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Outline

» Spectral densities via Mehler-Fock and Kontorovich-Lebedev
transforms

» Incomplete Mehler-Fock transform
» Incomplete smeared spectral densities
» Bounds on the systematic errors

» Examples of reconstructions
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Motivation

» Spectral densities p(w) in QCD (smeared with kernels x(w))
—> Relevant phenomenological observables

1. R-ratio

2. Inclusive semi-leptonic decays, cross-sections
3. Properties of the QGP

4. ...

» In Lattice QCD we compute C(t), but thanks to the
Kéallen-Lehmann decomposition:

+00
C(t) = / p(w)e ™" dw
0
= Inverse Laplace Transform
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Smeared spectral densities from integral transforms
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Introduction
o] ]

Smeared spectral densities from integral transforms
» Target definition, C(t) with ¢ € [to, +00):

[e%¢} —+00
Cs = C(t) us(t, to) dt, @:/ k(W) ts(w, to) dw
0

to

+o0 00 C«S .
Pr = /0 plw)k(w) dw = /0 mﬂs ds
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Introduction
o] ]

Smeared spectral densities from integral transforms
» Target definition, C(t) with ¢ € [to, +00):

[e%¢} —+00
Cs = C(t) us(t, to) dt, @:/ k(W) ts(w, to) dw
0

to

+o0 00 C«S .
p,{:/o p(w)ﬁ(w)dw:/o mﬂsds

» Lattice definition, C(typ + an) with n =0,1,..., 4oc:

Cs = aZC(to +an) vs(n, tg,a), ks = / r(w) Us(w, to, a) dw
0

n=0

+oo [e's) C_s A
Qli:/(\) Q(w)m(w)dw:/o mmsds
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Introduction
o] ]

Smeared spectral densities from integral transforms
» Target definition, C(t) with ¢ € [to, +00):

[e%¢} —+00
Cs = C(t)us(t, to) dt, ks= / k(W) ts(w, to) dw
0

to

+o0 00 C«S .
p,{:/o p(w)ﬁ(w)dw:/o mﬂsds

» Lattice definition, C(typ + an) with n =0,1,..., 4oc:

Cs = aZC(to +an) vs(n, tg,a), ks = / r(w) Us(w, to, a) dw
0

n=0
AR E B [—
Ox = o(w)k(w dw:/ —%  _k.ds
0 o [P(1/2+1s)|
» Formulae need to be modified for C(¢) with ¢ € [to, timax]
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Incomplete MF transform
o

Incomplete Mehler-Fock transform

Ct) =e !

o) 100

Cs = C(t) us(t,to) dt v
to 106
10-%
10-10
10712
1074 =

w0y T (@A
1071 - = -
0 5 10 15 20 2

s

» The Mehler-Fock transform Cy decays exponentially with s
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Incomplete MF transform
o

Incomplete Mehler-Fock transform

h 100 Ct) = e
Cs = C(t) us(t, to) dt v
to 10
~ tmax IE; :2 — I(\' ‘
Ci(tmax) = / Clyuttoyar | —
! | — 1@

0 5 10 15 20 25

» The Mehler-Fock transform Cy decays exponentially with s
» The incomplete Mehler-Fock transform 6'3(tmax) approximates

C, for s < Spmax
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Ct) =e !

— S 107!

Co= [ cwutwya -

to

Coltuns)
VYVVY

Wobmax = 9

Wobmax = 15

" tmax 127:" Wotmax = 21
Cs (tmax) - / C(t) Us (t7 tO) dt hbuge = 20
t

o 1017 Wotmax = +00

0 5 10 15 20 25

» The Mehler-Fock transform Cy decays exponentially with s

» The incomplete Mehler-Fock transform 6'3(tmax) approximates
C, for s < Spmax

P Smax X tmax: longer lattices — C’s(tmax) approximates Cj for
higher values of s
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Incomplete MF transform
o

Incomplete Mehler-Fock transform

Ct) =e !

10°
102
1074
106

> C
p _/ T s ds vl — 2 )
= - s 10 is
"o IP(/2+1s)] e — oy

w-op — |Gl

101

0 5 10 15 20 25
S

» The Mehler-Fock transform Cy decays exponentially with s

» The incomplete Mehler-Fock transform 6'3(tmax) approximates
C, for s < Spmax

P Smax X bmax: longer lattices = Cy(tmax) approximates Cy for
higher values of s

> Ciy(tmax)/|T(1/2 + is)| well behaved up to Smax
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Incomplete SD
°

The solution: incomplete smeared spectral densities

Definition
This suggests us to introduce:

» the incomplete spectral density:

( ) /‘Slnax CS
S = _
Prifmax) = | D(1/2 + is)]

» the approximated, incomplete spectral density:

~ Slnﬂx 59 (tmax) A
K max - k7- Sd
(S ) /o (172 1 is)] " %

ks ds

For C(t) with ¢ € [ty, tmax], We can compute only P (Smax)
—> We need to bind the systematic errors
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Bounds on systematics

[ Jelele]e}

Spectral density from the incomplete ones

Strategy

Decomposition of the difference between p,, and py(Smax):

Pr — Pr(Smax) = [pn(smaX) - ﬁﬁ(smaX)] + [:0/4 - Pn(smaX)]

Two systematic errors:

1. Difference between incomplete spectral density and
approximated one |pg(Smax) — Pr(Smax)| < APk (Smax)

2. Difference between spectral density and incomplete one
|pﬁ - pﬁ(smax)| S Apn(smax)

‘PK - ﬁm(smaxﬂ < Aﬁhﬁ(smax) + A/)H,(Smax)
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Bounds on
(o] lele]e]

Smax | i
K
S

Aﬁn(smaX) = ’C(tmaX)’ ) bS(tmaX)m

2.0
107 = pulSmax) h Pi(Smax) = Prc(Smax)
Pr(Smax) L5 Api(Smax)
0.8 Aj(s 10
S X
Pr(Smax) T
0.6 05
0.0
0.4 / \
S \\ —0.5
0.2 . - ~N -1.0
Wotmax = 27, Smax = 17
—15
000 025 030 075 100 12 150 175 200 000 025 050 075 100 125 150 L7 200
W*/UJ() w*/wo
1 o

T (w—wi)? 4 02
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Bounds on

[e]e] lele}

2. Bound on [px — pu(Smax)]

‘PH - Pn(smw)’ < Api(Smax)

\/2351nh (7s) .
/ max | Kis(wto)| |ks| ds

Apﬁ(smax =

20
L0 — P« 1.06 PP Smax)

\ 15 T BoLEomee
os Pr(Smax) 104 /\ N ’ Bpi(Smar)
: Apy(Smax) 10

02 05
\
- - -10
0.0 Wobmax = 27, Smax = 17
—L5
000 025 050 075 100 125 150 175 200 Y7000 025 050 075 L0 L35 150 175 200
wy/wy Wy /wo
1 o

7 (w — wy )2 + 02
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Bounds on s ematics

[e]e]e}

Full reconstruction

\pn - ﬁn(smax)’ < Aﬁfi(smax) + Apn(smax)

2.0
10y — pa /T 1.06 i = Pr(Suma)
Pr(Smax) 104 N Lo APl S+ Sma)
058 . \
Api(Smax)+ |/ \ 10
o Apelsmax) |/ 095 L0 105
6 : 05
04 //.»‘ 0.0 —K/V\/_\
0.2 L~ —0.5
-~
00 Wotax = 27, Smax = 17 -
—15
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 ’ 0.00  0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
w,Jwy wy/wy

» We have access only to py(Smax), but we can put bounds on
the unknowns = rigorous estimate of p,

P Di(Smax)s Apk(Smax) and Apy(Smax) can be obtained from the
knowledge of C(t) for t < tyax
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ematics

Bounds on s

[e]e]ele] ]

Discrete sampling

107!
10°°
10°°
1077
1079
10-1
1071
1071
10717

Wolmax =9

— Wolmax =21

Wolmax = 400

Cs (M)

Wolmax = 15

Wotmax = 27

0.6

0.4

0.2

Ok

Fx(Smax)

Agr(Smax)+

Ak (Smax)

e /f

Il
o
=
o
Z
_

Wolimax

5 10 15 20 25

0.00

025 0.50 0.75 1.00 1.25 1.50

1.75 2.00

» The incomplete discrete transform has the same behaviour of
the continuous one = We can apply the same strategy

» We have access only to 0 (Smax), but we can put bounds on

the unknowns = rigorous estimate of g,
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Exampl
00000

Dependence on t.x

w1 4 coe wat
T Pro T P Wotmax = 51, Spax = 33, 0 = 0.6wy
Pr ﬂ(snm\') Prs0(Smax)
Apreo(Smae) + Apreo(Smax)+
Apico(Smae) Apreo(Smax)
150
1.25 TN
100 . /
0.75
0.50
0.25 0.25
000 10 15 20 25 30 35 10 00 10 5 20 25 30 35 40
ws/wo we/w

Higher t,,.x = Higher s,,x = Better reconstructions

D. Toniolo University of Milano - Bicocca & INFN




Exampl
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Dependence on the width of the kernel: constant o

C(t) = coe " + cre 1t 4 cpe 2!

45 45
10 Pr0 Wotmax = 51, Smax = 33, 0 = 0.6wy 101 T Pro Wotmax = D1, Smax = 33, 0 = 0.3wp
35 Pro(Sma) 35 Pro(Smax)
3.0 AP0l Sma) 30 Apyo(Smax) +
. Aprco(Smax) ) Aprco(Sma) A
7™\
20 20 \
1 N L / A\ / ’\\
wi T AN wl N~ 4 \
05 ~o osf 7
) —
0.0
0053 0 5 20 25 30 35 10 05 10 5 20 25 30 35 10

w./wy

If we lower the width o

» Emergence of peak structure

Wi fwy

» Higher systematic errors = We need higher ¢«

D. Toniolo
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Exampl
[e]e] lele]e]

Dependence on the width of the kernel: variable o

C(t) = coe ™" + cre 1t 4 cpe 2!

45
P =5 5 _ 9 =1, —

101 Wolax = 51, Spax = 33, 0 = %wx — Pxo 81 Wotmax = DL, Smax = 33, 0 = s Pi0
3.5 Pr0(Smax) Pri0(Smax)
3.0 i Apro(Smax)+ 6 /\ Ao Smae)+
N [ Apro(Smas) [ Apro(Smax)
2.5 I

| |
2.0 f [\
15 N =< 2 / “K /\
10 N — AN /\ s

/ ~ /// = N
051/ ~ 0
0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0 0.5 10 L5 2.0 2.5 3.0 3.5 4.0
w./wo wy/wy

Width ¢ o wy = Uniform systematic error
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Examples
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Real data: the vector-vector correlator

» Light, connected component of the vector-vector correlator
C(an) = ——Z( (an,an)V2*(0,0))

» Data obtained via multi-level Monte Carlo simulations
Np=2,T x L3 =96 x 483, a = 0.065 fm, M, = 270 MeV
Data from [M. Dalla Brida, L. Giusti, T. Harris, M. Pepe, 2007.02973|
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Examples
000e00

Real data: the vector-vector correlator

» Light, connected component of the vector-vector correlator
» Data obtained via multi-level Monte Carlo simulations
Ny =2,T x L3 =96 x 483, a = 0.065 fm, M, = 270 MeV
Data from [M. Dalla Brida, L. Giusti, T. Harris, M. Pepe, 2007.02973|

1 o 1 _(wmws)?
K/(W) = T o 9 H(W) = — e 202
T(w—ws)?+o V2mo?
o =1.0M, o = LOM,
P — atn) N almae)
0.125 unt 0.125 Gt
0.100 0.100
0.075 0.075
0.050 0.050
0.025 0.025
0.000 0.000
] i ] 3 1 3 3 7 g 0 i 3 1 B 13 7 B
wy /M w. /M
awg == 0.3, tmax = 40a, wotmax =~ 12
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Examples
000e00

Real data: the vector-vector correlator

» Light, connected component of the vector-vector correlator
» Data obtained via multi-level Monte Carlo simulations
Ny =2,T x L3 =96 x 483, a = 0.065 fm, M, = 270 MeV
Data from [M. Dalla Brida, L. Giusti, T. Harris, M. Pepe, 2007.02973|
1 o 1 B
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awp & 0.3, tmax = 40a, wotmax ~ 12
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Real data: the vector-vector correlator

» Light, connected component of the vector-vector correlator
» Data obtained via multi-level Monte Carlo simulations
Ny =2,T x L3 =96 x 483, a = 0.065 fm, M, = 270 MeV
Data from [M. Dalla Brida, L. Giusti, T. Harris, M. Pepe, 2007.02973|
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[e]e]e]le]
Conclusion and outlook

» Integral transforms offer a theoretical framework that allows to
extract spectral densities, in the continuum and on the lattice,
with a controlled continuum limit
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Examples
0000e0

Conclusion and outlook

» Integral transforms offer a theoretical framework that allows to
extract spectral densities, in the continuum and on the lattice,
with a controlled continuum limit

> If C(t) is known for ¢ € [to, tmax], incomplete spectral densites
with the associated bounds give a rigorous estimate of the
spectral density
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Examples
0000e0

Conclusion and outlook

» Integral transforms offer a theoretical framework that allows to
extract spectral densities, in the continuum and on the lattice,
with a controlled continuum limit

> If C(t) is known for ¢ € [to, tmax], incomplete spectral densites
with the associated bounds give a rigorous estimate of the
spectral density

» We are limited by the systematic error, so we need to:

> Choose suitable kernels k(w)
» Improve the bounds (possibly depending on the specific
application)
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Examples
0000e0

Conclusion and outlook

» Integral transforms offer a theoretical framework that allows to
extract spectral densities, in the continuum and on the lattice,
with a controlled continuum limit

> If C(t) is known for ¢ € [to, tmax], incomplete spectral densites
with the associated bounds give a rigorous estimate of the
spectral density

» We are limited by the systematic error, so we need to:

> Choose suitable kernels k(w)
» Improve the bounds (possibly depending on the specific
application)

» Eventually, we need to resolve longer lattices
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o=1.0M; o =2.0M;

0.150 . 0.150 .
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Continuum solution

1. The Mehler-Fock and Kontorovich-Lebedev bases are:
- stanh (7s) 11 to—t
t t = _— F — —_ — 1' _—
us(t,to) i o <2 + is, 5 is,1; o™

2ssinh (7s) K;s(wtp)
T Vw

ﬁs(w,to): t>ty >0, seR

related by:
‘I‘ (; + is)

D. Toniolo University of Milano - Bicocca & INFN

+oo
15 (w, to) :/ e g (t, to) dt

to

Reconstructing spectral densities from integral transforms II



0O@00000000

Continuum solution

2. We define the Mehler-Fock and Kontorovich-Lebedev
transforms as:

_ +oo

+o00
Cs = C(t)us(t,to) dt; ps = / p(w)is(w, to) dw
to 0

The relation between the bases leads to:
Cs = |T(1/2 + is)| ps

Using the completeness of is(w, tg):
o] C_vs
P(W):/ = Us(w, to) ds
o T2+

D. Toniolo University of Milano - Bicocca & INFN
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Continuum solution

3. For smeared spectral densities:

+oo 00 Cvs .
Pn:/o p(w)r(w) :/0 m”sds

—+oc0o
Rs = / K(w)ts(w, to) dw
0
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Discrete solution

1. The discrete Mehler-Fock and Kontorovich-Lebedev bases are:
stanh(ms) ‘F(Qto/a— 1/2+1is) ‘

vs(n, tg,a) =
«(n-fo, 0) to a/(2t0) T(2to /)
1 1 2t
><3F2(—n,§+is,2 1851, ao,l)
. \/2ssinh(ms) [T(2tg/a—1/2+is)|
Os(w, to,a) = X
™ a/(2ty) T'(2tp/a)
et 4 F(l 1, 2o e )
2ty 1—eaw 271 +ZS’2 R ——
related by:

IT'(1/2 +is)|0vs(w, to, a) —aZe “Is(n, to, a)

D. Toniolo University of Milano - Bicocca & INFN
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00@0000000

Discrete solution

2. We define the discrete Mehler-Fock and Kontorovich-Lebedev
transforms as:

o) 4o
Cs=a Z C(to + an)vs(n, to,a); ps = / p(w)0s(w, to, a) dw
0

n=0

The relation between the bases leads to:
Cs = IT(1/2 4 is)|0s

Using the completeness of 0(w, to, a):

> Cs .
Q(w> = /0 mvs(w, to, CL) ds

D. Toniolo University of Milano - Bicocca & INFN
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Discrete solution

3. For smeared spectral densities:

“+oo o] és A
Qﬁ:/o g(w)ﬂ(w):/o mﬁsds

“+oo
Rs = / K(w)vs(w, to, a) dw
0
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[e]e]e] le]ele]elele)

Bound on [px(Smax) — Px(Smax)]: derivation

1. We look at ‘Cs — 5'5(tmax)

+00
= C(t)us(t, to)

tmax

1C = Coltma)

We have, for t > tyax:
C(t)] < |C (tmax) | e~ <0l max)
So we have:

1€ = Coltmax)| < 1C (b B i)

+oo
by (b)) = / e~ o(t=tmae) |7 (¢, 10)|
tmax

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e] le]ele]elele)

Bound on [px(Smax) — Px(Smax)]: derivation

2. We use the definitions of the incomplete spectral densities:

Smax C"S
K max - %A5d7
P (Suma) / T(1/2 +is)] %

- Smax és(tmax) N
k\{Smax) — T Y] sd
prtomne) = [ R e

To obtain:

|As]
ID(1/2 + is)] ds

ds = Apy(Smax)

|pﬁ(3max) - ﬁm(smaxﬂ < /0 Cs - 6s(tmax)

S C tmax /max bs tmax 71 /o0 1 -\
Cltmad] [ boltman) 575 72

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e]e] lele]elele)

Bound on [p; — px(Smax)]: derivation

1. We consider the following ratio:
Cs

+o0o
‘r<1/2+> = /0 (@)1, to) | duw

Using the definition:

2ssinh (7s) K;s(wtp)

. £ —
US<CU, 0) T \/a
we get:
Cs \/2s sinh (7rs) too
< Kis(wto)
‘F(1/2+is) = mmax | “wo’/

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e]e] lele]elele)

Bound on [p; — px(Smax)]: derivation

2. Using the fact that:

i — 1/+Oo efwttfl/Q dt
Vw  T(1/2) Jo

and assuming p(w) > 0, we write:

_ +oo wM _

'r—/o d N
_ 1 e -1/2 oo w olw e—wt o
“Fam ), 4 -
_ 1 +o00 12
e T(1/2) /0 C(t)t dt

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e]e] lele]elele)

Bound on [p; — px(Smax)]: derivation

3. For t > tnax, We use:
[C(8)] < |C (tmax)| e~ =0l Tmax)

so we obtain:

1 /tmax _1/9
r< C)t V2 di+
['(1/2) Jo
e?olmax T'(1 /2, wotmax)

V| T(1/2)

|C (tmax)|

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e]e] lele]elele)

Bound on [p; — px(Smax)]: derivation

4. To conclude, using the definitions:

+oo C
K:/ — % _&.ds
Pe= ], T/2+is)]

Smax C_'S
K max - 7./\ d
prtome) = [ [ g

we have:
Cs

5 alds <
T2 1 a9 | sl 45 =

—+00
‘pﬁ - pn(smax)| S /
Smax

e 2ssinh (7s .
< r/ # max |Kis(wto)| |fs| ds = Apgk(Smax)
Smax ™ weRT

D. Toniolo University of Milano - Bicocca & INFN
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Discrete incomplete smeared spectral densities
Definition
» the incomplete, discrete Mehler-Fock transform:

Mmax

é(nmax)s =a Z C(tO + an)ﬁs(nv to, a), Nmax = (tmax - tO)/a

n=0

» the incomplete spectral density:

Smax és
max) = ———FRsd
0 (Smax) / (12 1 is) %

» the approximated, incomplete spectral density:

) smox C(bmax)
k\Smax) — %sd
O (Smx) / T2 +is) "

D. Toniolo University of Milano - Bicocca & INFN
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[e]e]e]e]e]e] Jelele)

Bound on [0, (Smax) — 0x(Smax)]: derivation

1. We look at |Cs — @(nmax) :
_ " +o0o
Cs — Cs(Mmax)| = a Z C(to + an)vs(n, to, a)
Nmax—+1

We have, for n > npax:

|C(to + an)| < |C(to + anmax)| e~ w0 (n—"max)

So we have:
C_s - as(nmax) < ‘C(tO + anmax)| bs(nmax)
+o0o
bu(tmax) =a e 0 mma)ig (n, 1y, a)l
Nmax—+1
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[e]e]e]e]e]e] Jelele)

Bound on [0, (Smax) — 0x(Smax)]: derivation

2. We use the definitions of the incomplete spectral densities:

Smax C_S
K max == 7./\561
0 (Smax) / (172 1 is)] %

- Smax as(nmax) N
k\®max) = 71 o N sd
outomms) = [

To obtain:

s G |Ais|

CS — Cs(nmax) m dS

ds = A@n(smax)

Smax
|Q/<(5max) - éﬁ(smax)| < /
0

< |C(7fo + anmax)|/ bs(nmax)
0
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[e]e]e]e]e]ele] lele)

Bound on [0, — 0x(Smax)]: derivation

1. We consider the following ratio:
Cs

+oo
‘1“(1/2+is) S/O lo(w)0s(w, to, )| dw

Using the definition of 95(n,a,ty), we get:

Cs \/2ssinh (7r5) /+°° alo(w
< ma Kis(w, t dw
‘mmz’s) N
where:

Kis(w, to) = \/ﬂr 2t0/a—1/2+i3>‘ \/fwx
1-2tg/a aw
x P~ 1+29 (coth (7)>
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[e]e]e]e]e]ele] lele)

Bound on [0, — 0x(Smax)]: derivation

2. Using the fact that:

1
2 e—awn
VI—e Z ( )
and assuming p(w) > 0, we write:

+oo
. ale@)
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[e]e]e]e]e]ele] lele)

Bound on [0, — 0x(Smax)]: derivation

3. For t > tnax, We use
|C(an)| < |C(anmax)’ e—awo(n—nmax)’ Nmax = 75rnax/af

so we obtain:

n

- _1
+ |C(anmax)]a Z (_1)n< 2) e—awo(n—nmax)
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[e]e]e]e]e]ele] lele)

Bound on [0, — 0x(Smax)]: derivation

4. To conclude, using the definitions:

+oo C
K:/ — % & ds
e = I, T2 +is)|

Smax C_S
K max - 7./\ d
entoma) = [ s e

we have:
Cs

5 |klds <
T2 1 s | sl 45 =

—+00
‘QH - Qn(smax)| S /
Smax

o0 2ssinh (s N
S t/ # max |K28(w7t0)| ’K,8| dS - AQ&(SmaX)
Simax m weRt
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Discrete Mehler-Fock transform of the vector-vector
correlator
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Dependence of Apym (Smax) With Smax € tmax
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