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NN scattering from lattice QCD

Deuteron towards the physical pion mass

» Large pion masses (M~ 710 MeV):
both/ = 0and I = 1 NN interaction

attractive, but not strong enough to

form bound states

—> deuteron is virtual state

qcotd /my
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Bulava et al. (BaSc) 2026 [PRC 113, 024002]
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Detmold et al. (NPLQCD) 2026 [arXiv:2601.22272]
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» Goal: find value of M_ where deuteron

unbinds

Bulava et al. (BaSc) 2026 [PRC 113, 024002]

1.001

-

\_

N
Deuteron :

L

" |Virtual stai;J

channel (I = O%{

- Tlg(Pt%t = 0)
/ —e—A2E(P2 = 1)

O

+A2(Pt2t — 3)

0]

- E(Ptzt — 3)

0]

—e—A2E(P2, = 4)

O

——A2B1B2(P2, = 2)

O

010 —0.05 0.00

0.05 010 0.15 020 0.5

qe . /M5

* Now: preliminary results at M_ = 280 MeV (CLS D251) and M_ = 200 MeV (J250)
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NN scattering from lattice QCD
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» Goal: find value of M_ where deuteron L ]
unbinds Qe /0

* Now: preliminary results at M_ = 280 MeV (CLS D251) and M_ = 200 MeV (J250)
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Extraction of the finite-volume spectrum

* Build correlator matrix from basis of bilocal two-nucleon
operators, N(p,;)N(p,) — GEVP
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Extraction of the finite-volume spectrum

* Build correlator matrix from basis of bilocal two-nucleon
operators, N(p,;)N(p,) — GEVP

* Correlator analysis based on simultaneous multi-exponential
fits to NV and rotated NN correlators, using priors

Bulava et al. (BaSc) 2026 [PRC 113, 024002]

» Exploits correlations between excited states and noise

» Directly constrains energy shifts 0 = Eyy — Ey — Ey.

 Positive definite overlaps, in contrast to ratios
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fits to NV and rotated NN correlators, using priors
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» Exploits correlations between excited states and noise

» Directly constrains energy shifts 0 = Eyy — Ey — Ey.

 Positive definite overlaps, in contrast to ratios

* Two independent analyses yield compatible datasets
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Extraction of the finite-volume spectrum

0.72 - Ny, =1 I 2 I 3

* Build correlator matrix from basis of bilocal two-nucleon N M, =280 MeV

0.70 7

operators, N(p,;)N(p,) — GEVP TN

= 0.68 -

* Correlator analysis based on simultaneous multi-exponential oo HE

0.66 -

fits to N and rotated NN correlators, using priors -
Bulava et al. (BaSc) 2026 [PRC 113, 024002] )\
* Exploits correlations between excited states and noise Y
» Directly constrains energy shifts 0 = Eyy — Ey — Ey. = ﬁﬂumllﬂ}
 Positive definite overlaps, in contrast to ratios 1
* Two independent analyses yield compatible datasets _t/a
C?Oﬁ_ -.,--:'~'
» Stable w.r.t. variations in ¢_. . number of states, and priors B A I

tuin./® Dataset 1
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Extraction of the finite-volume spectrum

Ny =1 | 3

* Build correlator matrix from basis of bilocal two-nucleon il % M, =200 MeV
operators, N(p,)N(p,) —> GEVP EICTE PO
el i o '_H_r::_‘_L::_Li'I_l f. -
* Correlator analysis based on simultaneous multi-exponential *
fits to N and rotated NN correlators, using priors .
Bulava et al. (BaSc) 2026 [PRC 113, 024002]
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — mg in scattering amplitude
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — m,% in scattering amplitude

M 4(5)
N(p) 5 N(p’) i lhc rhe
X

N(P _ p) E N(P _p/) (p’ — P)2 — m% l€ 1 /\ ﬁthr _4mN

Do . — Am2 _
* This induces uncontrolled finite-volume effects close to the cut = dmy —m;
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — m,% in scattering amplitude

M 4(5)
N(p) 5 N(p’) i lhc rhc
X

NP ) ; NPy PP mE e /\ fsthr—élmN

s = 4mi — m?

* This induces uncontrolled finite-volume effects close to the cut

* Here: two alternatives that are valid in the presence of lhcs

o o . . . Baido Raposo and Hansen 2024 [JHEP 2024, 075]
» Relativistic formalism based on all-orders perturbation theory g.:q koo et al. 2025 UHeP 2025, 186

* QC in plane-wave basis —> based on Lippmann-Schwinger eq. with NR EFT potential

Meng and Epelbaum 2021 [JHEP 2021, 051]
Meng et al. 2024 [PRD 109, LO71506]
Miguel Salg (University of Bern) Jorge Baeza-Ballesteros, poster session A S
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NN scattering: left-hand cuts

Relativistic formalism

Baido Raposo and Hansen 2024 [JHEP 2024, 075]
Baido Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),

det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

Miguel Salg (University of Bern)
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NN scattering: left-hand cuts

R I t. . t. f I. Baido Raposo and Hansen 2024 [JHEP 2024, 075]
elativistic Tormalism ;. Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),
det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\ /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

* Determine % ((£) and OPE coupling(s) (here: gy,,) from fit to LQCD spectrum

* Infinite-volume scattering amplitude can be obtained by solving known integral egs.

Miguel Salg (University of Bern)
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NN scattering: left-hand cuts

R I t. . t. f I. Baido Raposo and Hansen 2024 [JHEP 2024, 075]
elativistic Tormalism ;. Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),
det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\ /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

* Determine % ((£) and OPE coupling(s) (here: gy,,) from fit to LQCD spectrum

* Infinite-volume scattering amplitude can be obtained by solving known integral egs.

* ¢; contains inverse of matrix in plane-wave basis —> numerically more expensive

* OPE contributes to all partial waves since partial-wave projection is done only at the end

Miguel Salg (University of Bern)
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NN scattering on D251 (M, = 280 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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5 101 channel (I = 0) ying 11 #222% | channel (I = 1) |
YL / || - 7. Lattice energies
_ 1 || =——=- Non-interacting
2080 . 10 B — } maa = 4.0
R ey YEEES x?/dof = 13.52/17
=206  amme e ITEE maa = 5.0
*3 - x?%/dof = 12.14/17
Lﬂ 204_ _______________ 83333 2isss _ _ = o g - _ } m?v()é — 0.0
ALEEE 11 ' x?/dof = 11.49/17
/1 _ 2
L Saaas HEESS 1 . ] miya = 7.0
2021 T | sreey 1 \2/dof = 11.13/17
500 : 288 I : ; m?voz = &.0
) e =e 2 p—
. | S D .| 711+ &
Ti4(0) A2(1) E(1) Ax(2) Bi(2) B2(2) A2(3) E(3) Ax(4) E(4) A1g(0) Ai(1) Ai(2) A(3) A1(4) ERE3 (I = 0)/ ERE2 (I = 1)

Miguel Salg (University of Bern) no SD mixing 7



2.12f
2.10¢

2.08}

B /M

2.02f
2.00]

1.98¢

NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
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{with ERE2in [ = 1

Lattice energies

Non-interacting

[ ERE3 + rational
x?/dof = 10.63/16
ERE3 + ERE2
x?/dof = 11.13/17

S D mixing
{  ERE2 { ERE2
x?/dof = 11.72/17

: Dataset 1

2
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NN scattering on D251 (M = 280 MeV)

Fit results for the phase shifts (relativistic formalism)
[Deuteron channel (I = O)j [Dineutron channel (I = 1))
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Dataset 1
» f-wave significant in I = 0, even without $D mixing in %, no SD mixing, ERE3 + ERE2

6 fit parameters
 Compares well with Liischer at this M_ = 280 MeV and above  Cutoff param. mya =7

lhc, but will become necessary at lower M _
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
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. 7” worse than on
| D251, but still good

lfor ERE3in/ =0

Lattice energies

[ ERE3 + rational
x?/dof = 11.71/16
ERE3 + ERE2
x?2/dof = 14.72/17

S D mixing
{  ERE2 + ERE2
x?/dof = 20.05/17

I Dataset 2
] P _
| Cutoff param. mya =7
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NN scattering on J250 (M = 200 MeV)

Fit results for the phase shifts (relativistic formalism)
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» f-wave significant in I = 0, even without $D mixing in %,

0.02

» Significant lhc effects around threshold in I = 0 —> deviations

from standard Liischer for lowest few energy levels
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Dataset 2
no $D mixing, ERE3 + ERE2
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

» Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

M (P, ) V(p, ) + J e
s Pems §) = — cm® Pcm

» Use non-relativistic potential derived from EFT, V = Vypp + V.

V(Pem» dem) A (s> Perms S)

ontact

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

» Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe
M Py Pems ) = = VPems Pem) + J 5 V(Pems 9em) M ( Qe Pems S)
(27)
» Use non-relativistic potential derived from EFT, V = Vg + V. act

* Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

» Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe
M Py Pems ) = = VPems Pem) + J 5 V(Pems 9em) M ( Qe Pems S)
(27)
» Use non-relativistic potential derived from EFT, V = Vg + V. act

* Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM

* Only (= depends on finite-volume energies —> QC reduces to eigenvalue problem

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe

M Py Pems ) = = VPems Pem) + J 5 V(Pems 9em) M ( Qe Pems S)
(27)

Use non-relativistic potential derived from EFT, V = Vypp + V. 1iact

Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM
Only (> depends on finite-volume energies —> QC reduces to eigenvalue problem

Determine parameters of V from fit to LQCD spectrum

Infinite-volume scattering amplitude can be obtained by solving infinite-volume LSE

Miguel Salg (University of Bern) 12
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NN scattering on D251 (M = 280 MeV)

Fit results for the phase shifts (plane-wave basis)

lhe e
1.50:' ] Dataset 2 — Plane-wave QQC
j I = 0 (deuteron) NLO. no SD mixin ' * s-wave Liuscher |]
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Compares well with Luscher at this M_ = 280 MeV and above Ihc,

Viguel Salg (University of 8oy OUE Will become necessary at lower M 5



NN scattering on J250 (M = 200 MeV)

Fit results for the phase shifts (plane-wave basis)

e . - .
1'50; i Dataset 2 40:' — Plane-wave QC |-
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T | Preliminary] | 6 fit parameters 30/ I T 1 (dgleug\mr{; -
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— 0.75 ' °_ 207
S 0.50 "g
= 10]
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T 0.000 0.025 0050 0.075 0.100 o N N R
2 /o2 0.000 0.025 0.050 0.075 0.100
pe/my

p*/m3,

e ol mvereis of B Lowest few energy levels in / = O (deuteron) severely affected by lhc
iguel Salg (University of Bern



NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

T
° i i 1.0F|=2-- M, = 710 MeV
Significant Ihc | oy | _
effects around — 8L Mz~ 200 MeV -' 0151
D i L 1 :\~‘~
threshold for 1z & 0.10f
—— 0.6 'E £ == ?«3 :
M_=200Mev T | = A S o
= 04 1o . e o.00f
Q = e N
N A ¥ S
3 O°2-_\\| _F.—/"%/'/ I = 0 (deuteron)- = L :
Qr"r:},«/' [Preliminary] ~0.10f :
0.0:#// _ P | I
- —0.15F T :
N ) —0.015 —0.010 —0.005 0.000  0.005  0.010
' 0.000 0.025 0.050 0.075 0.100 p*/ GeV?

p® / GeV? :
M_ =710 MeV: reanalysis of Bulava et al. (BaSc) 2026 [PRC 113, 024002]

M_ = 280 MeV, 200 MeV: this work (dataset 2)
Miguel Salg (University of Bern) 15
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NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

_ | I Y A,
. . 1.0F| =2 M, ~ 710 MeV
» Significant lhc | oy | _
effects around — 0.8l Mx & 200 MeV -' 0157
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. @) L= e B I
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e — ) 0005 0.010
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M_ =710 MeV: reanalysis of Bulava et al. (BaSc) 2026 [PRC 113, 024002]

M_ = 280 MeV, 200 MeV: this work (dataset 2)
Miguel Salg (University of Bern) 15
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NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

I =0 (deuteron)

0.0 ¢  Planc-wave QC
o1 ! Relativistic QC
2
e Significant lhc LOp = e = e
effects around T e R Y S o |
5 R 0.6 _ i
O = . 0.10} _'
threShOld for .:. 06 :z - 200 300 400 500 600 70](; e \\’\\ /j
Mﬂ_ — 200 MeV " T=0 (deuteron) Ve E 0-0or I\ / ':
;12 ; }E;?pne:\fvne; gg — 'Ijt,gd 0.00 \: _
* Virtual state moves L.
closer to threshold =™ 1t ; I'=0 (deuteron)y = |
- < 1 'Preliminary] - —0.10F
—> transition to 0 |
w0 =\ A D :
n o ) 0.005
bou d State 200 300 400 500 60O 700 o 0.075 0.100 p*/ GeV?
M) 2
vy M_ =710 MeV: reanalysis of Bulava et al. (BaSc) 2026 [PRC 113, 024002]

Miguel Salg (University of Bern)

M_ = 280 MeV, 200 MeV: this work (dataset 2)
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Summary and outlook

 Finite-volume spectrum of NN system can be computed reliably at light quark
masses —> towards physical M

» Extraction of scattering amplitudes complicated by presence of left-hand cut

e Relativistic formalism I — 0 (deuteron)

501
*  Experiment

* Plane-wave basis QC & Do o

—_—]

Im Kpole [MeV]
o
(&)}
——e—
—-

¥

200 300 400 500 600 700
M, [MeV]|

Miguel Salg (University of Bern)



Summary and outlook

 Finite-volume spectrum of NN system can be computed reliably at light quark
masses —> towards physical M

» Extraction of scattering amplitudes complicated by presence of left-hand cut

 Relativistic formalism I — 0 (deuteron)
07 *  Experiment
* Plane-wave basis QC & Do o
: : = T
* Future directions = s 1
< 501 !
* Even smaller pion masses —> find bound deuteron = ..
. . . —100 -
 Continuum limit o *

200 300 400 500 600 700
M, [MeV]|

Miguel Salg (University of Bern)



Miguel Salg (University of Bern)

Backup

17



NN scattering: relativistic formalism

Obtaining the physical scattering amplitude  saizo Raposo etal. 2025 [JHEP 2025, 186]

* Partial-wave projected infinite-volume scattering amplitude can be written as
M= M+ (1 + ig)(ﬂal +6) (1 + iR), where M is amplitude corresponding to K,

* M & satisties the integral equatzion Two-particle pole in IV
0 V
Mo(p,p)=1E(p,p) + J 1&(p', k)iA, (k)i (k, p) —> solve as matrix equation
: — 0 272 ’
———1 [ k2gk | | K\’ . ® k2dk (k\® . |
+ iL(p) = M (P, KA, ()| — ) ,iR(p) = — | A, (KA (K, ),
© 1.2 31,1 £ 71,2 N\ L 4
| k-dk k<dk ( k | | , k
and (€6 = — | 1A, (KA (K, K)IA, (k)| —
o 2n% ), 2% \ ¢ ’ ’ q

Miguel Salg (University of Bern) 18
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NN scattering: relativistic formalism

Spectrum fit: Models for / = 0

3 1 1
. Without §, D-wave mixing: ERE3 for &), g cot(0(E)) = — — + —Rq* + C¥qg*

A 2
Blatt and Biedenharn 1952 [PR 86, 399], 1954 [PR 93, 1387]
* With §, D-wave mixing: Blatt-Biedenharn parameterisation for modified K-matrix,

g cot(0 (E)) 0

~1 _ T(Oa?
‘%O (E) = QR '(0q )( 0 qcot(gﬁ(E))

) %(0q*)Q, where Q,., = 5f,fq”ﬂ , R is

a rotation matrix, and we use g cot(Sa(E)) = — + + ERO[qr2 and g’ cot(Sﬂ(E)) — 00

04

*« AR, C (2) and @ are parameters of J% ; and thus inherently scheme dependent

* Additional fit parameter 812% (shared with I = 1) is coefficient of __ —> physical

Miguel Salg (University of Bern)
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NN scattering: relativistic formalism

Spectrum fit: Models for 7/ = 1

» No §, D-wave mixing, only A,-like irreps

 Two models for modified K-matrix

_ 1 1
. ERE2, g cot(6(E)) = — — + —Rg*

A 2
. 1 . Cy+ Clqr2 | -
» Rational, — tan(6(E)) = ———— —> allows for both zero and pole in g cot 6
d 1 + C2q2

* A, R, and C. are parameters of % , and thus inherently scheme dependent

 Additional fit parameter g]%,Nﬂ (shared with I = 1) is coefficient of

Miguel Salg (University of Bern)

—> physical
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)

L ' -~ | | | | | | N o ' — |
21210 Deuteron . I 4 Dineutron |
5 10l channel (I = 0) varymg cutoff 11 channel (I =1)|
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.. i mleenlls : x?/dof = 16.65/17
= 2.06} 1 344 - mZ%a = 5.0
= jigq; FOEEE | : \2/dof = 15.66/17
* - mmemem mm—— e ——— 1t - e . 2 L
= 2.04f P 1L RALEL 1| mia=060
' 11 : x?/dof = 15.08/17
N e Jeggy Biddy 1 === ] { m?vcv:TO
02 F— I 43388 - 2/dof = 14.72/17
| 11 1 2
' 221X 1 - mya = 8.0
2.00} i ——n b \2/dof = 14.49/17
3 1 g E = = = Sty xr =  oORU e ;
1.98¢} | | | 1t , , , ~{Dataset 2
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Miguel Salg (University of Bern) no SPD mixing 2



NN scattering on D251 (M, = 280 MeV)

Cutoff dependence of fit parameters (relativistic formalism)

G;and F; |

100 -

internally use i
exponential cutoff,

exp{al(g*)* — (k*)*]}

Kim, Sachrajda, and Sharpe 2005 [NPB 727, 218]

80 1

—> Larger a means .||,

stricter cutoff 100-
Q%E 7.5

g 5.0 -

Dataset 1 257

ERE3 (I = 0)/ERE2 (I = 1)
no SD mixing

Miguel Salg (University of Bern)
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NN scattering on J250 (M = 200 MeV)

Cutoff dependence of fit parameters (relativistic formalism)

140 A

(iE§71[Jizllfl(jl JF;EZ,JEJ 120 1

internally use
exponential cutoff,
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—> Larger o means il

stricter cutoff N
Dataset 2
ERE3 (I = 0)/ERE2 (I = 1)
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NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter

2.125¢
2.100¢

~ 2.075}

2.025¢
2.000}

1.975¢

L 2.050¢

llllllllllllllllllllllllllllllllllllllllllllllllll

lllllllllllllllllllllllll

Miguel Salg (University of Bern)

~ ) - é )
| Deuteron varying cutoff Dineutron :
| channel (I = 0) ': _...|channel (I =1)|
N y I == )]
assy T 7T ] w71 | — Lattice energies
________ ) I - == - | | — = Non-interacting
A AN =1.8M,
____________ e e I * \2/dof = 11.92/18
EE s o A =23M,
-------- =t stk e " x2/dof = 10.98/18
o et R A = 2.8M,
p— p— x?/dof = 10.61/18
. EsRsi== ""—_: A= 33M7T
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" x?2/dof = 11.91/18
Tg(0) Ax(1) E(1) Ax2) Bi(2) Ba(2) Ax3) E3) Ax4) E(4) Ag(0) Ai(1) A(2) AB3) A4 pyraset 2

NLO, no $D mixing -,




NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter

e R _ 4 Ay
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Plane-wave basis produces all partial waves
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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NN scattering: / = 0 (deuteron)

Comparison of plane-wave and relativistic formalisms

D251 (M, = 280 MeV) J250 (M, = 200 MeV)
| | /2
1.49 —— Plane-wave QC, Re 7 .41 —— Plane-wave QC, Re
1 9- Plane-wave QC, Im /// 1.9 - Plane-wave QC, Im
---= Relativistic QC, Re /// -—=- Relativistic QC, Re
. 1.07 ——- Relativistic QC, Im /// + 1.09 ——- Relativistic QC, Im
I |
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