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Motivation and
x-dependent GPDs from LQCD



Motivation

Why GPDs? | SO
- Correlate longitudinal momentum and transverse position '
- Unify information from PDFs, form factors (ffs), and generalized ffs
- 3D tomography of hadrons (together with TMDs)

- Central goal of the EIC and Jefferson Lab science programs

Image Credit: Cédric Lorcé

- Lattice results can constrain global analyses and GPD parametrizations SCENCE REQUIENENTS
https://qgtcollab.github.io/ oo, @ENERGY < {T) E“CTCR%T“S'E’:T?Z?E?Q‘:’EE
QUARK-GLUON e —
Why the pion and kaon? | AT
- Laboratories for understanding emergent hadron mass |
- Pion: specialrole as a pseudo-Goldstone boson _!gf_fg-gon
- Kaon: interplay of a light quark and a heavier strange quark Lab

- Direct probe of SU(3)-flavor-symmetry breaking



x-dependent GPDs from lattice QCD

- Extracted from off-forward kinematic and multi-dimensional
(longitudinal x, momentum transfer squared —t, and skewness ¢)

Image Credit: Cédric Lorcé

- Light-cone quantity (cannot be accessed directly from Euclidean lattice)

dZ_ —ix +.— -
——e P D (= W (=5, 3)a() | i)

F(x,£.1) =J -

- LaMET and SDF connect spatial nonlocal matrix elements to light-cone GPDs
[X. Ji, PRL 110 (2013) 262002; Sci. China Phys. M.A. 57 (2014) 1407] [A. Radyushkin, PRD 96, 034025 (2017)]

» Required hadron-momentum boost and momentum transfer increase statistical noise
> Momentum transfer: major computational challenge (conventionally in symmetric frame)

> Reconstruction of the x-dependence is an inverse problem
(multi-dimensionality is additional complication)

LaMET focus of this talk



Lattice Methodology
for GPDs:

LaMET (quasi-GPDs approach)



Kinematic setup

Traditional Briet Frame (Symmetric)

o ﬁf fixed
-Only one —t = A? is useful

**Huge computational cost
® Impractical for GPDs

Asymmetric Frame
(alternative parametrization)

[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

ﬁf — (0)0) Pz)

Method of choice

* Py fixed:
- Several —t = A% is useful
**Reduced computational cost

© - Ideal for extracting GPDs!




Analysis of Method
_ 1.45 1
o . L% 1.40 EIIIIIIEII
- Calculation in asymmetric frame for vector operators: y* (u = 0,1,2) % s /
f _ _ 4
M, = (pf|3@y*W(z,0)q(2)|p; — A) oy _ S
0/ 5 10
14 - N ® P=+24=(0,00
- Extraction of matrix element through a plateau fit 1} 3 1 ** v rona-cio
.I.L 10 * & P=+2A=(0 +1,0)
- _ _ _ ;DS_ “* ¥ P=+2,A=(D,-1,0)
CF (zpu s tat) |G (i ts — 0 0, G Dy, t5) L=t a - 0 Y
R » Piy yLtg) = > f . . E 4 = -2 A=i+10,
m(Z PPy b Ls) Colt (o ts) \[ij’t(pf, ts = Cyf P )Cyf (Pits)  t»a (2 Pi Py ts) . Zj S# ! p- 28100
T P= -2, A=i(0 +1,0)
% 02 ' ¥ P=-24=(0 -1,0)
Dﬂ1iiiti*‘*‘ "!l::!ll
- Decomposition into Lorentz invariant amplitudes [ e e o S S e

(A4, A3) and extraction of quasi-GPD

- Hybrid renormalization and exploration of large-z behavior

- Xx-dependence reconstruction (Backus-Gilbert and Neural Networks)

- Extraction of light-cone GPDs via a 1-loop matching kernel for hybrid



[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

Extracting Amplitudes o (Ef”f Ef‘Eng)

A+
2m m

0" \/AEE
“*Three MEs (y,, 71, V>) used to disentangle Lorentz T
invariant amplitudes 4;

¢ Y3 operator not used due to mixing and related to twist-3

“* A; have definite symmetries I = ~ (A2 A, +ﬁA3)
+A¥(=z-P,z- A, A% 7%) =A(z- P,z A, A% 27) A5E;

' +A§k(_Z.P,Z. A','Azazz) =A3(Z.P’Z. A’AZ’ZZ)

¢ Quasi H-GPD related to A; (definition not unique for quasi-GPDs)

H(z-Pz-AA%22) =@ (2- P,z A, A%, 2?%)

Zero kinematic coefficient at =0 (A; = 0)
Az oddunder§ (43(6=0)=0) EI



Hybrid Renormalization

[X.Ji etal., NPB 964 (2021) 115311]

Additional UV divergence in nonlocal operators with
Wilson line: Linear power divergence e~ 2 (97 +mo)z

Hybrid renorm. treats 7,
short- and long-z differently

(%5(z, B, &)
}[B (Z; 070)

zZ < Zg

Hg(z, P, A) eOm+mo)(z-75) 7 > 5

\ H5(25,0,0)

Approach: Fitbare quasi PDF Hp-¢) in two regions

A. Extract om from high z (12a — 16a)

ln?—[(p=0) =omz+ A

B. Extract m, fromlow z (2a — 4a)

Co

n

=myz—+ A

(6m from previous fit and Wilson coefficient Cy)

2y
chLo =1 +@(ilnz2y2“’ i +5)

T \2

4 2

D. Use 6m and mg in renormalization with z, = 3a
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La rge 7Z-extra p O lat| on [X.Ji etal., arXiv:2601.12189]

Replacement of noisy data with physics-motivated asymptotic form that may
improve reconstruction of x-space distributions.

At zero skewness:
LA: Hp = (Cle_lzpz + Cz)e_AQCDZ
NLA: 3 = (Cre ™27 + C;)e™0een? 4 (Cye ™2 4+ C,)°

_AQCD Z

VA

Investigations of z,,,;;, and z,,,,, entering the fits, e.g.,
LA : [Zmin, Zmax] ~ 0.75 —1 fm
NLA: [Zin Zmax] ~ 0.55 — 0.85fm

Fine lattice spacing important in interplay of fit-range and number of data points

Agcp may be fixed, loosely constrained (200 — 800 MeV) or left free parameter



Reconstructing x-space and matching

x-dependence reconstruction ANN single neural network

N(©)
ANNO)(z) = bgi) + Z [wgi)) In (1 + exp(bg?-) + wg)m)) ]

[M.-H. Chu et al., JHEP 05 (2026) 210]

hidden output
layer layer

Target parametrization: ¢®(@)=2""(1 - 2)"” ANN©)(2)

Parameters 0, p, b, w: fitted to lattice data

ANN replaces a low-parameter Ansatz and provides a
flexible continuous parametrization of the distribution

Light-cone PDF parametrized with an ANN and fitted through: inverse matching,
Fourier transformation, and comparison with the lattice matrix elements.
Compa rison with Backus-Gilbert [G. Backus et al., Geophysical Journal International 16 (2) 169]

Matching formalism
One-loop accuracy: Cratio from:
Chybria (&, 12/ (9%)?, 21°) = Crasio (&, 1£°/ ()?) [T. 1zibuchi et al, PRD98 056004 (2018)]
asCr 3 1 25i((1 — &)As)

T oor 2| e, " w1—¢ |’ [X.Jietal, NPB 964 (2021)115311]



Results



—t=A? — (E(ps) — E(p:))?

Lattice Setup .

2.01

— Parameters R
Ensemble B a [fm] \\ volume L3 x T Ny (/'mTr MeV] m, | L [fm] — 151 . .
N> - ° Y
cA211.30.32 | 1.726 0.09471(39)/’ 323 x 64 2+1+1 N_265 1 4 3.0 3 . . Bl . .
~—__ :I' : L4

&=0 calculations

Py [GeV]| 0 4041  +0.83  +124  £166  +2.07 . : . . .
ts/a 12 12 12 12 10 10 0.:)0 0.41 0.83 1.;5 1.;7 2.:)5
Neonss | 1,198 1,198 1,198 1,198 1,198 1,198 > . o
NZ, 1 8 8 864 24100 200 — 400> 201 . '
N 1 8 8 8 24 200 cis . ) . .
NZ, 1,198 9,584 9,584 9,584 57,504 383,360 %10_ ’ : . : .
NE, 1,198 9,584 9,584 9,584 28,752 239,600 : . : . .
Increased statistics compared to PDFs 051 o ’ . . .
« —tdifferentfor each momentum transfer " e e v 2'05
even at P; fixed. —t/P# defines reliability
e —tdependson mass of calculation



(Selected) Matrix Elements for y,

P, = 1.25 GeV
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Bare Amplitude A, :

(P; = 1.25 GeV]all —t)

Good signal quality for most values of
— t, but large values unreliable

° . _ %
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Quasi-GPDs in x-space

Pion, P3=1.67 GeV, —r=0.169 Gev? Pion, P3=1.67 GeV, —r=0.333 Gev?

Pion, P3=1.67 GeV, —r=0.649 Gev?
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Light-cone GPDs

Light Cone GPD, Pion, P3 =1.67 GeV, —t=0.169 GeV?> Light Cone GPD, Pion, P3 =1.67 GeV, —t=0.333 GeV? Light Cone GPD, Pion, P; =1.67 GeV, —t=0.649 GeV?
3.5 . ' i
i lc at 2 GeV (ANN) i lcat2 GeV (ANN) | 2.0 i lcat2 GeV (ANN) |@
3.0 i Ic at 2 GeV (BG) 231 Ic at 2 GeV (BG) H Ic at 2 GeV (BG) BG a n d A N N
i | 1.5 . .
| differences in
2.0 | 1.5 1.0 .
N | 0 quasi-GPDs
5\ 1
i 0.51
; ; appear as small
] 1 00 e iy e —
0.5 i : . .
N | 00 [ommeanenenctll o e e differences in
U e o ssesnaocenSE R S———— ; 0.51 :
Light Cone GPD, Kaon (u), Ps = 1.67 GeV, —=0.169 GeV? Light Cone GPD, Kaon (u), P3=1.67 GeV, —t=0.334 GeV2  Light Cone GPD, Kaon (u), P3 = 1.67 GeV, —=0.651 GeV? Interme d |late-Xx
3.0 i lcat2 GeV (ANN) | 2.51 i Ic at 2 GeV (ANN) 01 i Ic at 2 GeV (ANN) .
| lc at 2 GeV (BG) i lc at 2 GeV (BG) | Ic at 2 GeV (BG) Fe g 10N
25 i 2.0 | 51 ;
1 1 1
1 1 1 . .
| ; | * Anti-quarkregion
1.0 1 i ] ! ! .
. ; ; o - | . not reliable
| S (. |
h) YT ; 51 g
Light Cone GPD, K:aon (s), P3=1.67 GeV, —t=0.169 GeV? Light Cone GPD, K.aon (s), P3=1.67 GeV, —t=0.334 GeV? 2o Light Cone GPD, K:aon (s), P3=1.67 GeV, —t=0.651 GeV? P S m a ll_ a n d la rge_x
-0 ' lcat2 GeV(ANN) | 2.51 lc at 2 GeV (ANN) i lc at 2 GeV (ANN)
[ Ic at 2 GeV (BG) 1 GeV (BG i Ic at 2 GeV (BG)
| o _ | Ret2GNED ]| 1) | e suffer from
: 2.0 i
| | Increased
51 i ! . .
i | L 5 ; uncertainties
i 0.5 i E
.51 i ! 0.0 fmmmme=c==ass-spgud 'E —————————————————————————————————————
i 0.0 {=mmmm==zacnmggft § e e i
(D T
-1.0 -05 0.0 05 1.0 1.5 20 -1 2 j : ' : _ . # " - - : s

0.5 1.0 1.5



Summary and Future Work



Summary and Future Work

= Extracting pion and kaon GPDs for a wide kinematic range is possible due to

Follow-up work

Lorentz-invariant parametrization utilizing asymmetric kinematic frames.
This opens a practical path toward pion and kaon tomography from lattice QCD

Improvements in renormalization (hybrid) and x-space reconstruction

(neural networks), and exploration of large-z behavior

0.6

—04

= 03

Parametrization of -t dependence and impact-parameter .
space distributions
GPDs from Short Distance Factorization on existing data

0.4

Nonzero skewness

0.3

Twist-3 GPDs

0.1

Mellin moments via OPE on these nonlocal operators

[Miller et al., arXiv:2606.28102], also slides of J. Miller
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P3=3102=2
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Thank you!

Please let me know if you have any questions

Collaborators: Minhuan Chu, Krzysztof Cichy,

m Martha Constantinou, and Joshua Miller
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Conversion from lattice units to physical

ni= P3={0, 1, 2, 3, 4, 5};

nei- Delta = {{1, 0}, {1, 1}, {2, 0}, {2, 1}, {2, 2}, {3, 0}, {3, 1}, {4, 0}};
k= («+ -t 1 %)

mn@al= (x+ Pion x)

nhzi- Table[Table [ {StringJloin[StringJoin["P3=", ToString[P3[i]1], " ", StringJoin["D=", ToString[Delta[j, 1]], ToString[Deltalj, 21111,
SetAccuracy[
(0.197 / 0.0934) A2
((2Pi/32)A2 (Delta[j, 112 +Deltaf[j, 2]72) - (Sqrt[0.12542 + (2Pi/32)72 (P3[i]*2)] - Sqrt[0.125A2 + (2 Pi/32) "2 (Delta[j, 1]"2 +Delta[j, 2172 + P3[i]"*2)])"2), 4]} ,
{i, 1, 8}1, {i, 1, 6}]
ounz- {{{P3=0 D=10, 0.120}, {P3=0 D=11,
{{P3=1 D=1, 0.149}, {P3=1 D=11,
{{P3=2 D=10, 0.163}, {P3=2 D=11,
{{P3=3 D=10, 0.167}, {P3=3 D=11,
[c]
[¢]

.200}, {P3=0 D=20, 0.319}, {P3=0 D=21,
.268}, {P3=1 D=20, 0.463}, {P3=1 D=21,
.311}, {P3=2 D=20, 0.576}, {P3=2 D=21,
.327}, {P3=3 D=20, 0.625}, {P3=3 D=21,
0.
0.

.369}, {P3=0 D=22, 0.494}, {P3=0 D=30,
.547}, {P3=1 D=22, 0.765}, {P3=1 D=30,

0 .531}, {P3=0 D=31,
0
.697}, {P3=2 D=22, 1.025}, {P3=2 D=30,
1
1
1

.830}, {P3=1 D=31,
.125}, {P3=2 D=31,
.287}, {P3=3 D=31,
.376}, {P3=4 D-=31,
.427}, {P3=5 D=31,

.565}, {P3=0 D=40,
.891}, {P3=1 D=40, 1.214}},
.221}, {P3=2 D=40, 1.741}},

0.745}},
1
1
.408}, {P3=3 D=40, 2.076}},
2
2

.767}, {P3=3 D=22, 1.163}, {P3=3 D=30,
.801}, {P3=4 D=22, 1.236}, {P3=4 D=30,
.819}, {P3=5 D=22, 1.278}, {P3=5 D=30,

({P3-4 D-10, 0.169}, {P3-4 D-11,
{{P3=5 D=1, 0.170}, {P3=5 D=11,

.333}, {P3=4 D=20, 0.649}, {P3=4 D=21,
.337}, {P3=5 D=20, 0.661}, {P3=5 D=21,

.512}, {P3-4 D-40, 2.282}},
.573}, {P3=5 D=40, 2.411}}}

© @ @ © © ©
© © @ © © ©
H B - RO e
[ N <}

= (% Kaon x)

1= Table[Table [ {Stringloin[StringJoin["P3=", ToString[P3[i]]1], " ", StringJoin["D=", ToString[Delta[j, 1]], ToString[Deltalj, 21111,
SetAccuracy|[
(0.197 / ©.0934) A2
((2Pi/32)A72 (Delta[j, 1172 +Delta[j, 2]72) - (SqQrt[0.25A2 + (2Pi/32)A2 (P3[iJ*2)] - Sqrt[0.25A2 + (2 Pi/32) A2 (Delta[j, 1]72 +Delta[j, 2]72 + P3[i]"2)])A2), 41},
{i, 1,8}, {i, 1, 6}]
oun= {{{P3=0 D=10, 0.151}, {P3=0 D=11,
{{P3=1 D=10, 0.158}, {P3=1 D=11,
{{P3=2 D=10, 0.164}, {P3=2 D=11,
{{P3=3 D=10, 0.168}, {P3=3 D=11,
Q
0]

.275}, {P3=0 D=20,
.295}, {P3=1 D=20,
.317}, {P3=2 D=20,
.328}, {P3=3 D=20,
.334}, {P3=4 D=20,
.337}, {P3=5 D=20,

.479}, {P3=0 D=21,
.530}, {P3=1 D=21,
.594}, {P3=2 D=21,
.631}, {P3=3 D=21,
.651}, {P3=4 D=21,
.662}, {P3=5 D=21,

.568}, {P3=0 D=22, 0.799}, {P3=0 D=30,
.634), {P3-1 D-22, 0.911}, {P3-1 D-30,

0 .867}, {P3=0 D=31, 0.933}, {P3=0 D=40,
0
.722}, {P3=2 D=22, 1.073}, {P3=2 D=30,
1
1
1

.994}, {P3=1 D=31, 1.074}, {P3=1 D=40, 1.497}},
.182}, {P3=2 D=31, 1.286}, {P3=2 D=40, 1.853}},

1.277}},
1
1
.309}, {P3=3 D=31, 1.433}, {P3=3 D=48, 2.125}},
2
2

.775}, {P3=3 D=22, 1.181}, {P3=3 D=30,
.804}, {P3=4 D=22, 1.244}, {P3=4 D-30,
.821}, {P3=5 D=22, 1.282}, {P3=5 D=30,

{{P3=4 D=10, 0.169}, {P3=4 D=11,
{{P3=5 D=1@, 0.170}, {P3=5 D=11,

.385}, {P3=4 D=31, 1.523}, {P3=4 D=40, 2.305}},
.431}, {P3=5 D=31, 1.579}, {P3=5 D=40, 2.423}}}

®© ® @ @ ©®@ @
© ® @ @ @ ©
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LA and NLA Fits: P, = 3| — t = 4 (Pion
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LA and NLA Fits: P; = 4| — t = 4 (Pion)
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