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Q Motivation & Goal: Parton Distribution Functions
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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &
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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &

» factorization at large energy Q? = —¢?, e.g. DIS:

/,0(5, Q) =2(& Q2)®f(§,)\

experiment perturbative non-perturbative

Deep Inelastic Scattering
[Schwartz 2014]
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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &

» factorization at large energy Q? = —¢?, e.g. DIS:

/0(5, Q) =2(& Q2)®f(§)\

experiment perturbative non-perturbative

fo (&) = [ dz e (P2 )y Wz« 0)(0) |P)

Deep Inelastic Scattering
[Schwartz 2014]
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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &
Euclidean

» factorization at large energy @° = —g?, e.g. DIS: 1

/0(5, Q) =2(& Q2)®f(§)\

time
o
T
o
|

experiment perturbative non-perturbative 1 |
-1 0 1
- _ space
W () = [ dz e (P[(z )7 W(z < 0)6(0)|P)
Minkowski
1
1) ——
» z7: lightcone coordinate g 0 \_XJ}
> lattice QCD in Euclidean space: lightcone — point -1
-1 0 1
» Hamiltonian formalism: lightcone in Minkowski space space

— tensor network states/quantum devices
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Q Method: Tensor Network States
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1 Distribution Fu Tensor Network States
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Tensor Networks

[py=" > VI W5 @|n)®... 8 |sy)

> generic state scales exponentially
S1,525--+,SN
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Parton Distribution Fur Tensor Network States
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Tensor Networks

[py=" > VI W5 @|n)®... 8 |sy)

> generic state scales exponentially
S1,525--+,SN

> tensor network state as ansatz

\Uslsz...s,v — Z A]'.,Sl . A?,Sz . A3,S3 AN,SN
i Lo A

» 1d: matrix product state (MPS) 5 oz izl in-1
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(o] J

Tensor Networks

= Y U )0 5) @ ... 8 |sy)

> generic state scales exponentially [)
51,52;--+,SN

> tensor network state as ansatz

D
\Uslsz...s,v ~N A]'.,Sl . A?,Sz . A3,S3 AN,SN
E it el A

» 1d: matrix product state (MPS) (T foz izl in-1
> truncation to bond dimenion D Q_Q_Q_Q_Q_Q

- 1 1 1 1 1 1

1 1 1 1 1 1

> polynomial resource scaling
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Parton Distribution Fur Tensor Network States
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Tensor Networks

= Y U )0 5) @ ... 8 |sy)

> generic state scales exponentially [)
51,52;--+,SN

> tensor network state as ansatz

D
WSSy Z A?,s1 A2’52 A3’S3 AN,SN
5 n 1,02 2,3 """ NiN—y
ix}=1

» 1d: matrix product state (MPS)
» truncation to bond dimenion D
> polynomial resource scaling

» good approximation for ground states and
low excited states [Hastings 2007]
ground states
> no sampling, fundamentally different
systematics compared to Monte Carlo
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© Application: Schwinger Model
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Schwinger Model [Schwinger 1962; Hamer et al. 1997]

QED in 1+1 dimensions

- _ 1
H =iV (0 - igAl)W+m\U\U+§E2

N-2 " N-1 N-2[1 & . 2
H=x > [ofon,+ 0;0;+1]+§ S [1+(-1)"2]+ Y 5 S ((-1)* + of +2qx)
n=0 n=0 n=0 k=0

> scattering — PDF [Dai et al. 1995]

> matrix elements

(hlo"(z7) We-o0™(0) |h)
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Schwinger Model [Schwinger 1962; Hamer et al. 1997]

QED in 1+1 dimensions

- _ 1
H =iV (0 - igAl)W+m\U\U+§E2

N-2 . . " N-1 N-2[1 n . 2
H=x Z [0n0n+1 + O—nan+1]+§ Z [1 + (_1)n0§]+ Z [2 Z ((_1) + O-i + 2qk):|
n=0 n=0 n=0 k=0
 ——
» scattering — PDF [Dai et al. 1995] 8
0 [ 4 -
> matrix elements = T/
S 6 — N
o) L g 1
(hlo" (z7)Wz-co0 (0) |h) 2 T ¢
RIRRE AR
> lightcone — time- and space-like steps - ) i ,/\\6}\ i
» time evolution: N e | /) |
e—iTH ~ (efiérHEae—i&‘rHose—iéTHL) T ]
0@ ]
> spatial evolution: el N R N S
change electric field along the path 0 2 4 6 8 10
—move static charges position d [lattice units]
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Results
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Results
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Results

= 10; x = 100; D = 80; N = 100; V = 100
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light-front distance z’/\/8x Bjorken parameter &
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[e]e] le]ele]ele]

Parton Distribution Fur

Mass dependence

D =80; Ny =100

T T T

14 - m (LX) -
m— 11 =40 (380,1000)
121 m=20 (280,400) ||
= 1 =10 (100,100)
10 - — =5 (150,25) ||
- =— 11 = 2.5 (400,25)
Nt
> 8
L
@)
o

| |
0 0.25 0.5 0.75 1
Bjorken parameter &
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Parton Distribution Fun

Results: N -dependence

i =10; x = 100; V =100; D = 80

Im(M)-N
‘}“{
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LT
22 {0 TR R R R ERwa - -

DO

N, =10

N, =20

N, =50

N, =100
N, =200
N, — oo fitl

— [\ — oo fit2

N, - oo fit3

2t _
i»
4 ¢
5
6| ¥ o4
.
_ | | ' |
S 0 1

Manuel Schneider

[e]e]e] lelelele]

AN
= 6.95 |- ‘\‘ .
~~ “
2 Y
£
= 69| 'n_{
Y
X
L)
y
"
| |
0.85, 0.05 0.1
1/N,

=== fitl: 6.9805 +0.0179N,% - 600.9051N*
— fit2: Im(6.9800exp (—6.4460iN,2d))
fit3: Im(6.9800exp (—6.4411iN;%d))
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Results
Results: x-dependence
= 10; V = 100; D = 80; N+ = 100
6 T T T
x =80 } I -
—$- x =100 5.44 f
4 == x =200
=& x = 300 542/ @ .
== x = 600 ~
_ 25 —0-x=1000 | ¥ g4l \ |
< === x — oo fitl \‘*_?/ AN
> 0 gy —_—x oo fit2 | & 53| |
g
ol 5.36 -
5.34 L : T
4 0 0.05 0.1
1/y/x
6 | | | — fit: 5.4465 - 0.4737/\/x
-1 -0.5 0 0.5
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[e]e]e/e]e] lele]

Results: N-dependence

Re(fu (£))

m =10; x = 100; D = 80; N+ = 100
T T T 6
- | == N =80
== N =100 5.8
N =120 s
—— N =140 5.6
== N =160 >
=+ N =200 T5alt
=== N = oo fitl
—_— N > oo fit2 5.2
N — oo fit3
5
Il Il Il
0 001 001 0.02
1/N
- == fitl: 6.0674 — 68.4080/N
— fit2: 5.7901 - 3865.5/ N>

® extrapolation N — oo

fit3: 5.8944 — 25.4653/N — 2441.7/ N?
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Results: PDF [*preliminary]

14 | B m=40% |+
i = 20*

12| E=m=10 |
7,':"7:5*

10 E=m=25*% |

PDF fy (§)

0 | _ | _ ]
0 0.25 0.5 0.75 1
momentum fraction &
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Lightcone Distribution Amplitude (LCDA) [preliminary]

LCDA: decay or hadronization

7T0

7 > q(u)g(1-u) - vy

6 (u) = [ dz"e" = (0] () y s W (2 < 0)(0)| P)
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Lightcone Distribution Amplitude (LCDA) [preliminary]

10

LCDA: decay or hadronization

7 > q(u)g(1-u) - vy
0

Results

0000000e

JL_

0

0.25 0.75
momentum fract|on u

6 (u) = [ dz"e" = (0] () y s W (2 < 0 (0)| P)
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© Summary & Outlook
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Summary

Summary: Q-O-O0-000
1
PDF — universal structure of hadrons 3 \72 !
: QA;M__?‘,,

Euclidean space: lightcone — point t @ N

X 5| o
> = use tensor network states / quantum devices

v

v

» Schwinger model:
fermion- and anti-fermion-PDF of the vector meson

Outlook:
> further lightcone observables

[=]- : 5| |
[arXiv:2504.07508] |

| |
- -1 -0.5 0 0.5 1
[arXiv:2409.16996] Bjorken parameter &

» same analysis for QCD @
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Contributions to error
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Lcu-dependence: truncation of electric field

/M =10; x = 100; V = 100; D = 80; Ny = 100

L =1
Lcut =2
Lcut =4
Lot =8
Loy =10
Leyy =12
== L.t =20

+ipoOoLO
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i =10; x = 120; D = 80; N = 100; V = 100, odd startsite

ssssssssnnns
|

=@©- 1st excited state
=#= groundstate

Y

| | | T T
-3 -25 -2 -15 -1 -05 O 0.5 1 1.5 2 2.5 3
light-front distance z’/\/ 8x
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[e]e]e]e] Jelele)

Light-cone structure

100

50

(P& T (i0F) oe™™* T] (~iofs) o |P)
k<n k’<0

time t
o

> even-to-even matrix element

» calculated to each site at each
timeslice

-50

> static charge fixed at orign

-100
-100 0 100

position n
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Spin formulation of the Schwinger Model

— 1
L=V(i}- gA—m)\IJ—Z Fu F' = Agp

. _—
H=—iV~y" (0, - igAl)lll+m\U\U+§E2 +Ao (gWTV + p - O, E)

Legendre transformation
(E = Fo1)

00000800

Manuel Schneider Hadron structure from Hamiltonian lattice gauge theory with tensor networks @ Lattice 2026, Maryland, USA

31 July 2026

24 /18



References Backup
[e]e]e]e]e] lele]

Spin formulation of the Schwinger Model

— 1
L=V(i}- gA—m)\IJ—Z Fu F' = Agp

. "
H =-i0H (0 - igAl)W+mW\U+§E2M

temporal Gauge: Ay =0
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Spin formulation of the Schwinger Model

— 1
L=V(i}- gA—m)\U—Z Fu F' = Agp

S
. "
H =-i0H (0 - igAl)W+mW\U+§E2M

i 2
% (0he™ dna = e 0n)+m D1 oo L S L:

i
2a

W pper(X) if n even

\Ulower(x) if n Odd,

staggered fermions
(tg:agAl,gL:E) ®n {
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Spin formulation of the Schwinger Model

— 1 1 1 1 1 1
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H =iV (o) - igAl)wm\Dw%E?M
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decoupling b > H (e’iek)qb
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Spin formulation of the Schwinger Model

- 1 1 L] 1 1 1
E:W(ia—gA—m)w—wa/F“V —Ao,l) 1 Ll 1 L2 1 L3 L4 L5
4 S0 S1 S S3 Sy S5

H =—iVy () - igAl)W+m\TJ\U+}E2M
2
=t 2 (0401 = 01200 +m £ (1) 000+ - DL

2a

—_ m n V4 ag
H:?Z n n+1+0n+1‘7;)+§2[1+(_1) Un:|+TZL31

n

Jordan-Wigner R
transformation on=[](ioR) o
k<n
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Spin formulation of the Schwinger Model
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Spin formulation of the Schwinger Model
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Z
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Gauss's law:
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Efficient Tensor Network operations

> Find groundstate and excited states

oo - ey - BHEHEHIHIHS 000D

> Apply operators / time evolution

| | | | | |
ow-| [ | —e-7YYYY?

> Calculate overlap
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Time evolution with MPS

N-2 L N-1 N-2T1 n . 2
+ - - _+
=x Y [opop1+0,004]+ 5 Y[+ (-1)"0%]+ 52«’1) +0k+2qk)
n=0 n=0 n=0 k=0
Suzuki-Trotter decomposition:
e mH o (e—i(STHeoe—ié‘rHoee—ié‘rHL)NT

e—ié‘rHeD _ H e—léTx[a 1 to, ‘Tn+1]
n=0,2,...

e—i&THoe _ H e—léTx[a i1 to, ‘Tn+1]
n=1,3,...

e 07H.: MPO with indices L, € [-n, n]
— truncate to Lyt
Optimize to get new MPS
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