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•  is an exotic resonance ( ) accessible to LQCD (no annihilation contractions)

• Structure is unclear:  molecule, diquark-antidiquark, compact tetraquark?

• Three-body dynamics plays a crucial role

• In nature, decay is to 

• For heavier-than-physical light quarks, thresholds are interchanged

•  can be studied in  system

• However,  three-body effects enter through left-hand cut

• States relevant for  cannot be analyzed using standard Lüscher method

• Need a method that accounts for left-hand cut 

• We use the RFT three-particle formalism of [Hansen, Romero-López, SRS, 2024]

• While perhaps more cumbersome than two-body alternatives, it remains valid for 
physical quark masses, and accounts for nearby  states
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• Two 2-particle sub-channels to consider,   

    ,    

•  included as a pole in the -wave  
amplitude (as a bound state) 

• For stable ,  amplitude accessed by 

LSZ-reducing  amplitude
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<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="WXL/N+uZ4pa1foqln113pUKyBmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5r7jNM=</latexit>

D

<latexit sha1_base64="r3IhofmtnQCDpJkfAd4gWGQHNb4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJUKCURqV6Eoj3orYL9gCaUzXbTLt1s4u6mUEp/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt29/Wyura+sZmZiu7vbO7t587OGyoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/cTv3mkErFIvGoRzH1QtwTLGAEayN51Spyi24RFe6vnbNOLm+X7BnQMnFSkocUtU7uy+1GJAmp0IRjpdqOHWtvjKVmhNNJ1k0UjTEZ4B5tGypwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/z2okOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TBrnJadcKj9c5Cs3aRwZOIYTKIADl1CBO6hBHQg8wTO8wps1tF6sd+tj3rpipTNH8AfW5w9dQ4/n</latexit>

DD (I = 1)

<latexit sha1_base64="pANgjdBZei9a0fxPB/FmGeMhDjw=">AAAB+nicbVDJSgNBEK2JW4zbRI9eGoMQIcSZINGLENSD3iKYBTJD6On0xCY9C909ShjzKV48KOLVL/Hm39hZDpr4oODxXhVV9byYM6ks69vILC2vrK5l13Mbm1vbO2Z+tymjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3uBy7LceqJAsCu/UMKZugPsh8xnBSktdM3/lxAw5JaeEijfn9nHlqGsWrLI1AVok9owUYIZ61/xyehFJAhoqwrGUHduKlZtioRjhdJRzEkljTAa4Tzuahjig0k0np4/QoVZ6yI+ErlChifp7IsWBlMPA050BVvdy3huL/3mdRPlnbsrCOFE0JNNFfsKRitA4B9RjghLFh5pgIpi+FZF7LDBROq2cDsGef3mRNCtlu1qu3p4UahezOLKwDwdQBBtOoQbXUIcGEHiEZ3iFN+PJeDHejY9pa8aYzezBHxifP32SkZI=</latexit>

D⇡ (I = 1/2)

<latexit sha1_base64="eMitjp/8cVEZYB05ctYXlmhiIQQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IRXvQWwX7AU0om+2mXbrZhN2NUEL9GV48KOLVP+PNf+O2zUFbHww83pthZp4fc6a0bX9buZXVtfWN/GZha3tnd6+4f9BSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+6mfrtRyoVi8SDHsfUC/FAsIARrI3k1utuzJ5Q+e7KPu0VS3bFngEtEycjJcjQ6BW/3H5EkpAKTThWquvYsfZSLDUjnE4KbqJojMkID2jXUIFDqrx0dvMEnRilj4JImhIazdTfEykOlRqHvukMsR6qRW8q/ud1Ex1ceikTcaKpIPNFQcKRjtA0ANRnkhLNx4ZgIpm5FZEhlphoE1PBhOAsvrxMWmcVp1qp3p+XatdZHHk4gmMogwMXUINbaEATCMTwDK/wZiXWi/Vufcxbc1Y2cwh/YH3+AP/vkF8=</latexit>

DD⇡ (I = 0)
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Workflow: spectrum analysis

4

Simultaneous fits of finite-volume spectra of two-body subsystems and 
three-body main system allow us to constrain infinite-volume K-matrices…

<latexit sha1_base64="e4TmxNcIhJtOQu4hKGr8M3Y6VKI="></latexit>

det
`m

⇥
K2 + F�1

2

⇤
= 0

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

 spectrumDD* + DDπ

<latexit sha1_base64="OrAQ7fmSg05ECdq+KJCOIge046s="></latexit>

det
ik`m

h
bK3,df + bF�1

3

i
= 0

3-particle quantization condition (QC3)

2- and 3-body K-matrices

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

 and  spectraDD Dπ
2-particle quantization conditions (QC2)

<latexit sha1_base64="DJXjIxqJ6bQ8+ntNiDSph3So/IE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZREpbosuhHcVLAPaEKYTCbt0MkkzEyUErJ046+4caGIWz/BnX/jpO1CWw9cOJxzL/fe4yeMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1eF37knQtKY36lRQtwI9TkNKUZKS5657zzQgAyQypwIqQFGDN7kXnZ67IgIBmHumVWrZo0B54k9JVUwRdMzv5wgxmlEuMIMSdmzrUS5GRKKYkbyipNKkiA8RH3S05SjiEg3Gz+Sw0OtBDCMhS6u4Fj9PZGhSMpR5OvO4lo56xXif14vVeGFm1GepIpwPFkUpgyqGBapwIAKghUbaYKwoPpWiAdIIKx0dhUdgj378jxpn9Tseq1+e1ZtXE7jKIM9cACOgA3OQQNcgyZoAQwewTN4BW/Gk/FivBsfk9aSMZ3ZBX9gfP4AesCZog==</latexit>

bK3,df

<latexit sha1_base64="pANgjdBZei9a0fxPB/FmGeMhDjw=">AAAB+nicbVDJSgNBEK2JW4zbRI9eGoMQIcSZINGLENSD3iKYBTJD6On0xCY9C909ShjzKV48KOLVL/Hm39hZDpr4oODxXhVV9byYM6ks69vILC2vrK5l13Mbm1vbO2Z+tymjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3uBy7LceqJAsCu/UMKZugPsh8xnBSktdM3/lxAw5JaeEijfn9nHlqGsWrLI1AVok9owUYIZ61/xyehFJAhoqwrGUHduKlZtioRjhdJRzEkljTAa4Tzuahjig0k0np4/QoVZ6yI+ErlChifp7IsWBlMPA050BVvdy3huL/3mdRPlnbsrCOFE0JNNFfsKRitA4B9RjghLFh5pgIpi+FZF7LDBROq2cDsGef3mRNCtlu1qu3p4UahezOLKwDwdQBBtOoQbXUIcGEHiEZ3iFN+PJeDHejY9pa8aYzezBHxifP32SkZI=</latexit>

D⇡ (I = 1/2)

<latexit sha1_base64="s3SWtUIc1U2v/o4tHwslf1O3WgE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSpLos6kJwU8G2QhPDZDpph04ezEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z46fcCaVZX0bpaXlldW18nplY3Nre8fc3evIOBWEtknMY3HvY0k5i2hbMcXpfSIoDn1Ou/7oMve7j1RIFkd3apxQN8SDiAWMYKUlzzxwQqyGBHN085BdOQmbeFl94plVq2ZNgRaJXZAqFGh55pfTj0ka0kgRjqXs2Vai3AwLxQink4qTSppgMsID2tM0wiGVbjaNP0HHWumjIBb6RQpN1d8bGQ6lHIe+nszDynkvF//zeqkKzt2MRUmqaERmh4KUIxWjvAvUZ4ISxceaYCKYzorIEAtMlG6sokuw57+8SDr1mt2oNW5Pq82Loo4yHMIRnIANZ9CEa2hBGwhk8Ayv8GY8GS/Gu/ExGy0Zxc4+/IHx+QP1EZWB</latexit>

KD⇡
2

<latexit sha1_base64="r3IhofmtnQCDpJkfAd4gWGQHNb4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJUKCURqV6Eoj3orYL9gCaUzXbTLt1s4u6mUEp/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt29/Wyura+sZmZiu7vbO7t587OGyoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/cTv3mkErFIvGoRzH1QtwTLGAEayN51Spyi24RFe6vnbNOLm+X7BnQMnFSkocUtU7uy+1GJAmp0IRjpdqOHWtvjKVmhNNJ1k0UjTEZ4B5tGypwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/z2okOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TBrnJadcKj9c5Cs3aRwZOIYTKIADl1CBO6hBHQg8wTO8wps1tF6sd+tj3rpipTNH8AfW5w9dQ4/n</latexit>

DD (I = 1)

<latexit sha1_base64="0NX3zYvLqGKiXX78h9z8B93tTUs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqsuiXQhuKtgHtDFMppN26GQSZiZCCPFX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69sora1vbG6Vtys7u3v7B+bhUU+GscCki0MWioGHJGGUk66iipFBJAgKPEb63uw69/uPREga8nuVRMQJ0IRTn2KktOSa1VGA1BQjBm8f0nY7c9NG5po1q27NAVeJXZAaKNBxza/ROMRxQLjCDEk5tK1IOSkSimJGssooliRCeIYmZKgpRwGRTjoPn8FTrYyhHwr9uIJz9fdGigIpk8DTk3lUuezl4n/eMFb+pZNSHsWKcLw45McMqhDmTcAxFQQrlmiCsKA6K8RTJBBWuq+KLsFe/vIq6TXqdrPevDuvta6KOsrgGJyAM2CDC9ACN6ADugCDBDyDV/BmPBkvxrvxsRgtGcVOFfyB8fkDLhWUfA==</latexit>

KDD
2

<latexit sha1_base64="kD3tSzmRQjvKZRUOmnJ2wm4Q9qs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IRXvQWwX7AWkom+2mXbrZhN2NUEL9F148KOLVX+PNf+O2zUFbHww83pthZp4fc6a0bX9buZXVtfWN/GZha3tnd6+4f9BSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+6mfrtRyoVi8SDHsfUC/FAsIARrI3k1uvdmD2V767s016xZFfsGdAycTJSggyNXvGr249IElKhCcdKuY4day/FUjPC6aTQTRSNMRnhAXUNFTikyktnJ0/QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif56b6ODSS5mIE00FmS8KEo50hKb/oz6TlGg+NgQTycytiAyxxESblAomBGfx5WXSOqs41Ur1/rxUu87iyMMRHEMZHLiAGtxCA5pAIIJneIU3S1sv1rv1MW/NWdnMIfyB9fkDp5yQNQ==</latexit>

DD⇡ (I = 0)

<latexit sha1_base64="32oxboM8s0V47DcjNOCk0eDNdeQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZx/jNQ=</latexit>

E

<latexit sha1_base64="owXUp8aAnrBOy0n3MR/ETVA42H4="></latexit>

bF3 =
bF
3
� bF 1

1 + cM2,L
bG
cM2,L

bF

<latexit sha1_base64="srsLPfRrWSiHJ+ehAl3m4eQhXEs="></latexit>

cM2,L =
1

bK�1
2,L + bF

<latexit sha1_base64="HZpq1E4YKtbPiRFB7hPOnqGCx5w="></latexit>

bK2,L =

✓
KD⇡

2,L 0
0 1

2K
DD
2,L

◆

QC3 involves matrices in large index space: 

  — spectator flavor 

  — spectator 3-momentum 

  — 2-pt subsystem angular momentum

i

k
ℓm

<latexit sha1_base64="OrAQ7fmSg05ECdq+KJCOIge046s="></latexit>

det
ik`m

h
bK3,df + bF�1

3

i
= 0
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Workflow: integral equations

5

integral 
equations

 amplitudeDDπ

LSZ reduction

 amplitudeDD*

2- and 3-body K-matrices

<latexit sha1_base64="DJXjIxqJ6bQ8+ntNiDSph3So/IE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZREpbosuhHcVLAPaEKYTCbt0MkkzEyUErJ046+4caGIWz/BnX/jpO1CWw9cOJxzL/fe4yeMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh1eF37knQtKY36lRQtwI9TkNKUZKS5657zzQgAyQypwIqQFGDN7kXnZ67IgIBmHumVWrZo0B54k9JVUwRdMzv5wgxmlEuMIMSdmzrUS5GRKKYkbyipNKkiA8RH3S05SjiEg3Gz+Sw0OtBDCMhS6u4Fj9PZGhSMpR5OvO4lo56xXif14vVeGFm1GepIpwPFkUpgyqGBapwIAKghUbaYKwoPpWiAdIIKx0dhUdgj378jxpn9Tseq1+e1ZtXE7jKIM9cACOgA3OQQNcgyZoAQwewTN4BW/Gk/FivBsfk9aSMZ3ZBX9gfP4AesCZog==</latexit>

bK3,df

<latexit sha1_base64="pANgjdBZei9a0fxPB/FmGeMhDjw=">AAAB+nicbVDJSgNBEK2JW4zbRI9eGoMQIcSZINGLENSD3iKYBTJD6On0xCY9C909ShjzKV48KOLVL/Hm39hZDpr4oODxXhVV9byYM6ks69vILC2vrK5l13Mbm1vbO2Z+tymjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3uBy7LceqJAsCu/UMKZugPsh8xnBSktdM3/lxAw5JaeEijfn9nHlqGsWrLI1AVok9owUYIZ61/xyehFJAhoqwrGUHduKlZtioRjhdJRzEkljTAa4Tzuahjig0k0np4/QoVZ6yI+ErlChifp7IsWBlMPA050BVvdy3huL/3mdRPlnbsrCOFE0JNNFfsKRitA4B9RjghLFh5pgIpi+FZF7LDBROq2cDsGef3mRNCtlu1qu3p4UahezOLKwDwdQBBtOoQbXUIcGEHiEZ3iFN+PJeDHejY9pa8aYzezBHxifP32SkZI=</latexit>

D⇡ (I = 1/2)

<latexit sha1_base64="s3SWtUIc1U2v/o4tHwslf1O3WgE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSpLos6kJwU8G2QhPDZDpph04ezEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z46fcCaVZX0bpaXlldW18nplY3Nre8fc3evIOBWEtknMY3HvY0k5i2hbMcXpfSIoDn1Ou/7oMve7j1RIFkd3apxQN8SDiAWMYKUlzzxwQqyGBHN085BdOQmbeFl94plVq2ZNgRaJXZAqFGh55pfTj0ka0kgRjqXs2Vai3AwLxQink4qTSppgMsID2tM0wiGVbjaNP0HHWumjIBb6RQpN1d8bGQ6lHIe+nszDynkvF//zeqkKzt2MRUmqaERmh4KUIxWjvAvUZ4ISxceaYCKYzorIEAtMlG6sokuw57+8SDr1mt2oNW5Pq82Loo4yHMIRnIANZ9CEa2hBGwhk8Ayv8GY8GS/Gu/ExGy0Zxc4+/IHx+QP1EZWB</latexit>

KD⇡
2

<latexit sha1_base64="r3IhofmtnQCDpJkfAd4gWGQHNb4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJUKCURqV6Eoj3orYL9gCaUzXbTLt1s4u6mUEp/hxcPinj1x3jz37htc9DWBwOP92aYmefHnClt29/Wyura+sZmZiu7vbO7t587OGyoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/cTv3mkErFIvGoRzH1QtwTLGAEayN51Spyi24RFe6vnbNOLm+X7BnQMnFSkocUtU7uy+1GJAmp0IRjpdqOHWtvjKVmhNNJ1k0UjTEZ4B5tGypwSJU3nh09QadG6aIgkqaERjP198QYh0qNQt90hlj31aI3Ff/z2okOrrwxE3GiqSDzRUHCkY7QNAHUZZISzUeGYCKZuRWRPpaYaJNT1oTgLL68TBrnJadcKj9c5Cs3aRwZOIYTKIADl1CBO6hBHQg8wTO8wps1tF6sd+tj3rpipTNH8AfW5w9dQ4/n</latexit>

DD (I = 1)

<latexit sha1_base64="0NX3zYvLqGKiXX78h9z8B93tTUs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqsuiXQhuKtgHtDFMppN26GQSZiZCCPFX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69sora1vbG6Vtys7u3v7B+bhUU+GscCki0MWioGHJGGUk66iipFBJAgKPEb63uw69/uPREga8nuVRMQJ0IRTn2KktOSa1VGA1BQjBm8f0nY7c9NG5po1q27NAVeJXZAaKNBxza/ROMRxQLjCDEk5tK1IOSkSimJGssooliRCeIYmZKgpRwGRTjoPn8FTrYyhHwr9uIJz9fdGigIpk8DTk3lUuezl4n/eMFb+pZNSHsWKcLw45McMqhDmTcAxFQQrlmiCsKA6K8RTJBBWuq+KLsFe/vIq6TXqdrPevDuvta6KOsrgGJyAM2CDC9ACN6ADugCDBDyDV/BmPBkvxrvxsRgtGcVOFfyB8fkDLhWUfA==</latexit>

KDD
2

<latexit sha1_base64="kD3tSzmRQjvKZRUOmnJ2wm4Q9qs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUr0IRXvQWwX7AWkom+2mXbrZhN2NUEL9F148KOLVX+PNf+O2zUFbHww83pthZp4fc6a0bX9buZXVtfWN/GZha3tnd6+4f9BSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+6mfrtRyoVi8SDHsfUC/FAsIARrI3k1uvdmD2V767s016xZFfsGdAycTJSggyNXvGr249IElKhCcdKuY4day/FUjPC6aTQTRSNMRnhAXUNFTikyktnJ0/QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif56b6ODSS5mIE00FmS8KEo50hKb/oz6TlGg+NgQTycytiAyxxESblAomBGfx5WXSOqs41Ur1/rxUu87iyMMRHEMZHLiAGtxCA5pAIIJneIU3S1sv1rv1MW/NWdnMIfyB9fkDp5yQNQ==</latexit>

DD⇡ (I = 0)

… we feed the K-matrices through integral equations for  amplitude, LSZ-reduce and 

analytically continue to obtain  amplitude and find  pole

DDπ
DD* T+

cc

<latexit sha1_base64="ocLvRNaxVZ+eo0ugqDXxEHgvxIU="></latexit>D = �M2 GM2 �M2 GD
ladder-type integral equations, e.g.

<latexit sha1_base64="y9AXgBT2LxghA8Dp0wj5eHZY04U=">AAACG3icbVDLSsNAFJ3UV62vqks3wSC4KkmR6rKoC5cV7AOSUCaTaTt0HmFmopSQ/3Djr7hxoYgrwYV/46TtQlsPDPdw7r3MuSdKKFHadb+t0srq2vpGebOytb2zu1fdP+gokUqE20hQIXsRVJgSjtuaaIp7icSQRRR3o/FV0e/eY6mI4Hd6kuCQwSEnA4KgNlK/Wg84fkCCMcjjLIhY7nuhqYLGasJMyRwvzytZwKAeIUiz6zzvVx235k5hLxNvThwwR6tf/QxigVKGuUYUKuV7bqLDDEpNEMV5JUgVTiAawyH2DeWQYRVm09ty+8QosT0Q0jyu7an6eyODTBVWzWThUS32CvG/np/qwUWYEZ6kGnM0+2iQUlsLuwjKjonESNOJIRBJYrzaaAQlRNrEWTEheIsnL5NOveY1ao3bM6d5OY+jDI7AMTgFHjgHTXADWqANEHgEz+AVvFlP1ov1bn3MRkvWfOcQ/IH19QPN06KG</latexit>D <latexit sha1_base64="y9AXgBT2LxghA8Dp0wj5eHZY04U=">AAACG3icbVDLSsNAFJ3UV62vqks3wSC4KkmR6rKoC5cV7AOSUCaTaTt0HmFmopSQ/3Djr7hxoYgrwYV/46TtQlsPDPdw7r3MuSdKKFHadb+t0srq2vpGebOytb2zu1fdP+gokUqE20hQIXsRVJgSjtuaaIp7icSQRRR3o/FV0e/eY6mI4Hd6kuCQwSEnA4KgNlK/Wg84fkCCMcjjLIhY7nuhqYLGasJMyRwvzytZwKAeIUiz6zzvVx235k5hLxNvThwwR6tf/QxigVKGuUYUKuV7bqLDDEpNEMV5JUgVTiAawyH2DeWQYRVm09ty+8QosT0Q0jyu7an6eyODTBVWzWThUS32CvG/np/qwUWYEZ6kGnM0+2iQUlsLuwjKjonESNOJIRBJYrzaaAQlRNrEWTEheIsnL5NOveY1ao3bM6d5OY+jDI7AMTgFHjgHTXADWqANEHgEz+AVvFlP1ov1bn3MRkvWfOcQ/IH19QPN06KG</latexit>D
<latexit sha1_base64="AtrIzqrnrSo3WYmrTWqaEElfNnI=">AAACG3icbVDLSsNAFJ3UV62vqks3wSC4KkmR6rLoQpcV7AOSUCaTaTt0HmFmopSQ/3Djr7hxoYgrwYV/46TtQlsPDPdw7r3MuSdKKFHadb+t0srq2vpGebOytb2zu1fdP+gokUqE20hQIXsRVJgSjtuaaIp7icSQRRR3o/FV0e/eY6mI4Hd6kuCQwSEnA4KgNlK/Wg84fkCCMcjjLIhY7nuhqYLGasJMyRwvzytZwKAeIUiz6zzvVx235k5hLxNvThwwR6tf/QxigVKGuUYUKuV7bqLDDEpNEMV5JUgVTiAawyH2DeWQYRVm09ty+8QosT0Q0jyu7an6eyODTBVWzWThUS32CvG/np/qwUWYEZ6kGnM0+2iQUlsLuwjKjonESNOJIRBJYrzaaAQlRNrEWTEheIsnL5NOveY1ao3bM6d5OY+jDI7AMTgFHjgHTXADWqANEHgEz+AVvFlP1ov1bn3MRkvWfOcQ/IH19QPSZaKJ</latexit>
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Simulation details

6

MD[MeV] (MD* − MD)[MeV]

• Use two CLS ensembles with same pion mass but different volume

Configs
175
301

MD[MeV]

1880

(MD* − MD)[MeV]

130

Physical values: 1870 140-145

<latexit sha1_base64="2HMORBEpNBN6k3V5mJSiuDygWSY="></latexit>

L/a T/a m⇡L m⇡[MeV] a[fm] NLapH

X252 36 128 3.4 280 0.064 48
X253 40 128 3.7 280 0.064 64 130

1880

135

• Use frames  and irreps coupling dominantly to 

• Use stochastic LapH method, with multiple operators, and GEVP

• Types of operator:

(0,0,0), (0,0,1), (1,1,0), (1,1,1) JP = 1+, 0−

290
290

0.063
0.063

 in  :                           (  is a scalar, ) 

 in  :                                  

      /  in  :     bilocal/trilocal operators              

                                     local tetraquark operators    e.g. 

DD I = 1 DD , DD* , D*D* , D*0 D*0 D*0 D*0 (2300)

Dπ I = 1/2 Dπ , D* , D*π , D*0

DDπ DD* I = 0 DD* , DDπ , D*D* , D*0 D , D*0 D*

Ti
DD*(t, x) = (ūγic d̄γ5c − d̄γic ūγ5c)(t, x)

All results are PRELIMINARY
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 subchannelDπ

7

• Simultaneous fit to 16 X252 and 16 X253 levels with s- and p-wave ERE2 forms

•  &  channels not included in QC2, but lie well above levels kept in fitDη D*π

QC2 fit

E.g. X253
q cot δs =

r0,s

2
(q2 − q2

0,s)

q cot δp =
r0,p

2
(q2 − q2

0,p)

HQEFT  coupling  and  mass used 

as -wave fit parameters  

Constrained  based on 

experimental value (0.57) and lattice results

DDπ g D*
p

g = 0.55 ± 0.1

χ2 = 23.15 / 29 dof

q2
0,s = 0.0084(14), r0,s = − 8.42(72),

MD* = 1.07195(56), g = 0.525(94)

Good fit:
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 subchannelDπ

7

• Simultaneous fit to 16 X252 and 16 X253 levels with s- and p-wave ERE2 forms

•  &  channels not included in QC2, but lie well above levels kept in fitDη D*π

QC2 fit

E.g. X253
q cot δs =

r0,s

2
(q2 − q2

0,s)

q cot δp =
r0,p

2
(q2 − q2

0,p)

HQEFT  coupling  and  mass used 

as -wave fit parameters  

Constrained  based on 

experimental value (0.57) and lattice results

DDπ g D*
p

g = 0.55 ± 0.1

χ2 = 23.15 / 29 dof

q2
0,s = 0.0084(14), r0,s = − 8.42(72),

MD* = 1.07195(56), g = 0.525(94)

D*

Good fit:
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 subchannelDπ

8

q cot δs =
r0,s

2
(q2 − q2

0,s)

q cot δp =
r0,p

2
(q2 − q2

0,p)

q2
0,s = 0.0084(14), r0,s = − 8.42(72),

MD* = 1.07195(56), g = 0.525(94)

Largely determined by constraint rather 

than data
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 channelI = 0 DDπ

9

• Mixes with , ,  , and, in some moving irreps 

• QC3 only valid if such mixing is absent

• Requires  , so all levels in fit are below  threshold

• In rest frame use  (s/d-wave —  channel) and  (p-wave)—no mixing with 

• In moving frames use  irreps—all waves contribute, mixing with  possible, but 
requires large relative angular momentum, and free  levels far above  threshold

• QC3 remains valid below u-channel  one-pion-exchange left-hand cut at 

• QC3 fails below u-channel two-pion-exchange LHC at 

D*D* DDππ DDsK DD

ECM < 2MD* < 2MD + Mπ DDπ

T1g DD* T+
cc A1u DD

A2 DD
DD DDπ

DD*
E(π)

LHC = 2M2
D + 2M2

D* − M2
π

E(ππ,u)
LHC = 2M2

D + 2M2
D* − 4M2

π
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 spectraDDπ

10

 turns onDD

QC3 
valid

Dominant 
JP 1+ 0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0−0−1+

Keep16+16 levels; in some fits add 2+2 higher  levels A1u(0)

PRELIMINARY PRELIMINARY
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 spectraDDπ

10

 turns onDD

QC3 
valid

Dominant 
JP 1+ 0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0− 1+/0−0−1+

Keep16+16 levels; in some fits add 2+2 higher  levels A1u(0)

DDπ

DDπ

3-particle 
effects crucial

PRELIMINARY PRELIMINARY
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 fitDDπ + Dπ + DD

11

• Tried many combinations of levels and parameters

• Best global fit so far fits 84 levels (18 , 16 ,  8  on each ensemble)

• 12 parameters (5 for , 4 for , 3 ), constraint    73 dof

DDπ Dπ DD

DDπ Dπ DD g = 0.55 ± 0.1 ⇒

Figure 3. Plot of the minimum modulus eigenvalue of the QC3 in the A2(3) channel versus E
ú for

a typical choice of parameters in the 12-parameter fit.

very good) starting guess. This slows down the code by ≥ 20≠25%, but seems to completely
resolve the issue, allowing reproducible and reliable fits.

The final fit is very poor,

‰
2 = 221.15 , ‰

2
ref = 3.03 , (Bayes = 1.63) , p = 1.1 ◊ 10≠16

,

‰
2
DD,X252 = 7.7 , ‰

2
Dfi,X252 = 26.6 , ‰

2
DDfi,X252 = 32.8 .

‰
2
DD,X253 = 6.0 , ‰

2
Dfi,X253 = 77.3 , ‰

2
DDfi,X253 = 40.8 .

(9.1)

(where, recall, there are 8, 16, and 18 levels in the DD, Dfi and DDfi sectors, respectively),
with parameters

B0 = ≠0.435(11) , B1 = ≠3.99(73) , B2 = ≠20.9(8.8) ,

q
2
0,s = 0.0073(12) , r0,s = ≠8.76(70) ,

MDú = 1.06739(24) , g = 0.422(9) ,

ciso,0 = ≠1.35(19) ◊ 105
, ciso,1 = 2.16(47) ◊ 106

, cB = 9.3(1.2) ◊ 104
,

cE = 1.49(21) ◊ 105
, c

Õ
E = 2.8(3.2) ◊ 105

.

(9.2)

The large ‰
2 arises both from the Dfi and DDfi sectors, with the X253 Dfi sector

being the worst culprit. Compared to the fit including only the rest frame DDfi levels,
eq. (7.2), the major changes are to the values of M

ú
D and g, which have been reduced by

many standard deviations, and to ciso,1, which has flipped sign.
The Dfi and DDfi levels are shown, respectively, in Tables 6 and 7. We see that the

large ‰
2 from the Dfi levels, which is worst on X253, is primarily due to the D

ú levels being

– 13 –

𝒦df,3 :

χ2 = 223.6, χ2
ref = 3.06, (Bayes = 1.63)

χ2
DD,X252 = 7.7, χ2

Dπ,X252 = 28.6, χ2
DDπ,X252 = 33.9

χ2
DD,X253 = 6.0, χ2

Dπ,X253 = 77.3, χ2
DDπ,X253 = 41.4

 ERE3:DD

 s- & p-wave ERE2:Dπ
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Poor fit!

Worst subsector

 much 
lower than in 

 fit

MD*

Dπ

 fitDDπ + Dπ + DD
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• Tried many combinations of levels and parameters

• Best global fit so far fits 84 levels (18 , 16 ,  8  on each ensemble)

• 12 parameters (5 for , 4 for , 3 ), constraint    73 dof

DDπ Dπ DD

DDπ Dπ DD g = 0.55 ± 0.1 ⇒

Figure 3. Plot of the minimum modulus eigenvalue of the QC3 in the A2(3) channel versus E
ú for

a typical choice of parameters in the 12-parameter fit.

very good) starting guess. This slows down the code by ≥ 20≠25%, but seems to completely
resolve the issue, allowing reproducible and reliable fits.

The final fit is very poor,

‰
2 = 221.15 , ‰

2
ref = 3.03 , (Bayes = 1.63) , p = 1.1 ◊ 10≠16

,

‰
2
DD,X252 = 7.7 , ‰

2
Dfi,X252 = 26.6 , ‰

2
DDfi,X252 = 32.8 .

‰
2
DD,X253 = 6.0 , ‰

2
Dfi,X253 = 77.3 , ‰

2
DDfi,X253 = 40.8 .

(9.1)

(where, recall, there are 8, 16, and 18 levels in the DD, Dfi and DDfi sectors, respectively),
with parameters

B0 = ≠0.435(11) , B1 = ≠3.99(73) , B2 = ≠20.9(8.8) ,

q
2
0,s = 0.0073(12) , r0,s = ≠8.76(70) ,

MDú = 1.06739(24) , g = 0.422(9) ,

ciso,0 = ≠1.35(19) ◊ 105
, ciso,1 = 2.16(47) ◊ 106

, cB = 9.3(1.2) ◊ 104
,

cE = 1.49(21) ◊ 105
, c

Õ
E = 2.8(3.2) ◊ 105

.

(9.2)

The large ‰
2 arises both from the Dfi and DDfi sectors, with the X253 Dfi sector

being the worst culprit. Compared to the fit including only the rest frame DDfi levels,
eq. (7.2), the major changes are to the values of M

ú
D and g, which have been reduced by

many standard deviations, and to ciso,1, which has flipped sign.
The Dfi and DDfi levels are shown, respectively, in Tables 6 and 7. We see that the

large ‰
2 from the Dfi levels, which is worst on X253, is primarily due to the D

ú levels being

– 13 –

𝒦df,3 :

χ2 = 223.6, χ2
ref = 3.06, (Bayes = 1.63)

χ2
DD,X252 = 7.7, χ2

Dπ,X252 = 28.6, χ2
DDπ,X252 = 33.9

χ2
DD,X253 = 6.0, χ2

Dπ,X253 = 77.3, χ2
DDπ,X253 = 41.4

 ERE3:DD

 s- & p-wave ERE2:Dπ
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 threshold expansion𝒦df,3
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ensemble irrep data error QC3 di� di�/error type? Efree

X252 T1g(0) 2.063524 0.00077 2.061756 0.001767 2.2821 D(0)Dú(0) 2.07066
X252 T1g(0) 2.120216 0.00229 2.115443 0.004773 2.0851 D(1)Dú(1) 2.14995
X252 A1u(0) 2.114766 0.00085 2.115073 -0.000308 -0.3608 D(0)D(0)fi(0) 2.15460
X252 A1u(0) 2.134456 0.00117 2.136308 -0.001852 -1.5787 D(1)Dú(1) 2.14995
X252 A1u(0) 2.195135 0.00178 2.197153 -0.002018 -1.1363 D(1)D(1)fi(0) 2.23650
X252 A1u(0) 2.208701 0.00337 2.210805 -0.002103 -0.6237 D(2)Dú(2) 2.22642
X253 T1g(0) 2.064407 0.00026 2.064289 0.000119 0.4497 D(0)Dú(0) 2.07037
X253 T1g(0) 2.109929 0.00153 2.103667 0.006262 4.1014 D(1)Dú(1) 2.13479
X253 A1u(0) 2.118687 0.00055 2.119128 -0.000441 -0.8022 D(1)Dú(1) 2.13479
X253 A1u(0) 2.128565 0.00053 2.128230 0.000335 0.6282 D(0)D(0)fi(0) 2.15502
X253 A1u(0) 2.180205 0.00094 2.179532 0.000673 0.7194 D(2)Dú(2) 2.19731
X253 A1u(0) 2.196159 0.00080 2.195352 0.000807 1.0110 D(1)D(1)fi(0) 2.22155

Table 5. Results for DD
ú
/DDfi levels from the combined fit to X252 and X253 data with ensemble-

specific Mfi/MD, and parameters given in eq. (7.2). Note that the order of “types” on the two
ensembles di�ers for the A1u(0) states. What is shown for “type” is the state used in the denominator
of the corresponding ratio. [Please triple-check that I have got this correct!]

methods. In the I = 0 DDfi system, the DD subsystem is symmetric. Thus the enumera-
tion given in eq. (F.1) of ref. [3] is the appropriate one, and it turns out that there are 11
terms at second order. Note that the basis used there di�ers from that of ref. [2], so it is
not immediately obvious which two operators were missed in the latter work. This will be
explained below.

The notation used below is, following ref. [3] (except that the tilde over tij is dropped),

� = s ≠ sth
sth

, sth = (2MD + Mfi)2
, (8.1)

tij = (pi ≠ kj)2
≠ (Mi ≠ Mj)2

sth
(8.2)

�i = (kj + kk)2
≠ (Mj + Mk)2

sth
, �Õ

i = (pj + pk)2
≠ (Mj + Mk)2

sth
, (8.3)

where the kj (pj), are the initial (final) four-momenta. We use the convention that j = 1, 2
correspond to the D mesons, while j = 3 is the pion. All quantities can be built out of the
tij using the relations

�j = � +
ÿ

i

tij , �Õ
i = � +

ÿ

j

tij ,

ÿ

ij

tij = ≠2� . (8.4)

The operators consist of three that are simply the first order operators multiplied by
�. These can be written as

O1 = �2
, O2 = �(�3 + �Õ

3) , O3 = �t33 , (8.5)

although a di�erent basis is used in ref. [3]. Note that O3 = K
Õ
E , which we have already

used, while O2 is simply KB multiplied by �.

– 11 –

k1
k2
k3

D
D
π

p1
p2

p3

D
D
π

For our data: (−0.01) ≲ Δ ≲ 0.15

𝒦df,3 = ciso,0+

ciso,2Δ2 + c′￼BΔ(Δ3 + Δ′￼3) + c′￼EΔt33 + cE2(t33)2 +
11

∑
i=5

ci𝒪(2)
i + ⋯

ciso,1Δ + cB(Δ3 + Δ′￼3) + cE t33+

: includes dimer s waves𝒪(Δ0)

: includes s & p waves𝒪(Δ1)

: includes s, p & d waves𝒪(Δ2)

• At , only  term couples to  in  channel (  irrep)

• We fit with all  and  terms +  term

𝒪(Δ1) cE DD* T+
cc T1g(0)

𝒪(Δ0) 𝒪(Δ1) c′￼E
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 fitDDπ + Dπ + DD

13

PRELIMINARY PRELIMINARY

• Fit result for  levels: reproduces levels below u-channel LHC reasonably wellDDπ/DD*

χ2
DDπ,X253 = 41.4χ2

DDπ,X252 = 33.9
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 fitDDπ + Dπ + DD

14

• Fit result for  levels: significantly undershoots the  statesDπ D*

χ2
Dπ,X252 = 28.6 χ2

Dπ,X253 = 77.3

PRELIMINARY PRELIMINARY
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 amplitudeDD*
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• Given  and , can solve integral equations to obtain  amplitude using LSZ

• Using results from (imperfect) global fit as an example

𝒦2 𝒦df,3 DD*

“s wave” “d wave”

PRELIMINARY
Mixing angle • Both s & d waves combine with spin of  to give 

• Use Blatt-Biedenharn parametrization of K matrix

D*
JP = 1+

PRELIMINARY

PRELIMINARY

Re

Im
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 amplitudeDD*
•  appears as subthreshold resonance pole

• Use 300 samples drawn from correlation matrix for K-matrix parameters from global fit

T+
cc
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QC2 predictions

17

• Using the  interactions from the integral equations (including also p waves), can solve the QC2

• Should (roughly) reproduce the levels that are unaffected by 3-particle effects

• Mismatch in  between global fit and direct extraction lifts lowest  state above lhc

DD*

MD* T1g

• Agreement is mediocre

• Need higher  waves to match the 
moving  levels

DD*
A2
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Conclusions & Outlook
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• We are undertaking a comprehensive study of the  channel including three-body effects

• Inclusion of multiple moving frames and two volumes provides more constraints on the  
interaction

• Good fits to two-particle subsystems, but combined fits are challenging

• Likely need to include more terms in , so as to have more general  interactions

• Machinery to include all  operators is in place

• Integral equation machinery in place awaiting successful FV fits

• Future plans

• Calculations at lower  (where 3-body effects will be even larger)

• Analyze data with other approaches (modified QC2 [Baiao Raposo & Hansen], plane wave 
approach, asymmetric QC3, …)

• Include  in formalism (required 4-body formalism)

T+
cc

DD*

𝒦df,3 DD*

11 𝒪(Δ2)

Mπ

D*D*
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Thanks! 
Any questions?
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Backup slides
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 subchannelDD(I = 1)

21

• Fit 16 levels on X252 + X253  

• An -wave Lüscher analysis on  
levels only gives a good fit 

• As expected, weakly repulsive 
interaction

s DD

PRELIMINARYPRELIMINARY

DD

DD*

D*D*

DD thr .

lhc

DD* thr .

D*D* thr .

data QC2 fit
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 subchannelDD(I = 1)
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• Fit 16 levels on X252 + X253  

• An -wave Lüscher analysis on  
levels only gives a good fit 

• As expected, weakly repulsive 
interaction
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 amplitude: p waveDD*

PRELIMINARY

p wave

Im Re


