NN scattering amplitudes at light

quark masses

Miguel Salg

Ba
For the Baryon Scattering (BaSc) Collaboration q}i%

> Sc

Lattice 2026, University of Maryland, College Park, July 26 — August 1, 2026

u I_I_‘ Schweizerischer UniBern |Forschungsstiftung

Nationalfonds Berne University Research Foundation

UNIVERSITAT



Collaborators

Jorge Baeza-Ballesteros André Baiao Raposo Davide Laudicina Malcolm Lazarow

John Bulava Andrew Hanlon Colin Morningstar Fernando Romero-L6pez Hartmut Wittig Ba P
(b\o

Jeremy Green Daniel Mohler Amy Nicholson André Walker-Loud + BaSc collaboration e

Miguel Salg (University of Bern)



NN scattering from lattice QCD

Deuteron towards the physical pion mass

» Large pion masses (M~ 710 MeV):
both/ = 0and I = 1 NN interaction

attractive, but not strong enough to

form bound states

—> deuteron is virtual state

qcotd /my
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» Goal: find value of M_ where deuteron

unbinds

Bulava et al. (BaSc) 2026 [PRC 113, 024002]
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* Now: preliminary results at M_ = 280 MeV (CLS D251) and M_ = 200 MeV (J250)
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NN scattering from lattice QCD
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» Goal: find value of M_ where deuteron L ]
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* Now: preliminary results at M_ = 280 MeV (CLS D251) and M_ = 200 MeV (J250)
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Extraction of the finite-volume spectrum

* Build correlator matrix from basis of bilocal two-nucleon
operators, N(p,;)N(p,) — GEVP
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Extraction of the finite-volume spectrum

* Build correlator matrix from basis of bilocal two-nucleon
operators, N(p,;)N(p,) — GEVP

* Correlator analysis based on simultaneous multi-exponential
fits to NV and rotated NN correlators, using priors

Bulava et al. (BaSc) 2026 [PRC 113, 024002]

» Exploits correlations between excited states and noise

» Directly constrains energy shifts 0 = Eyy — Ey — Ey.

 Positive definite overlaps, in contrast to ratios
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» Directly constrains energy shifts 0 = Eyy — Ey — Ey.

 Positive definite overlaps, in contrast to ratios
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Extraction of the finite-volume spectrum

0.72 - Ny, =1 I 2 I 3

* Build correlator matrix from basis of bilocal two-nucleon N M, =280 MeV

0.70 7

operators, N(p,;)N(p,) — GEVP TN

= 0.68 -

* Correlator analysis based on simultaneous multi-exponential oo HE

0.66 -

fits to N and rotated NN correlators, using priors -
Bulava et al. (BaSc) 2026 [PRC 113, 024002] )\
* Exploits correlations between excited states and noise Y
» Directly constrains energy shifts 0 = Eyy — Ey — Ey. = ﬁﬂumllﬂ}
 Positive definite overlaps, in contrast to ratios 1
* Two independent analyses yield compatible datasets _t/a
C?Oﬁ_ -.,--:'~'
» Stable w.r.t. variations in ¢_. . number of states, and priors B A I

tuin./® Dataset 1
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Extraction of the finite-volume spectrum

Ny =1 | 3

* Build correlator matrix from basis of bilocal two-nucleon il % M, =200 MeV
operators, N(p,)N(p,) —> GEVP EICTE PO
el i o '_H_r::_‘_L::_Li'I_l f. -
* Correlator analysis based on simultaneous multi-exponential *
fits to N and rotated NN correlators, using priors .
Bulava et al. (BaSc) 2026 [PRC 113, 024002]
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — mg in scattering amplitude
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — m,% in scattering amplitude

M 4(5)
N(p) 5 N(p’) i lhc rhe
X

N(P _ p) E N(P _p/) (p’ — P)2 — m% l€ 1 /\ ﬁthr _4mN

Do . — Am2 _
* This induces uncontrolled finite-volume effects close to the cut = dmy —m;
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NN scattering: left-hand cuts

 f-channel exchange of light particles (here: pions) leads, after partial-wave

projection, to left-hand cut (Ihc) at —oo < E* < 4m]%, — m,% in scattering amplitude

M 4(5)
N(p) 5 N(p’) i lhc rhc
X

NP ) ; NPy PP mE e /\ fsthr—élmN

s = 4mi — m?

* This induces uncontrolled finite-volume effects close to the cut

* Here: two alternatives that are valid in the presence of lhcs

o o . . . Baido Raposo and Hansen 2024 [JHEP 2024, 075]
» Relativistic formalism based on all-orders perturbation theory g.:q koo et al. 2025 UHeP 2025, 186

* QC in plane-wave basis —> based on Lippmann-Schwinger eq. with NR EFT potential

Meng and Epelbaum 2021 [JHEP 2021, 051]
Meng et al. 2024 [PRD 109, LO71506]
Miguel Salg (University of Bern) Jorge Baeza-Ballesteros, poster session A S
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NN scattering: left-hand cuts

Relativistic formalism

Baido Raposo and Hansen 2024 [JHEP 2024, 075]
Baido Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),

det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

Miguel Salg (University of Bern)
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NN scattering: left-hand cuts

R I t. . t. f I. Baido Raposo and Hansen 2024 [JHEP 2024, 075]
elativistic Tormalism ;. Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),
det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\ /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

* Determine % ((£) and OPE coupling(s) (here: gy,,) from fit to LQCD spectrum

* Infinite-volume scattering amplitude can be obtained by solving known integral egs.
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https://doi.org/10.1007/JHEP08(2024)075
https://doi.org/10.1007/JHEP06(2025)186

NN scattering: left-hand cuts

R I t. . t. f I. Baido Raposo and Hansen 2024 [JHEP 2024, 075]
elativistic Tormalism ;. Raposo et al. 2025 [JHEP 2025, 186]

* Idea: derive modified QC taking into account one-particle exchanges (OPEs),
det [H,'(E)+ Fy (E,P)+ G, (E,P)|p_p =0

aJm;CS A /\ /\
Modified K-matrix, | | Lischer kinematic
Kok € R)eR, FV function
non-singular

* Determine % ((£) and OPE coupling(s) (here: gy,,) from fit to LQCD spectrum

* Infinite-volume scattering amplitude can be obtained by solving known integral egs.

* ¢; contains inverse of matrix in plane-wave basis —> numerically more expensive

* OPE contributes to all partial waves since partial-wave projection is done only at the end
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https://doi.org/10.1007/JHEP08(2024)075
https://doi.org/10.1007/JHEP06(2025)186

NN scattering on D251 (M, = 280 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
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Lattice energies
Non-interacting

{ ERE3 + rational
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NN scattering on D251 (M = 280 MeV)

Fit results for the phase shifts (relativistic formalism)
[Deuteron channel (I = O)j [Dineutron channel (I = 1))
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Dataset 1
» f-wave significant in I = 0, even without $D mixing in %, no SD mixing, ERE3 + ERE2

6 fit parameters
 Compares well with Liischer at this M_ = 280 MeV and above  Cutoff param. mya =7

lhc, but will become necessary at lower M _
Miguel Salg (University of Bern)
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)
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NN scattering on J250 (M = 200 MeV)

Fit results for the phase shifts (relativistic formalism)

[Deuteron channel (I = O)j
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» f-wave significant in I = 0, even without $D mixing in %,

0.02

» Significant lhc effects around threshold in I = 0 —> deviations

from standard Liischer for lowest few energy levels
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Dataset 2
no $D mixing, ERE3 + ERE2
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

 Starting point: non-relativistic Lippman3n—Schwinger equation (LSE),
d°qQepy
- (27)3

» Use non-relativistic potential derived from EFT, V = Vypp + V.

M (Péms Pems S) = — V(Pems Pem) T V(Pem» dem) A (s> Perms S)

ontact

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

» Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe
M Py Pems ) = = VPems Pem) T 5 V(Pems Qem) M ( Qe Pems S)
- (2m)
» Use non-relativistic potential derived from EFT, V = Vg + V. act

* Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

» Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe
M Py Pems ) = = VPems Pem) T 5 V(Pems Qem) M ( Qe Pems S)
- (2m)
» Use non-relativistic potential derived from EFT, V = Vg + V. act

* Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM

* Only (= depends on finite-volume energies —> QC reduces to eigenvalue problem

Miguel Salg (University of Bern) 12
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NN scattering: left-hand cuts

Quantisation condition in the plane-wave basis Vengand Epelbaum 2021 [JHEP 2021, 051
Meng et al. 2024 [PRD 109, LO71506]

Jorge Baeza-Ballesteros, poster session A

Starting point: non-relativistic Lippmann-Schwinger equation (LSE),

Qe
M Py Pems ) = = VPems Pem) T 5 V(Pems Qem) M ( Qe Pems S)
- (2m)
Use non-relativistic potential derived from EFT, V = Vypp + V. 1iact

Expand LSE in finite volume plane-wave basis —> matrix eq.: M = V + VJGM
Only (> depends on finite-volume energies —> QC reduces to eigenvalue problem

Determine parameters of V from fit to LQCD spectrum

Infinite-volume scattering amplitude can be obtained by solving infinite-volume LSE

Miguel Salg (University of Bern) 12
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NN scattering on D251 (M = 280 MeV)

Fit results for the phase shifts (plane-wave basis)

e

15@ L ] 1 Dataset2 — Plane-wave QC:
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Compares well with Luscher at this M_ = 280 MeV and above Ihc,

Viguel Salg (University of 8oy OUE Will become necessary at lower M
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NN scattering on J250 (M = 200 MeV)

Fit results for the phase shifts (plane-wave basis)
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NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

i I Y A
SO 1.0t =5=My " 710 MeV
* Significant lhc 1o’ 280 Mow | | .
effects around > Qg [T M 200 Mey | T s ‘;
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C 0.000 0.025 0050 O0.075 0.100 p*/ GeV?
2
p°/ GeV: M_ =710 MeV: reanalysis of Bulava et al. (BaSc) 2026 [PRC 113, 024002]

M_ = 280 MeV, 200 MeV: this work (dataset 2)
Miguel Salg (University of Bern) 15
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NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

1oNi 1.0t =M, " 710 MeV]
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M_ = 280 MeV, 200 MeV: this work (dataset 2)
Miguel Salg (University of Bern) 15
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NN scattering: plane-wave basis

Comparison between the three ensembles for the deuteron

| =0 (deuteron)

0.0 ¢ Plane-wave QC
01 ! Relativistic QC
— ool | |
» Significant lhc LOp =M s
- # s _ S
effects around > ogllmMem e S Y S e é
i |'>‘ I 0.6
threshold for © e 2 } _ oo ;
A e 200 300 400 500 600 700 & : AN £
M]Z' — 200 Mev ' = | =0 (deuteron) , M!’[‘I\/I/eV] / : 9 0.05:' . \\ //
; ~
* Virtual state moves _ . &
closer to threshold '] 1t =0 (d‘?“t.em”i T
o < 140 1 [Preliminary I 0.10¢
—> transitionto ~'® I
o I — 0 0005 0010
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p 1 oeV M_ =710 MeV: reanalysis of Bulava et al. (BaSc) 2026 [PRC 113, 024002]

M_ = 280 MeV, 200 MeV: this work (dataset 2)
Miguel Salg (University of Bern) 15
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Summary and outlook

 Finite-volume spectrum of NN system can be computed reliably at light quark
masses —> towards physical M

» Extraction of scattering amplitudes complicated by presence of left-hand cut

e Relativistic formalism O | = 0 (deuteron)
501, _
*  Experiment
* Plane-wave basis QC & e o
s }
= 125
> l
£ 1 50- |
£
| 75-
| 100-
| 125- {
200 300 400 500 600 700

M, [MeV]

Miguel Salg (University of Bern)
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Summary and outlook

 Finite-volume spectrum of NN system can be computed reliably at light quark
masses —> towards physical M

» Extraction of scattering amplitudes complicated by presence of left-hand cut

* Relativistic formalism | = 0 (deuteron)
501, .
*  Experiment
* Plane-wave basis QC & e o
: : S ) ‘
* Future directions RS I B
£ 1 50- I
* Even smaller pion masses —> find bound deuteron = .5
. . . I 100-
e Continuum limit ¥

1 1254

200 300 400 500 600 700
M, [MeV]

Miguel Salg (University of Bern)
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NN scattering: relativistic formalism

Obtaining the physical scattering amplitude  saizo Raposo etal. 2025 [JHEP 2025, 186]

* Partial-wave projected infinite-volume scattering amplitude can be written as
M= M+ (1 + ig)(ﬂal +6) (1 + iR), where M is amplitude corresponding to K,

* M & satisties the integral equatzion Two-particle pole in IV
0 V
M(p',p) =16(p,p) + 1&(p', k)iA, (k)i (k, p) —> solve as matrix equation
. — n 2][2 ’
——1 2k kK’ © K2dk k ° |
» iZ(p) = i M &(p, K)iAy o (k) JAR(p) = (T BRIl gk, p),
'0 212 (q) ‘o 2T ( g)
di€¢ Tkde T kdk K A, (KiK' k)IA, (k)
and (€ = I l LKA, —
'y 272l 272 ( q) %00 g 2 g)

Miguel Salg (University of Bern) 18
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NN scattering: relativistic formalism

Spectrum fit: Models for / = 0

3 1 1
. Without §, D-wave mixing: ERE3 for &), g cot(0(E)) = — — + —Rq* + C¥qg*

A 2
Blatt and Biedenharn 1952 [PR 86, 399], 1954 [PR 93, 1387]
* With §, D-wave mixing: Blatt-Biedenharn parameterisation for modified K-matrix,

g cot(0 (E)) 0
( 0 q COt(Sﬁ(E)))

a rotation matrix, and we use g cot(Sa(E)) = — + + ERO[qr2 and g’ cot(Sﬂ(E)) — 00

HWE) = QR (0g%) R(0gH)Q,where Q ., = 5,,q°, R is

04

*« AR, C (2) and @ are parameters of J% ; and thus inherently scheme dependent

* Additional fit parameter 812% (shared with I = 1) is coefficient of __ —> physical

Miguel Salg (University of Bern)
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NN scattering: relativistic formalism

Spectrum fit: Models for 7/ = 1

» No §, D-wave mixing, only A,-like irreps

 Two models for modified K-matrix

_ 1 1
. ERE2, g cot(6(E)) = — — + —Rg*

A 2
. 1 . Cy+ Clqr2 | -
» Rational, — tan(6(E)) = ———— —> allows for both zero and pole in g cot 6
d 1 + C2q2

* A, R, and C. are parameters of % , and thus inherently scheme dependent

 Additional fit parameter g]%,Nﬂ (shared with I = 1) is coefficient of

Miguel Salg (University of Bern)

—> physical
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NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (relativistic formalism)

L ' -~ | | | | | | N o ' — |
2121 Deuteron . i 44|  Dineutron
5 10l channel (I = 0) varyimng cutoff 11 channel (I = 1)]|;
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208f T sy AR m21 =4.0
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z 2.06} 1 344 : mZ! =5.0
= si34q YOHHE 1 : "2/ dof = 15.66/ 17
W2 04t YT i et I| ; mk! =60
| 11 - "2/ dof = 15.08 17
e e ——— kX -L-‘-*—f- 1 e e ] 21 =
2021 o 11 35833 1l TZN' Z'O
| — I : /dof = 14.72 17
2.00 t . _
| e —— 2| dof = 14.49 17
_=----§- +$4--------—---"-----"-4-"------— -3- m—-ﬁm----: [T
1.98} 1t PDataset 2

Tig(0) A2(1) E(1) Ax(2) B1(2) B2(2) A:(3) E(B) Axd) E@)  Ag0) Ai(l) A2) Ai3) Ar(d) ERE3 ( = 0)/ ERE2 ( = 1)

Miguel Salg (University of Bern) no SPD mixing 2



NN scattering on D251 (M, = 280 MeV)

Cutoff dependence of fit parameters (relativistic formalism)

110+
G;and F;

100+

internally use E
exponential cutoff,

exp{al(g*)* — (k*)*]}

Kim, Sachrajda, and Sharpe 2005 [NPB 727, 218]

80+

—> Larger a means [,
stricter cutoff 100-

" 7.5-

&’
o
z
S

Dataset 1 11|
004 [+

ERE3 (I = 0)/ERE2 (I = 1)
no SD mixing

Miguel Salg (University of Bern)
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NN scattering on J250 (M = 200 MeV)

Cutoff dependence of fit parameters (relativistic formalism)

140
%L and FZ,L 120 | 4 ¢ ¢
internally use Rl
. S 100 .o
exponential cutoff, ﬁ
2 2 80-
explal(g)? — (k") 1
Kim, Sachrajda, and Sharpe 2005 [NPB 727, 218] my !

—> Larger a means  u||

stricter cutoff N
Dataset 2
ERE3 (I = 0)/ERE2 (I = 1)

no SD mixing

Miguel Salg (University of Bern)
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NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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NN scattering on D251 (M = 280 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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Plane-wave basis produces all partial waves



NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter

llllllllllllllllllllllllllllllllllllllllllllllllll

lllllllllllllllllllllllll

e ) I " _ A}
2.125:r Deuteron varying cutoff 1 T Dineutron :
‘| channel (I = 0) i channel (I =1)|
2.100 ™ J 1 _ )
---- yreliminary 20900 [TETT :
s . a T
- 2.075 o T o

s T | LEEE
— 2050 o ___ ____ ____ 33 TEET T e ]
LLI | bid s :: 44— :
2025 oo - 1535 33 1 R -
z G R z
2,000 = jj j
B o e e _-F__-!t-____! ____________________________________ $8 9

1.975

11111111111111111111111111111111111111111111111111

1111111111111111111111111

1|~ Lattice energies
| | = = Non-interacting

=1 .8M,
"2/ dof = 2245 17
=2 3M|
"2/ dof = 2014 17
=2 8M|
"2/ dof = 1885 17
! =3 3M|

"2/ dof = 1836 17

T1g(0) Ax(1) E(1) Ax2) Bi(2) Ba(2) Ax3) E@B) Ax4) E(4) Alg(o) A1(1) Ai(2) A(3) A

Miguel Salg (University of Bern)

1(4) Dataset 2
NLO, with $D mixing,




e N | ~ ™ |
2.125 o 1 ' .
| Deuteron varying models ! : Dineutron _
| channel (I = 0) i channel (I = 1)
2.100 - J T \- J
- - - i 2
-— e T — |
> 2075 : : _— L
A [ =
= | | !
—~ 20¢  ____ ____ ____ s 33 T ¢T - —
_' o
L | — | —+ _
2025 = - --- —___ i35 %3 : :
| E e |
2,000 = S -
:"l'i ____________________________________________________________________ _—.l:;__—___—_!T _____ ?-___________________________________!____
1.975

NN scattering on J250 (M = 200 MeV)

Finite-volume spectrum and fit stability (plane-wave basis)

Combined fit to both isospins with OPE coupling g,,,,, as common fit parameter
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Dataset 2
Cutoff A = 3M_
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(q/M ) cot!]"=1"
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NN scattering: / = 0 (deuteron)

Comparison of plane-wave and relativistic formalisms

D251 M~ = 280 MeV)
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Miguel Salg (University of Bern)
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