sEn+DJejA/j2/iZRDPGdOYQzMH4/QN82qqW</latexit>

f(0 + ") =
1

1� "
= 1 + "+ "2

Extend parameters to power series at

Hard-code every elementary operation

Exact derivatives of any function  at  are 
given by Taylor’s theorem

f x0
<latexit sha1_base64="pUADjpKz2DU6VBArBVFoNMpHOBU="></latexit>

f(x0 + ") = f(x0) + f 0(x0)"+
1

2
f 00(x0)"

2

<latexit sha1_base64="4PuyqtvF7AywsEoMGC0/dbhsbQY="></latexit>

x̃ = x0+x1"+x2"
2

<latexit sha1_base64="6jn1G9FXjOFHO/kpP2/CBpN1VbA="></latexit>

x̃ỹ = x0y0 + (x0y1 + x1y0)"+ (x0y2 + x1y2 + x2y0)"
2

<latexit sha1_base64="Vw4d3smh/KCBzXGI/uEVZEOqCX8="></latexit>

exp(x̃) = ex0 + ex0x1"+ ex0

⇣x2
1

2
+ x2

⌘
"2

<latexit sha1_base64="Lk3/m56yVIIxaMsWIhyFJzjap3I="></latexit>

sin(x̃) = . . .

<latexit sha1_base64="gYn95X0aCPaWvGQxgbSZjEggg9s=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMFHVZdONKK9gHdMaSSTNtaCYZkkyhDAU3/oobF4q49Sfc+Tdm2i609cCFwzn3cu89Qcyo0o7zbeWWlldW1/LrhY3Nre0de3evoUQiMaljwYRsBUgRRjmpa6oZacWSoChgpBkMrjK/OSRSUcHv9SgmfoR6nIYUI22kjn3gRUj3MWLp7bjkDZEksaJM8Iebk45ddMrOBHCRuDNSBDPUOvaX1xU4iQjXmCGl2q4Taz9FUlPMyLjgJYrECA9Qj7QN5Sgiyk8nP4zhsVG6MBTSFNdwov6eSFGk1CgKTGd2sZr3MvE/r53o8MJPKY8TTTieLgoTBrWAWSCwSyXBmo0MQVhScyvEfSQR1ia2ggnBnX95kTROy+5ZuXJXKVYvZ3HkwSE4AiXggnNQBdegBuoAg0fwDF7Bm/VkvVjv1se0NWfNZvbBH1ifPxk0l9E=</latexit>

O("N )

 julia> using FormalSeries 

 julia> f(x) = 1/(1-x) 

 julia> f(0.) 
  1.0 

 julia> x̃ = Series((1., 1.)) 
  Series{Float64,2}((1.0,1.0)) 

 julia> f(x̃) 
  Series{Float64,2}((1.0,1.0))
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Linearised flow
<latexit sha1_base64="IjzABjD2iEbPBiJztPAhK5ZaPuM="></latexit>

q✓(�)

Base distribution

Target distribution

<latexit sha1_base64="zNpkTw1V7SENPN49XuS81TkvprI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4cZipUzvuim5cVrSt0I4lk2ba2EwyJBmhDP0HNy4Ucev/uPNvTB+Cih64cDjnXu69J0wYVdpxPqzcwuLS8kp+tbC2vrG5VdzeaSqRSkwaWDAhb0KkCKOcNDTVjNwkkqA4ZKQVDs8nfuueSEUFv9ajhAQx6nMaUYy0kZrkNju6GneLJcd2T71KuQIdu+z7nlc1xHfLjnsMXduZogTmqHeL752ewGlMuMYMKdV2nUQHGZKaYkbGhU6qSILwEPVJ21COYqKCbHrtGB4YpQcjIU1xDafq94kMxUqN4tB0xkgP1G9vIv7ltVMd+UFGeZJqwvFsUZQyqAWcvA57VBKs2cgQhCU1t0I8QBJhbQIqmBC+PoX/k2bZdk9s79Ir1c7mceTBHtgHh8AFVVADF6AOGgCDO/AAnsCzJaxH68V6nbXmrPnMLvgB6+0TvouPRA==</latexit>
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for optimal transport
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