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BACKGROUND

[GOAL : First-principles calculations of finite density QCD]

> Finite density is hot topic
> MC simulations are hindered by sign problem

> Tensor Network is next candidate

Coarse-Graining
5

Z(T, p,m) =
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ABOUT TRG [M. Levin and C. P. Nave, (2007).] [Xie et al, (2012).]

> Tensor Renormalization Group : A computational method based on SVD
< Rewrite partition function Z as a tensor network & approximate it

O Thermodynamic limit

© NO sign problem ! — For finite density QCD ?

f\\ fs
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STRONG COUPLING LIMIT S. Akiyama and D. Kadoh, JHEP. 2021,

SIU,x, x| = B +> |3

W \

e a Fermion action (s"gaggered, finite u)

Z M (n) ("4 x(n)Uy (n)x(n + ) — "4 x(n + )Ul (n)x(n)) + mX(n)X(N)] -

7

P Strong coupling limit : =0
> All link variables at hopping term can be integrated out

k k
o Pt »
/S oy B st Ureg U+ U = > (0w, ) (T 05.5n, ) Wen(e™'7).

o,TESE r=1 r=1

> Fermion partition function can be simulated using Grassmann TN

Phys. Rev. D 113 (2026) 034503

> We consider both SU(2) and SU(3) case Phys. Rev. D 113 (2026) 114509
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STRONG COUPLING QC,D AT ZERO TEMPERATURE

SIU,x. x| = B +) |3 Zny ) ("t x(n)U, (n)x(n + D) — e”#4x(n + 0)U (n)x(n))+mx(n)x(n)]-

7/ \ 7

e a Fermion action (staggered, finite p)

n

(n): number density
> Consider strong coupling limit (5 — 0) (x):chiral cond.

{(xx):diquark cond.

> MF prediction at 7= 0 (Cold & dense) T o

(n) 12

“low poi(xx) #0, (xx) =0 ------------- XX)

0.5r

Q At Mlow ~= mw/Q <XX> # 0

& Higher #: (xx) =0, {(xx) =0, (n) =2 o—, .
0 0.5 1
Y. Nishida, K. Fukushima, and T. Hatsuda (2004).
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NUMERICAL SETUP I [1] S. Akiyama, et al. (2021).

[1]

P Apply Grassmann-ATRG method to 4D Strong coupling OC,D

> Employ multiple GPU parallelization [v. Sugimoto and S. Sasaki (2025). 2507.21909]

-- Setup --

> parameter: vV =1024*, 7 =0 , m=1.0, D=55
D : bond dimensions (# of retained singular values)

t- Evaluate free energy : f(u,m) = —<-InZ(p,m)

— Calculate (1), (xx), (xx)
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NUMERICAL RESULT

Summary

OO

> Physical quantities behaves consistent with mean-field theory
1~ Fitting as power law for (xx) = A(u — pc)? gives B8 =0.521 +0.062 ~ 0.5(MF)

1.04

0.5

1

Tensor renormalization group study of
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STRONG COUPLING QCD

S[Ux,x] =8 +> 13 Zny ) ("X (n)Uy (n)x(n + D) — e”*»1x(n + 2)UJ (n)x(n)) +m>‘<(n)x(n)] -
e a Fermion action (staggered, finite p)
2
> Consider strong coupling limit (8 — 0) 5
~ | = S~ o=0
> No dynamical gluons o N
é 1 o#0 TCP\l m=0.4
> Chiral & Nuclear transition 3 fo\ cEP
N [
> CEP at finite T' & mass et
0 1 2 3

Baryon Chemical Potential g

Phys. Rev. D 69, 094501 (2004).

» ]-st order transition at 7'= 0
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TARGET [1] S. Akiyama, et al. (2021).

[1]

> Two setup with Grassmann-ATRG
1. L, = 8:Coarse-graining along 7 direction — 3D GATRG

~
X

/N

2. L. =1024 (zero temperature) : 4D GATRG

2.00

— Second order transition (chiral limit)
—— Critical end point ‘-
® Tricritical point

“ - - mm o

1.75
1.50
1.25

K5 1.00
0.75
0.50

0.25

2. =085 1 2 3 4 5 6

alg
MF prediction [Phys. Rev. D 107, 094514 (2023)]

LATTICE2026@ML 2026 / ve /30 Tensor renormalization group study of

cold and dense two- and three-color QCD in the strong coupling limit




Introduction
0000

1. FINITE TEMPERATURE

Summary

OO

> Investigate (n) and (Xx) at Dyq = 55, D3q = 120

> Increasing m, gaps become small

1.0

0.8

<n>/3

04

0.2

0.0

*<n> plot is by finite

GO m=1.900
O m=1.925
G- m=1.950
O m=1.975
GO m=2.000
GO m=2.025
GO m=2.100

d

iff

1.50 1.52 1.54 1.56 1.58 1.60

i
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1. FINITE TEMPERATURE 21 Phys. Rev. D 69, 0945¢

> Fit of critical exponent  and critical mass
> A(n) : ml = 2.075(23), 8, = 0.47(10)
- A(xx) : mX = 2.0545(34), By = 0.514(20)

> M is consistent with each other

> deviation from previous research

 MC in dual & reweighting =1.7(1)
« Mean field ~ 2.4
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2. ZERO TEMPERATURE \

> Investigate (n) and (Xx) at Dyq = 55, m = 2.07

> Clear 1-st order transition is observed — expected from MF

L T | T T T T | T T T T | T T T T | T T T T | T T T T | T T T T
12k _ ]
B -0 <>
01 <n>/3
® o o o z )
10 [FEREET = = o
0.8 -
0.6 -
04— -
02k .
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SUMMARY & FUTURE WORK

Summary

> Performed (3+1)d finite density QOCD calculations at strong coupling limit
> SU(2) : T=0 calculation & estimated critical exponents

> SU(3) : Observed 1-st order phase transition at zero temperature

Future work

P finite g in (3+1)d in strong coupling regime

> Wilson fermion
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« Convergence for SU2

10- - ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! B T T T T T T T T T T T T T T T T T T T T T T T T
¥ AA =112 . =
i v w=108 i
‘ -
A _
107 - |
i ] 5 ]
> | 1%
10°F E
10—4 P R T S AN SR T N S S PR A S R N S —&
30 35 40 45 50 55
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> O(B) correction makes gaps smaller

» At some Bc(m), gap vanishes

0.6

(n)/3

0.4

1.54
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« Convergence for SU3

Summary
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n N ]
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Vv =158 i} Vv M=158 :
1 10°F E
19 T .
1w
_x -
E 10_6:_ 3
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Free energy at zero temperature
30 T T 1 | T T 1 | T T 1 | T T 1 T T 1 L L
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Free energy at finite temperature

2.80 — _

B G—o m = 1.900
L C—o m=1.925
- GC—O m=1.950
275 — o m=1.975
G—O m =2.000
G—om=2.025
C—O m=2.100 i

270 —

= 2.65

2.60 —

255

1.52 1.53 1.54 1.55 ]
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