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Outline
• Lattice gauge fixing 

- Traditional iterative approaches 

• Recap: a machine learning approach for gauge fixing 

- Gauge transformation and Convolutional neural network construction 

- Preliminary results with a small model 

• Toward deep CNN & Preliminary results 

❖ Summary and Outlook
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Lattice Gauge Fixing

• Gauge fixing is required for gauge-dependent quantities: 

- gluon propagator & quark-gluon vertex 

- renormalisation schemes 

- fundamental QCD Green’s functions 

• Noise reduction 
<latexit sha1_base64="PfuKIeCRLXk/9Fe03gxbjWn+JyY=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkLShlhvBS8eK5i22Iay2W7bpbubsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeVHCqNKO82EV1tY3NreK26Wd3b39g/LhUVvFqcQkwDGLZTdCijAqSKCpZqSbSIJ4xEgnml7lfueeSEVjcatnCQk5Ggs6ohhpI90Fg6zP03lVnA/KFcf2PddveNCxHadW9+s5cWu+dwldo+SogBVag/J7fxjjlBOhMUNK9Vwn0WGGpKaYkXmpnyqSIDxFY9IzVCBOVJgtLp7DM6MM4SiWpoSGC/X7RIa4UjMemU6O9ET99nLxL6+X6lEjzKhIUk0EXi4apQzqGObvwyGVBGs2MwRhSc2tEE+QRFibkEomhK9P4f+kXbNd3/ZvvEqzsYqjCE7AKagCF1yAJrgGLRAADAR4AE/g2VLWo/VivS5bC9Zq5hj8gPX2CXmGkMk=</latexit>

Uµ(n)

closed loop: gauge-invariant

open loop: gauge-dependent

[CP-PACS Collaboration, S. Aoki, et al, Phys.Rev.D 67 (2003), 034503]

[J.E. Mandula, M. Ogilvie, Phys.Lett.B 185(1987)]

[L. Maiani, G. Martinelli, C.T. Sachrajda, Nucl.Phys.B 368 (1992)]
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Lattice Gauge Fixing

• Gauge fixing condition: 

where         is 3 for the Coulomb and 4 for the Landau gauge. 

• Iterative approach: 

- Los Alamos (LA) method: SU(2) subgroup update 

- Cornell method: Steepest descent (SD) 

- Advanced techniques: Fourier acceleration, conjugate gradient, and global optimization…

<latexit sha1_base64="eab4or7UHjNEBs3VtLWpRRK81CY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqseClx4r2A9oQ9hsN+3S3STsTkpLyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgkRwDY7zbZW2tnd298r7lYPDo+MT+/Sso+NUUdamsYhVLyCaCR6xNnAQrJcoRmQgWDeYPCz87pQpzePoCeYJ8yQZRTzklICRfNse+tkA2AyUzEI+y3Pfrjo1Zwm8SdyCVFGBlm9/DYYxTSWLgAqidd91EvAyooBTwfLKINUsIXRCRqxvaEQk0162vDzHV0YZ4jBWpiLAS/X3REak1nMZmE5JYKzXvYX4n9dPIbz3Mh4lKbCIrhaFqcAQ40UMeMgVoyDmhhCquLkV0zFRhIIJq2JCcNdf3iSdm5pbr9Ufb6uNZhFHGV2gS3SNXHSHGqiJWqiNKJqiZ/SK3qzMerHerY9Va8kqZs7RH1ifP54clFY=</latexit>

dfix

<latexit sha1_base64="UHsJcfBKST8kR1WY7UpNKZ5S6E0="></latexit>

F [g] = RTr
∑

x

dfix∑

µ

Ug
µ(x) , with

ωF

ωg
= 0

[R.Gupta, G.Guralnik, G.Kilcup, A.Patel, S. R. Sharpe, and T.Warnock, Phys.Rev. D36 (1987) 2813.]

[C.T.H.Davies, et al., Phys.Rev D37 (1988) 1581]

 [A. Cucchieri, T. Mendes, PRD 57 (1998) 3822] [R.J. Hudspith, Comput. Phys. Commun. 187 (2015) 115] [O.Oliveira and P.J. Silva, Comput. Phys. Commun. 158 (2004) 73]
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<latexit sha1_base64="PfuKIeCRLXk/9Fe03gxbjWn+JyY=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkLShlhvBS8eK5i22Iay2W7bpbubsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeVHCqNKO82EV1tY3NreK26Wd3b39g/LhUVvFqcQkwDGLZTdCijAqSKCpZqSbSIJ4xEgnml7lfueeSEVjcatnCQk5Ggs6ohhpI90Fg6zP03lVnA/KFcf2PddveNCxHadW9+s5cWu+dwldo+SogBVag/J7fxjjlBOhMUNK9Vwn0WGGpKaYkXmpnyqSIDxFY9IzVCBOVJgtLp7DM6MM4SiWpoSGC/X7RIa4UjMemU6O9ET99nLxL6+X6lEjzKhIUk0EXi4apQzqGObvwyGVBGs2MwRhSc2tEE+QRFibkEomhK9P4f+kXbNd3/ZvvEqzsYqjCE7AKagCF1yAJrgGLRAADAR4AE/g2VLWo/VivS5bC9Zq5hj8gPX2CXmGkMk=</latexit>

Uµ(n)

<latexit sha1_base64="U9duoyclvXSZFF0Y8cfymzKYJ6Q=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR6sKQtCXWXcGNywqmLbS1TKbTdOhkEmYmQold+CtuXCji1t9w5984aSuo6IHLPZxzL3Pn+DGjUtn2h5FbWl5ZXcuvFzY2t7Z3zN29powSgYmHIxaJto8kYZQTT1HFSDsWBIU+Iy1/fJH5rVsiJI34tZrEpBeigNMhxUhpqW8eeDfdAQoCIvppN0ymJX6q20nfLNqWW3XcWhXalm2XK24lI07ZrZ5DRysZimCBRt987w4inISEK8yQlB3HjlUvRUJRzMi00E0kiREeo4B0NOUoJLKXzu6fwmOtDOAwErq4gjP1+0aKQiknoa8nQ6RG8reXiX95nUQNa72U8jhRhOP5Q8OEQRXBLAw4oIJgxSaaICyovhXiERIIKx1ZQYfw9VP4P2mWLce13KtqsV5bxJEHh+AIlIADzkAdXIIG8AAGd+ABPIFn4954NF6M1/lozljs7IMfMN4+Ad6QlgE=</latexit>

U†
µ(n→ µ)



Lattice Gauge Fixing
Issues of iterative approaches
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<latexit sha1_base64="eXNb14qhNdEHxi6KbrXvj11qQoo=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BRTxGMA9IljA76U2GzD6Y6RXCkrN3r/oL3sSr3+Ef+BnOJnvQxIKGoqqb7i4vlkKjbX9ZhZXVtfWN4mZpa3tnd6+8f9DSUaI4NHkkI9XxmAYpQmiiQAmdWAELPAltb3yd+e1HUFpE4QNOYnADNgyFLzhDI3V6NyCR0dt+uWJX7RnoMnFyUiE5Gv3yd28Q8SSAELlkWncdO0Y3ZQoFlzAt9RINMeNjNoSuoSELQLvp7N4pPTHKgPqRMhUinam/J1IWaD0JPNMZMBzpRS8T//UyRWlfL+xH/9JNRRgnCCGfr/cTSTGiWSR0IBRwlBNDGFfCfED5iCnG0QRXMtE4i0Esk9ZZ1alVa/fnlfpVHlKRHJFjckocckHq5I40SJNwIskzeSGv1pP1Zr1bH/PWgpXPHJI/sD5/ADkumOQ=</latexit> !
F



Our model: Machine learning approach
Basic idea

Try to construct a gauge transformation that can replace/reduce the iterative  procedure of 
the gauge fixing by

- Extending from a single link to Wilson lines with multiple 
lengths           . 

- Regarding the projection of the SU(3) group as a non-linear 
operation—activation function. 

- Constructing complicated Wilson lines via a Convolutional 
Neural Network (condensing the information into layers). 

- Optimising the tunable parameters by machine learning.

<latexit sha1_base64="SpmytyMEdtbO1ianLW8DoTpewM4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnIVoGbFJYRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRfEnGnjut9ObmNza3snv1vY2z84PCoen7S1TBShLSK5VN0Aa8qZoC3DDKfdWFEcBZx2gsnt3O88UaWZFA9mGlM/wiPBQkawsVL7bqDL4nJQLLkVdwG0TryMlCBDc1D86g8lSSIqDOFY657nxsZPsTKMcDor9BNNY0wmeER7lgocUe2ni2tn6MIqQxRKZUsYtFB/T6Q40noaBbYzwmasV725+J/XS0x446dMxImhgiwXhQlHRqL562jIFCWGTy3BRDF7KyJjrDAxNqCCDcFbfXmdtK8qXq1Su6+W6o0sjjycwTmUwYNrqEMDmtACAo/wDK/w5kjnxXl3PpatOSebOYU/cD5/AMZxjqQ=</latexit>

Ls(n)

<latexit sha1_base64="YdpuOoyYR9RAmnqh4szn1I4z2AU=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5I2xLoruHHhooJ9QBvKZDppx05mwsxEKKH/4MaFIm79H3f+jZO2gooeuHA4517uvSdMGFXacT6sldW19Y3NwlZxe2d3b790cNhWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCSeXud+5J1JRwW/1NCFBjEacRhQjbaT29UBV+NmgVHZs33P9ugcd23GqNb+WE7fqexfQNUqOMliiOSi994cCpzHhGjOkVM91Eh1kSGqKGZkV+6kiCcITNCI9QzmKiQqy+bUzeGqUIYyENMU1nKvfJzIUKzWNQ9MZIz1Wv71c/MvrpTqqBxnlSaoJx4tFUcqgFjB/HQ6pJFizqSEIS2puhXiMJMLaBFQ0IXx9Cv8n7art+rZ/45Ub9WUcBXAMTkAFuOAcNMAVaIIWwOAOPIAn8GwJ69F6sV4XrSvWcuYI/ID19gkf0I7V</latexit>

Ls(n)
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Our model: Machine learning approach
Network construction

• The WLB gauge transform matrix is defined as
<latexit sha1_base64="7GFqDO7ZNSSQeZ6Iegckm8bK06s="></latexit>

g(ω) (n) = exp
[
Q(ω) (n)

]
→ SU (Nc = 3)

<latexit sha1_base64="qwBfF63dTRG+7ZX9Onq/I8reb0c="></latexit>

Q(ω) (n) =
[
!(ω) (n)

]

TA
=

1

2

(
!(ω)† (n)→ !(ω) (n)

)
→ 1

2Nc
Tr

(
!(ω)† (n)→ !(ω) (n)

)
I

<latexit sha1_base64="QoR52pvbXAfOH3BOya36ZdFWju4="></latexit>

!(ω) (n) =
s∑

r=1

ω(ω)r Lr

(
n;

{
U (ω→1)

})

Wilson Line Bundles (WLB)
Training parameters
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Our model: Machine learning approach
Network construction

shape-I

shape-L

shape-S

(inverse directions)

<latexit sha1_base64="V1oKTgnHymgDzlsd4Rp+MpliLZw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4KXHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305ha3tnd6+4Xzo4PDo+KZ+edXWUKEI7JOKR6gdYU84k7RhmOO3HimIRcNoLZveZ33uiSrNIPpp5TH2BJ5KFjGCTSZOqvB6VK27NXQJtEi8nFcjRHpW/huOIJIJKQzjWeuC5sfFTrAwjnC5Kw0TTGJMZntCBpRILqv10eesCXVlljMJI2ZIGLdXfEykWWs9FYDsFNlO97mXif94gMeGdnzIZJ4ZKsloUJhyZCGWPozFTlBg+twQTxeytiEyxwsTYeEo2BG/95U3Sval5jVrjoV5ptvI4inABl1AFD26hCS1oQwcITOEZXuHNEc6L8+58rFoLTj5zDn/gfP4AZBSN2Q==</latexit>

g(n)
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+
<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+

<latexit sha1_base64="FSkWfS0NhPLwu4qtqzvVI2UMbyY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMeMkxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpKFMMmi0SkOgHVKLjEpuFGYCdWSMNAYDuY3M/99hMqzSP5YKYx+iEdST7kjBorNa76xZJbdhcg68TLSAky1PvFr94gYkmI0jBBte56bmz8lCrDmcBZoZdojCmb0BF2LZU0RO2ni0Nn5MIqAzKMlC1pyEL9PZHSUOtpGNjOkJqxXvXm4n9eNzHDOz/lMk4MSrZcNEwEMRGZf00GXCEzYmoJZYrbWwkbU0WZsdkUbAje6svrpHVd9irlSuOmVK1lceThDM7hEjy4hSrUoA5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3bljMA=</latexit>

+

• Between two layers:

<latexit sha1_base64="7U8j/JwAI3hWp80N7KmOavDJf/c=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnIVoGbSwsIpgPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1paJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfhm5refqNJMigcziakf4aFgISPYWKl11/fK4rxfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx45adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtC4qXq1Su6+W6tdZHHk4gVMogweXUIdbaEATCDzCM7zCmyOdF+fd+Vi05pxs5hj+wPn8AV/Vjlw=</latexit>

L1(n)
<latexit sha1_base64="KapIrJkpzRW4KfBpoNFUzCcxM1k=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXJFoGbSwsIpgPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1paJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfhm5refqNJMigcziakf4aFgISPYWKl116+WxXm/WHIr7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5jwyk+ZiBNDBVksChOOjESz19GAKUoMn1iCiWL2VkRGWGFibEAFG4K3/PIqaVUrXq1Su78o1a+zOPJwAqdQBg8uoQ630IAmEHiEZ3iFN0c6L86787FozTnZzDH8gfP5A2Fcjl0=</latexit>

L2(n)
<latexit sha1_base64="BNJrYog8vtboHPz8mQfZAPKngnQ=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3CnEi2DNhYWEcwHJEfY2+wla/Z2j909IRz5DzYWitj6f+z8N26SKzTxwcDjvRlm5gUxZ9q47reTW1ldW9/Ibxa2tnd294r7B00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQz9VtPVGkmxYMZx9SP8ECwkBFsrNS8652XxWmvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZ9dO0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwyk+ZiBNDBZkvChOOjETT11GfKUoMH1uCiWL2VkSGWGFibEAFG4K3+PIyaZ5VvGqlen9Rql1nceThCI6hDB5cQg1uoQ4NIPAIz/AKb450Xpx352PemnOymUP4A+fzB2Ljjl4=</latexit>

L3(n)

<latexit sha1_base64="2Ru12bv3XOuWIueQHXt9qyI6uIs=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmICF7JrDHokevGIiQsmsJBuKdDQdjdtV0M2/A8vHjTGq//Fm//GAntQ8CWTvLw3k5l5YcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRU0eJItQnEY/UQ4g15UxS3zDD6UOsKBYhp61wfDPzW49UaRbJezOJaSDwULIBI9hYqet30zKvTHsdkZRlpVcsuVV3DrRKvIyUIEOjV/zq9COSCCoN4VjrtufGJkixMoxwOi10Ek1jTMZ4SNuWSiyoDtL51VN0ZpU+GkTKljRorv6eSLHQeiJC2ymwGellbyb+57UTM7gKUibjxFBJFosGCUcmQrMIUJ8pSgyfWIKJYvZWREZYYWJsUAUbgrf88ippnle9WrV2d1GqX2dx5OEETqEMHlxCHW6hAT4QUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kDbZqR1Q==</latexit>

U (l)
µ (n)

<latexit sha1_base64="e9qmOOBVKZ9jxQ9zDmJlRqHYutA="></latexit>

U (l+1)
µ (n) = g (n) U (l)

µ (n) g† (n+ µ̂)

8

<latexit sha1_base64="+dNZkkv138FdMCXnbbufFw7G7So=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Q8mkmTY0k4QkI5TSrXu3+gvuxK3/4R/4GWbaWWjrgQuHc+7l3nsixZmxvv/lFdbWNza3itulnd29/YPy4VHLyFQT2iSSS92JsKGcCdq0zHLaUZriJOK0HY1vM7/9SLVhUjzYiaJhgoeCxYxg66R2T2mprOyXK37VnwOtkiAnFcjR6Je/ewNJ0oQKSzg2phv4yoZTrC0jnM5KvdRQhckYD2nXUYETasLp/NwZOnPKAMVSuxIWzdXfE1OcGDNJIteZYDsyy14m/utlijaxWdpv4+twyoRKLRVksT5OObISZYmgAdOUWD5xBBPN3AeIjLDGxLrcSi6aYDmIVdK6qAa1au3+slK/yUMqwgmcwjkEcAV1uIMGNIHAGJ7hBV69J+/Ne/c+Fq0FL585hj/wPn8AmW6ZLg==</latexit>→



Our model: Machine learning approach
Network construction

……
<latexit sha1_base64="oiEwpvqNnBrOmBGUXS1t39arwlU=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwFHZFoseAlxw8RDAPSJYwO+kkQ2YfzPSKyxJ/xYsHRbz6Id78GyfJHjSxoKGo6qa7y4+l0Og439ba+sbm1nZhp7i7t39waB8dt3SUKA5NHslIdXymQYoQmihQQidWwAJfQtuf3Mz89gMoLaLwHtMYvICNQjEUnKGR+naph/CIKshuWQqKTnsgZd8uOxVnDrpK3JyUSY5G3/7qDSKeBBAil0zrruvE6GVMoeASpsVeoiFmfMJG0DU0ZAFoL5sfP6VnRhnQYaRMhUjn6u+JjAVap4FvOgOGY73szcT/vG6Cw2svE2GcIIR8sWiYSIoRnSVBB0IBR5kawrgS5lbKx0wxjiavognBXX55lbQuKm61Ur27LNfqeRwFckJOyTlxyRWpkTppkCbhJCXP5JW8WU/Wi/VufSxa16x8pkT+wPr8ATI+lSg=</latexit>

Layer ω
<latexit sha1_base64="7AoyBNzxi6woMWNEVuxWcOjrg2A=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gViR4DXnLwEME8IFnC7KQ3GTL7YKY3GJb8iRcPinj1T7z5N06SPWhiQUNR1U13l59IodFxvq3CxubW9k5xt7S3f3B4ZB+ftHScKg5NHstYdXymQYoImihQQidRwEJfQtsf38399gSUFnH0iNMEvJANIxEIztBIfdvuITyhCrN7NgVFZ27fLjsVZwG6TtyclEmORt/+6g1inoYQIZdM667rJOhlTKHgEmalXqohYXzMhtA1NGIhaC9bXD6jF0YZ0CBWpiKkC/X3RMZCraehbzpDhiO96s3F/7xuisGtl4koSREivlwUpJJiTOcx0IFQwFFODWFcCXMr5SOmGEcTVsmE4K6+vE5aVxW3Wqk+XJdr9TyOIjkj5+SSuOSG1EidNEiTcDIhz+SVvFmZ9WK9Wx/L1oKVz5ySP7A+fwCMf5Oi</latexit>

Layer 1
<latexit sha1_base64="49mJdf16wPS+E7fFgtOi2jDC+H0=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBCHsikSPAS85eIhgHpANYXbSSYbMPpjpFcMS8Fe8eFDEq9/hzb9xkuxBEwsaiqpuurv8WAqNjvNt5VZW19Y38puFre2d3T17/6Cho0RxqPNIRqrlMw1ShFBHgRJasQIW+BKa/uhm6jcfQGkRhfc4jqETsEEo+oIzNFLXPvIQHlEF6S0bg6ITD6Q8d7t20Sk5M9Bl4makSDLUuvaX14t4EkCIXDKt264TYydlCgWXMCl4iYaY8REbQNvQkAWgO+ns/Ak9NUqP9iNlKkQ6U39PpCzQehz4pjNgONSL3lT8z2sn2L/upCKME4SQzxf1E0kxotMsaE8o4CjHhjCuhLmV8iFTjKNJrGBCcBdfXiaNi5JbLpXvLouVahZHnhyTE3JGXHJFKqRKaqROOEnJM3klb9aT9WK9Wx/z1pyVzRySP7A+fwAXlJWY</latexit>

Layer ω+ 1

<latexit sha1_base64="GlTFCarHM4a8peKQk0Ud2Z9ga9U=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmICF7JrDHok8cIRExdMYCHdUqCh7W7aroZs+B9ePGiMV/+LN/+NBfag4EsmeXlvJjPzwpgzbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRahPIh6phxBrypmkvmGG04dYUSxCTtvh5Hbutx+p0iyS92Ya00DgkWRDRrCxUs/vpWWvMut3RVKWlX6x5FbdBdA68TJSggzNfvGrO4hIIqg0hGOtO54bmyDFyjDC6azQTTSNMZngEe1YKrGgOkgXV8/QhVUGaBgpW9Kghfp7IsVC66kIbafAZqxXvbn4n9dJzPAmSJmME0MlWS4aJhyZCM0jQAOmKDF8agkmitlbERljhYmxQRVsCN7qy+ukdVn1atXa3VWp3sjiyMMZnEMZPLiGOjSgCT4QUPAMr/DmPDkvzrvzsWzNOdnMKfyB8/kDE+mRoA==</latexit>

U (1)
µ (n)

<latexit sha1_base64="ZCoA33Xw2amSeGkiS23XsHDZ8Ro=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQELqQ1Bj2SeOGIiQUSqM122cKG3W2zu9WQyk/x4kFjvPpLvPlvXKAHBV8yyct7M5mZFyaMKu0431ZhY3Nre6e4W9rbPzg8ssvHHRWnEhMPxyyWvRApwqggnqaakV4iCeIhI91wcjP3uw9EKhqLOz1NiM/RSNCIYqSNFNhl7z6rDghjtVkw4GlV1AK74tSdBeA6cXNSATnagf01GMY45URozJBSfddJtJ8hqSlmZFYapIokCE/QiPQNFYgT5WeL02fw3ChDGMXSlNBwof6eyBBXaspD08mRHqtVby7+5/VTHV37GRVJqonAy0VRyqCO4TwHOKSSYM2mhiAsqbkV4jGSCGuTVsmE4K6+vE46F3W3UW/cXlaarTyOIjgFZ6AKXHAFmqAF2sADGDyCZ/AK3qwn68V6tz6WrQUrnzkBf2B9/gAvnZNX</latexit>

U (ω)
µ (n)

<latexit sha1_base64="nTvOse/cF7YIfQzSdKxq09Cx6RI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahRSiJSPVY8NJjBdMWmhg22027dHcTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeWFCiVS2/W2UNja3tnfKu5W9/YPDI/P4pCfjVCDsopjGYhBCiSnh2FVEUTxIBIYspLgfTm/nfv8RC0lifq+yBPsMjjmJCIJKS4FZdR/yuocpvXAas8BjaZ03ArNmN+0FrHXiFKQGCnQD88sbxShlmCtEoZRDx06Un0OhCKJ4VvFSiROIpnCMh5pyyLD088XxM+tcKyMrioUurqyF+nsih0zKjIW6k0E1kaveXPzPG6YquvFzwpNUYY6Wi6KUWiq25klYIyIwUjTTBCJB9K0WmkABkdJ5VXQIzurL66R32XRazdbdVa3dKeIog1NwBurAAdegDTqgC1yAQAaewSt4M56MF+Pd+Fi2loxipgr+wPj8AQ6pk8c=</latexit>

U (ω+1)
µ (n)

<latexit sha1_base64="bDlz4HD81rcfdia6DzflGmVFt34=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUJJRKrHgpceK9gPaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sFh0T46bqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zO/c4jlYpF4l5PY+qFeCRYwAjWRhrYxdFDWu5Tzi/cyqwsKgO75FSdBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooMbL2UiTjQVZLkoSDjSEZqngIZMUqL51BBMJDO3IjLGEhNtsiqYENzVl9dJ+7Lq1qq1u6tSvZHFkYdTOIMyuHANdWhAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fDWeSFA==</latexit>

g(ω+1)(n)

<latexit sha1_base64="phnx+vd6/9gqNAwHQY/waJZ8DmE=">AAAB+XicbVA9SwNBEN2LXzF+nVraLAbBKtyJRMuATYoUEUwMJEfY20ySJXsf7M4FjyP/xMZCEVv/iZ3/xk1yhSY+GHi8N8PMPD+WQqPjfFuFjc2t7Z3ibmlv/+DwyD4+aesoURxaPJKR6vhMgxQhtFCghE6sgAW+hEd/cjf3H6egtIjCB0xj8AI2CsVQcIZG6tt2D+EJVZA1WAqKzhp9u+xUnAXoOnFzUiY5mn37qzeIeBJAiFwyrbuuE6OXMYWCS5iVeomGmPEJG0HX0JAFoL1scfmMXhhlQIeRMhUiXai/JzIWaJ0GvukMGI71qjcX//O6CQ5vvUyEcYIQ8uWiYSIpRnQeAx0IBRxlagjjSphbKR8zxTiasEomBHf15XXSvqq41Ur1/rpcq+dxFMkZOSeXxCU3pEbqpElahJMpeSav5M3KrBfr3fpYthasfOaU/IH1+QO1a5O9</latexit>

Layer L

<latexit sha1_base64="+KRouXlPUO9fj+/l3mPukwkAHls=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmICF9Iagx5JvHDwgIkFEihku2xhw3bb7G41pOF/ePGgMV79L978Ny7Qg4IvmeTlvZnMzPNjzpS27W8rt7G5tb2T3y3s7R8cHhWPT1oqSiShLol4JDs+VpQzQV3NNKedWFIc+py2/cnt3G8/UqlYJB70NKZeiEeCBYxgbaS+20/Ld5XZoBcmZVEZFEt21V4ArRMnIyXI0BwUv3rDiCQhFZpwrFTXsWPtpVhqRjidFXqJojEmEzyiXUMFDqny0sXVM3RhlCEKImlKaLRQf0+kOFRqGvqmM8R6rFa9ufif1010cOOlTMSJpoIsFwUJRzpC8wjQkElKNJ8agolk5lZExlhiok1QBROCs/ryOmldVp1atXZ/Vao3sjjycAbnUAYHrqEODWiCCwQkPMMrvFlP1ov1bn0sW3NWNnMKf2B9/gA9yJG7</latexit>

U (L)
µ (n)

• Turning iterations into finite layers of a CNN 

• Constructing complicated Wilson lines via a CNN

(close to) 
Gauge fixed!

9



Our model: Machine learning approach
backpropagation 

• The objective function (optimum functional):

• Training gradient

<latexit sha1_base64="PoNJLAetKwg3hUsE49YbZ9/dQyo="></latexit>

where Nc is the number of color, and Nvol is number of the lattice sites

<latexit sha1_base64="bDlz4HD81rcfdia6DzflGmVFt34=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUJJRKrHgpceK9gPaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sFh0T46bqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zO/c4jlYpF4l5PY+qFeCRYwAjWRhrYxdFDWu5Tzi/cyqwsKgO75FSdBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooMbL2UiTjQVZLkoSDjSEZqngIZMUqL51BBMJDO3IjLGEhNtsiqYENzVl9dJ+7Lq1qq1u6tSvZHFkYdTOIMyuHANdWhAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fDWeSFA==</latexit>

g(ω+1)(n)

<latexit sha1_base64="GlTFCarHM4a8peKQk0Ud2Z9ga9U=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmICF7JrDHok8cIRExdMYCHdUqCh7W7aroZs+B9ePGiMV/+LN/+NBfag4EsmeXlvJjPzwpgzbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRahPIh6phxBrypmkvmGG04dYUSxCTtvh5Hbutx+p0iyS92Ya00DgkWRDRrCxUs/vpWWvMut3RVKWlX6x5FbdBdA68TJSggzNfvGrO4hIIqg0hGOtO54bmyDFyjDC6azQTTSNMZngEe1YKrGgOkgXV8/QhVUGaBgpW9Kghfp7IsVC66kIbafAZqxXvbn4n9dJzPAmSJmME0MlWS4aJhyZCM0jQAOmKDF8agkmitlbERljhYmxQRVsCN7qy+ukdVn1atXa3VWp3sjiyMMZnEMZPLiGOjSgCT4QUPAMr/DmPDkvzrvzsWzNOdnMKfyB8/kDE+mRoA==</latexit>

U (1)
µ (n)

<latexit sha1_base64="ZCoA33Xw2amSeGkiS23XsHDZ8Ro=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQELqQ1Bj2SeOGIiQUSqM122cKG3W2zu9WQyk/x4kFjvPpLvPlvXKAHBV8yyct7M5mZFyaMKu0431ZhY3Nre6e4W9rbPzg8ssvHHRWnEhMPxyyWvRApwqggnqaakV4iCeIhI91wcjP3uw9EKhqLOz1NiM/RSNCIYqSNFNhl7z6rDghjtVkw4GlV1AK74tSdBeA6cXNSATnagf01GMY45URozJBSfddJtJ8hqSlmZFYapIokCE/QiPQNFYgT5WeL02fw3ChDGMXSlNBwof6eyBBXaspD08mRHqtVby7+5/VTHV37GRVJqonAy0VRyqCO4TwHOKSSYM2mhiAsqbkV4jGSCGuTVsmE4K6+vE46F3W3UW/cXlaarTyOIjgFZ6AKXHAFmqAF2sADGDyCZ/AK3qwn68V6tz6WrQUrnzkBf2B9/gAvnZNX</latexit>

U (ω)
µ (n)

<latexit sha1_base64="nTvOse/cF7YIfQzSdKxq09Cx6RI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahRSiJSPVY8NJjBdMWmhg22027dHcTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeWFCiVS2/W2UNja3tnfKu5W9/YPDI/P4pCfjVCDsopjGYhBCiSnh2FVEUTxIBIYspLgfTm/nfv8RC0lifq+yBPsMjjmJCIJKS4FZdR/yuocpvXAas8BjaZ03ArNmN+0FrHXiFKQGCnQD88sbxShlmCtEoZRDx06Un0OhCKJ4VvFSiROIpnCMh5pyyLD088XxM+tcKyMrioUurqyF+nsih0zKjIW6k0E1kaveXPzPG6YquvFzwpNUYY6Wi6KUWiq25klYIyIwUjTTBCJB9K0WmkABkdJ5VXQIzurL66R32XRazdbdVa3dKeIog1NwBurAAdegDTqgC1yAQAaewSt4M56MF+Pd+Fi2loxipgr+wPj8AQ6pk8c=</latexit>

U (ω+1)
µ (n)

… …
<latexit sha1_base64="Yvl61RKUhDfL+uvCIWnArxTG7wY="></latexit>

F (ω) =
1

dfix Nc Nvol
Re

∑

n

dfix∑

µ=1

TrU (L)
µ (n)

<latexit sha1_base64="ZZMpMH8T4l2d4jokI9RQKoVY5VU="></latexit>

dF (ω)

dω(ω)r

= 2
dfix∑

µ=1

∑

n

Re Tr
[
!H(ω)
µ

(n) Lr

(
n;

{
U (ω→1)

})
+ !S(ω)

µ
(n+ µ̂) Lr

(
n+ µ̂;

{
U (ω→1)

})]

10

Mini-batch training with Adam



Gauge fixing procedure
Workflow

• Pure traditional iterative approach:

Ensemble Los Alamos Speetest decent
Given number of steps Reaching a given tolerance

• Machine learning hybrid approach:

Ensemble Training WLB transformation 

Los Alamos Speetest decent
Given number of steps Reaching a given tolerance

11



Gauge fixing procedure
Workflow

• Pure traditional iterative approach:

Ensemble Los Alamos Speetest decent
Given number of steps Reaching a given tolerance

• Machine learning hybrid approach:

Ensemble Training WLB transformation 

Los Alamos Speetest decent
Aim to skip Reaching a given tolerance

12



• JLDG public ensembles:

Preliminary results

• HPC Machine: 
- Pegasus (Intel Xeon Platinum-NVIDIA H100) 
- Miyabi  (NVIDIA GH200 Grace Hopper ) 
- Fugaku (CPUs)

• :  (144 GB)PACS10c 1284

13

<latexit sha1_base64="cTLexh9clMTpq5JTlThm4xAtLpg="></latexit>

Ensemble Lattice ω εud εs a[fm] Ffixed size[GB]

RC12x24 123 → 24 1.8 0.14090 - 0.2150(22) 0.8213(5) 0.023
RC16x32 163 → 32 1.83 0.13655 0.13710 0.1209(16) 0.8529(4) 0.072
RC20x40 202 → 40 1.9 0.13580 0.13580 0.0982(19) 0.8656(2) 0.176
RC32x48 323 → 48 1.9 0.1373316 0.1367526 0.0907(13) 0.8656(2) 0.844
RC48x48 483 → 48 1.9 0.1373316 0.1367526 0.0907(13) 0.86966(8) 2.848
RC64x64 643 → 64 1.9 0.1373316 0.1367526 0.0907(13) 0.86978(4) 9



Preliminary results
• Definination of observables in gauge fixing section: 

<latexit sha1_base64="UU2Zfo9kDG4TU/SkFci60d5m5a8="></latexit>

F [g] =
1

dfix Nc Nvol
Re

∑

n

dfix∑

µ

TrUg
µ(n)  finite value, → Ffixed

<latexit sha1_base64="VBmmBXynDLRdwvzyiUAI7PfdV60="></latexit>

ω[g] =
1

dfix Nc Nvol

∑

n

Tr !(n)!†(n)

<latexit sha1_base64="mJ6KWyJfoRe0KrZ7/lEeIln+CCI="></latexit>

!(n) =
dfix∑

µ

[Aµ(n)→Aµ(x→ µ̂)] , with Aµ(n) =

[
Uµ(n)→ U †

µ(n)

2ag0

]

TA

 Zero→

14



Preliminary results
• Definition of observables for training: 

- Objective function: 

- Change of objective function: 

- Shifted objective function: 

- Validation function:

<latexit sha1_base64="Yvl61RKUhDfL+uvCIWnArxTG7wY="></latexit>

F (ω) =
1

dfix Nc Nvol
Re

∑

n

dfix∑

µ=1

TrU (L)
µ (n)

<latexit sha1_base64="7a4Y1X2K5nOfWiWm+nrbTc42afY="></latexit>

!F (ω) = F (ωi)→ F (ωi→1)

<latexit sha1_base64="lAYrJKhBxXPkTP4SQjx2NSk/iYg="></latexit>

L (ω) = Ffixed → F (ω)

At final layer

<latexit sha1_base64="5Q8M7X2kesjtdZlxhX8KIUYrq/k="></latexit>

V (ω) =
1

dfix Nc Nvol

∑

n

Tr !(L)(n)!(L),†(n)

15



Preliminary results
RC64x64: using parameters from RC32x48

An exemplified application of using the 
training parameters of L12S3, training with 
the ensemble RC32x48, which shares the 
same lattice parameters as those of RC64x64. 

‣ Training with a smaller lattice for a larger 
one might be possible. 

✦Timing 

• Loading: 3.3% 

• WLB transformation: 1.6% 

• Iterative gauge fixing: 95%
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Preliminary results
Single large configuration test with parameters trained on RC48x48

• Lattice parameters 
( ): 

-  

-  

-  

-  

-  

- [fm] 

‣ 5 hours with 128 GPUs

PACS10c

1284

β = 1.68

κud = 0.1269105

κs = 0.125715

κc = 0.111150

a = 0.084

0.9625

0.9650
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WLB10LA4000SD param-RC48x48-ep50 [0.8413]
WLB10LA4000SD param-RC48x48-ep90 [0.7689]
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Preliminary results
Model scanning toward deep network

• Training histories 

- 100 epochs 

- 200 configurations 

- RC16x32 ensemble 

❖ CNN models 

- L[# layers] 

- S[max. length] 

- I: shape-I only
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L40S8I
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<latexit sha1_base64="lAYrJKhBxXPkTP4SQjx2NSk/iYg="></latexit>

L (ω) = Ffixed → F (ω)✤ Shifted objective function:



Preliminary results
Model scanning toward deep network
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• Comparing the 
shifted training 
objective function 

❖ CNN models 

- L[# layers] 

- S[max. length] 

- I: shape-I only

<latexit sha1_base64="lAYrJKhBxXPkTP4SQjx2NSk/iYg="></latexit>

L (ω) = Ffixed → F (ω)✤ Shifted objective function:



Preliminary results
Lattice size dependence

• Validating the training 
parameters with 
ensemble RC16x32 at 
various lattice sizes 
over the training 
history of the L200S3I 
model.
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<latexit sha1_base64="Yvl61RKUhDfL+uvCIWnArxTG7wY="></latexit>

F (ω) =
1

dfix Nc Nvol
Re

∑

n

dfix∑

µ=1

TrU (L)
µ (n)

<latexit sha1_base64="5Q8M7X2kesjtdZlxhX8KIUYrq/k="></latexit>

V (ω) =
1

dfix Nc Nvol

∑

n

Tr !(L)(n)!(L),†(n)

✤ objective function:

✤ Validation function:



Preliminary results
Model performance of a deep network

• Gauge fixing  lattice 

- CNN with 200 layers 

➡  no LA iterations
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Preliminary results
Model performance of a deep network

• Gauge fixing  lattice 

- CNN with 200 layers 

➡  no LA iterations
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Summary and Outlook
Machine learning approach with the CNN constructed by the Wilson-line bundle 

The number of iterations is reduced 

Volume transfer: training with small, applying to large 

Apply to a larger lattice, , as well as some ensemble that suffers from severe 
critical slowing down 

Examination of the gauge-fixing quality by measuring the spectrum quantities, i.e., the 
pion mass 

Hybrid method with advanced techniques? 

Training for other gauges
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<latexit sha1_base64="bDlz4HD81rcfdia6DzflGmVFt34=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUJJRKrHgpceK9gPaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sFh0T46bqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zO/c4jlYpF4l5PY+qFeCRYwAjWRhrYxdFDWu5Tzi/cyqwsKgO75FSdBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooMbL2UiTjQVZLkoSDjSEZqngIZMUqL51BBMJDO3IjLGEhNtsiqYENzVl9dJ+7Lq1qq1u6tSvZHFkYdTOIMyuHANdWhAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fDWeSFA==</latexit>

g(ω+1)(n)

<latexit sha1_base64="GlTFCarHM4a8peKQk0Ud2Z9ga9U=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmICF7JrDHok8cIRExdMYCHdUqCh7W7aroZs+B9ePGiMV/+LN/+NBfag4EsmeXlvJjPzwpgzbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRahPIh6phxBrypmkvmGG04dYUSxCTtvh5Hbutx+p0iyS92Ya00DgkWRDRrCxUs/vpWWvMut3RVKWlX6x5FbdBdA68TJSggzNfvGrO4hIIqg0hGOtO54bmyDFyjDC6azQTTSNMZngEe1YKrGgOkgXV8/QhVUGaBgpW9Kghfp7IsVC66kIbafAZqxXvbn4n9dJzPAmSJmME0MlWS4aJhyZCM0jQAOmKDF8agkmitlbERljhYmxQRVsCN7qy+ukdVn1atXa3VWp3sjiyMMZnEMZPLiGOjSgCT4QUPAMr/DmPDkvzrvzsWzNOdnMKfyB8/kDE+mRoA==</latexit>

U (1)
µ (n)

<latexit sha1_base64="ZCoA33Xw2amSeGkiS23XsHDZ8Ro=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQELqQ1Bj2SeOGIiQUSqM122cKG3W2zu9WQyk/x4kFjvPpLvPlvXKAHBV8yyct7M5mZFyaMKu0431ZhY3Nre6e4W9rbPzg8ssvHHRWnEhMPxyyWvRApwqggnqaakV4iCeIhI91wcjP3uw9EKhqLOz1NiM/RSNCIYqSNFNhl7z6rDghjtVkw4GlV1AK74tSdBeA6cXNSATnagf01GMY45URozJBSfddJtJ8hqSlmZFYapIokCE/QiPQNFYgT5WeL02fw3ChDGMXSlNBwof6eyBBXaspD08mRHqtVby7+5/VTHV37GRVJqonAy0VRyqCO4TwHOKSSYM2mhiAsqbkV4jGSCGuTVsmE4K6+vE46F3W3UW/cXlaarTyOIjgFZ6AKXHAFmqAF2sADGDyCZ/AK3qwn68V6tz6WrQUrnzkBf2B9/gAvnZNX</latexit>

U (ω)
µ (n)

<latexit sha1_base64="nTvOse/cF7YIfQzSdKxq09Cx6RI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahRSiJSPVY8NJjBdMWmhg22027dHcTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeWFCiVS2/W2UNja3tnfKu5W9/YPDI/P4pCfjVCDsopjGYhBCiSnh2FVEUTxIBIYspLgfTm/nfv8RC0lifq+yBPsMjjmJCIJKS4FZdR/yuocpvXAas8BjaZ03ArNmN+0FrHXiFKQGCnQD88sbxShlmCtEoZRDx06Un0OhCKJ4VvFSiROIpnCMh5pyyLD088XxM+tcKyMrioUurqyF+nsih0zKjIW6k0E1kaveXPzPG6YquvFzwpNUYY6Wi6KUWiq25klYIyIwUjTTBCJB9K0WmkABkdJ5VXQIzurL66R32XRazdbdVa3dKeIog1NwBurAAdegDTqgC1yAQAaewSt4M56MF+Pd+Fi2loxipgr+wPj8AQ6pk8c=</latexit>

U (ω+1)
µ (n)

… …
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Software
Fast as C, Easy as Python, ML-friendly, Portable
arXiv:1209.5145, https://julialang.org/

Run almost everywhere: Laptop/Colab/Jupyter/Supercomputers

Advantage: Portability, no-explicit compile*, fast, Quick trial-and-error feedback loop 
Functionality: SU(Nc)-heatbath, (R)HMC, Self-learning HMC, HMC with AD, 
Dynamical fermions, Measurements (chiral condensate, topological charge, etc)

12

Open source LQCD code in Julia Language
Akio Tomiya

Functionality: SU(Nc)-heatbath, (R)HMC, Self-learning HMC, Dynamical fermions  
                       Measurements (chiral condensate, topological charge, etc), MPI, GPU

Start LQCD

 in 5 min

Lattice QCD?

1. Download Julia binary

2. Add the package through Julia package manager

3. Execute!

https://github.com/akio-tomiya/LatticeQCD.jl

Run almost everywhere: Laptop/Colab/Jupyter/Supercomputers 
Advantage: Portability, no-explicit compile, fast, Quick trial-and-error feedback loop

Julia lang = Fast as C, Productive as Python, ML friendly, Portable
Introductive notebook: http://bit.ly/4mej3oe
Not as Python, other languages are not necessary since it is fast

Code

arXiv:2409.03030 Video: https://youtu.be/Z-CT8A2R_-w

arXiv:1209.5145

Yuki Nagai, Akio Tomiya, arXiv:2409.03030, https://github.com/JuliaQCD

24



END
THANK YOU
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Lattice Gauge Fixing
 Iterative approaches

•  Los Alamos (LA) method: SU(2) subgroup update

with the gauge transformation based on the Cabbibo-Marinari method (maximal trace)

<latexit sha1_base64="hCFeskAfj1GsVvLQ2yposPGAU/k="></latexit>

w(n) =
∑

µ

[
Uµ(n) + U †

µ(n→ µ)
]

<latexit sha1_base64="DGs4FVrf73SHvpsAiG8aWXSu/0U="></latexit>

w(n) → g(n)w(n) such that RTrg(n)w(n) ↑ RTrw(n)

<latexit sha1_base64="PfuKIeCRLXk/9Fe03gxbjWn+JyY=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBahXkLShlhvBS8eK5i22Iay2W7bpbubsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeVHCqNKO82EV1tY3NreK26Wd3b39g/LhUVvFqcQkwDGLZTdCijAqSKCpZqSbSIJ4xEgnml7lfueeSEVjcatnCQk5Ggs6ohhpI90Fg6zP03lVnA/KFcf2PddveNCxHadW9+s5cWu+dwldo+SogBVag/J7fxjjlBOhMUNK9Vwn0WGGpKaYkXmpnyqSIDxFY9IzVCBOVJgtLp7DM6MM4SiWpoSGC/X7RIa4UjMemU6O9ET99nLxL6+X6lEjzKhIUk0EXi4apQzqGObvwyGVBGs2MwRhSc2tEE+QRFibkEomhK9P4f+kXbNd3/ZvvEqzsYqjCE7AKagCF1yAJrgGLRAADAR4AE/g2VLWo/VivS5bC9Zq5hj8gPX2CXmGkMk=</latexit>

Uµ(n)

<latexit sha1_base64="U9duoyclvXSZFF0Y8cfymzKYJ6Q=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR6sKQtCXWXcGNywqmLbS1TKbTdOhkEmYmQold+CtuXCji1t9w5984aSuo6IHLPZxzL3Pn+DGjUtn2h5FbWl5ZXcuvFzY2t7Z3zN29powSgYmHIxaJto8kYZQTT1HFSDsWBIU+Iy1/fJH5rVsiJI34tZrEpBeigNMhxUhpqW8eeDfdAQoCIvppN0ymJX6q20nfLNqWW3XcWhXalm2XK24lI07ZrZ5DRysZimCBRt987w4inISEK8yQlB3HjlUvRUJRzMi00E0kiREeo4B0NOUoJLKXzu6fwmOtDOAwErq4gjP1+0aKQiknoa8nQ6RG8reXiX95nUQNa72U8jhRhOP5Q8OEQRXBLAw4oIJgxSaaICyovhXiERIIKx1ZQYfw9VP4P2mWLce13KtqsV5bxJEHh+AIlIADzkAdXIIG8AAGd+ABPIFn4954NF6M1/lozljs7IMfMN4+Ad6QlgE=</latexit>

U†
µ(n→ µ)

[R.Gupta, G.Guralnik, G.Kilcup, A.Patel, S. R. Sharpe, and T.Warnock, Phys.Rev. D36 (1987) 2813.]

<latexit sha1_base64="4QUZOe+AY7UXhYwItek6pnsdJY4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklySpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lNVng/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDeraN4w==</latexit>

w(n)
<latexit sha1_base64="nCuUfjH0hbtkEWv35mRMruEfNxc=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyQI9ELx4xkY8EGrJdtrBhu212pxpS+SlePGiMV3+JN/+NC/Sg4EsmeXlvJjPz/FhwDY7zbeU2Nre2d/K7hb39g8Mju3jc1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbuZ+54EpzSN5D9OYeSEZSR5wSsBIA7tII6lBJRRweVSRF2U8sEtO1VkArxM3IyWUoTmwv/rDiCYhk0AF0brnOjF4KVHAqWCzQj/RLCZ0QkasZ6gkIdNeujh9hs+NMsRBpExJwAv190RKQq2noW86QwJjverNxf+8XgLBlZdyGSfAJF0uChKBIcLzHPCQK0ZBTA0hVHFzK6ZjoggFk1bBhOCuvrxO2rWqW6/W72qlxnUWRx6dojNUQS66RA10i5qohSh6RM/oFb1ZT9aL9W59LFtzVjZzgv7A+vwBoomS8Q==</latexit>

construct g(n)
<latexit sha1_base64="H+lcDxKHN1Cp9BbJ62g5jfkA/DY=">AAACCnicbVA9TwJBEN3zE/Hr1NJmFUygIXcUSEliY4nRAxK4kL1lDzbs7V529zTkQm3jX7Gx0Bhbf4Gd/8YFrlDwJZO8vDeTmXlBzKjSjvNtra1vbG5t53byu3v7B4f20XFLiURi4mHBhOwESBFGOfE01Yx0YklQFDDSDsZXM799T6Sigt/pSUz8CA05DSlG2kh9+yyUIoJ6ROCtV6qWoUqCoRRJDEUIiw8lXi727YJTceaAq8TNSAFkaPbtr95A4CQiXGOGlOq6Tqz9FElNMSPTfC9RJEZ4jIakayhHEVF+On9lCi+MMoChkKa4hnP190SKIqUmUWA6I6RHatmbif953USHdT+lPE404XixKEwY1ALOcoEDKgnWbGIIwpKaWyEeIYmwNunlTQju8surpFWtuLVK7aZaaNSzOHLgFJyDEnDBJWiAa9AEHsDgETyDV/BmPVkv1rv1sWhds7KZE/AH1ucP9iaYfg==</latexit>

from the SU(2) subgroup of w(n)

<latexit sha1_base64="wg/cnCgAfysR4z33a/ESawdUAu4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5L0UD0WvXisYD+gDWWzmaRLN5uwuxFK6MGLf8WLB0W8+iO8+W/cpj1o64OBx3szzMzzU86Udpxvq7SxubW9U96t7O0fHB7ZxyddlWSSQocmPJF9nyjgTEBHM82hn0ogsc+h509u5n7vAaRiibjX0xS8mESChYwSbaSRXSVpyqc4IlkEWEsiVJjIuDDxyK45dacAXifuktTQEu2R/TUMEprFIDTlRKmB66Tay4nUjHKYVYaZgpTQCYlgYKggMSgvL56Y4XOjBNhsNyU0LtTfEzmJlZrGvuk0943VqjcX//MGmQ6vvJyJNNMg6GJRmHGsEzxPBAdMAtUmhIARKpm5FdMxkYRqk1vFhOCuvrxOuo2626w37xq11vUyjjKqojN0gVx0iVroFrVRB1H0iJ7RK3qznqwX6936WLSWrOXMKfoD6/MH68qYSA==</latexit>

apply gauge transformation
<latexit sha1_base64="9gWlMDLqqneb2KzuLoTwrr+mM+Y="></latexit>

Uµ (n) → g (n) Uµ (n) g† (n+ µ̂)

<latexit sha1_base64="cEOYm1BNYYt2zGl5Q2FjTfi+Nkc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkrSRXVZFMRlBfuANJTJdNIOnUzCzESooV/ixoUibv0Ud/6N0zYLbT0wcDjnXO6dEyScKe0431ZhY3Nre6e4W9rbPzgs20fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk5u5332kUrFYPOhpQv0IjwQLGcHaSAO7zAQxeUVR9dYb+dWBXXFqzgJonbg5qUCO1sD+6g9jkkZUaMKxUp7rJNrPsNSMcDor9VNFE0wmeEQ9QwWOqPKzxeEzdG6UIQpjaZ7QaKH+nshwpNQ0CkwywnqsVr25+J/npTq88jMmklRTQZaLwpQjHaN5C2jIJCWaTw3BRDJzKyJjLDHRpquSKcFd/fI66dRrbqPWuK9Xmtd5HUU4hTO4ABcuoQl30II2EEjhGV7hzXqyXqx362MZLVj5zAn8gfX5A478kmE=</latexit>

increase F [g]
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Lattice Gauge Fixing
 Iterative approaches

• Cornell method: Steepest descent (SD)

- Mino method: determining the optimal tuning parameters 

<latexit sha1_base64="P1j2EmBoA0XLHFzNc5Gi6zk4pow="></latexit>

by solving
ωF [g]

ωε(n)
= 0

tunable parameter

[C.T.H.Davies, et al., Phys.Rev D37 (1988) 1581]

<latexit sha1_base64="3CqiVElmef7TjKZkEbmbP5LeC4U=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boKt4KrMdFFdFhVxWcE+YDqUTJppQzOZIckIpXbhr7hxoYhbf8Odf2PazkJbD1w4nHNvcu8JEs6UdpxvK7eyura+kd8sbG3v7O7Z+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDq6nfeqBSsVjc61FC/Qj3BQsZwdpIXfvomoUhlVRoZhTRR6Ubr++XunbRKTszoGXiZqQIGepd+6vTi0kamYcIx0p5rpNof4ylZoTTSaGTKppgMsR96hkqcESVP57tP0GnRumhMJamhEYz9ffEGEdKjaLAdEZYD9SiNxX/87xUhxf+mIkk1VSQ+UdhypGO0TQM1GOSEs1HhmAimdkVkQGWmGgTWcGE4C6evEyalbJbLVfvKsXaZRZHHo7hBM7AhXOowS3UoQEEHuEZXuHNerJerHfrY96as7KZQ/gD6/MH/RmVcA==</latexit>

Di!erentiating F [g]
<latexit sha1_base64="LxnFjBq9DtqmVLdP7kq9npDSp8M="></latexit>

with respect to wj(n) where g(n) = exp (iwata)

<latexit sha1_base64="lonaMht1Sp8pGqdaZhOd9VgJHw4="></latexit>

ω(n) =
R
∑

µ Tr [!(n) (Uµ(n→ µ̂)→ Uµ(n)))]

R
∑

µ Tr [!
2(n) (Uµ(n→ µ̂) + Uµ(n)))]

<latexit sha1_base64="aXdbwXaEpTjs3ZQL0xbhNghzCc8="></latexit>

g(n) = exp

(
1

2
ω!(n)

)
, where!(n) =

∑

µ

[
U †
µ(n→ µ)→ Uµ(n)

]
TA

<latexit sha1_base64="om+hnUgSPlGBYkIUAZXF5KhJMnk="></latexit>

→ ωµAµ(n), where Uµ(n) = eiagAµ(n)

<latexit sha1_base64="OmuVfcNCwFVemYkMlwlHuf6S7YM=">AAAB+HicdVDLSgNBEJyNrxgfiXr0MhgET8vuJsZ4C+rBYwSTCNk19E5mkyGzD2ZmhbjkS7x4UMSrn+LNv3HyEFS0oKGo6qa7y084k8qyPozc0vLK6lp+vbCxubVdLO3stmWcCkJbJOaxuPFBUs4i2lJMcXqTCAqhz2nHH51P/c4dFZLF0bUaJ9QLYRCxgBFQWuqVii7wZAjYvaBcwe2gVypbpuUc2xUbW6bj1CvOqSZVp1KtWNg2rRnKaIFmr/Tu9mOShjRShIOUXdtKlJeBUIxwOim4qaQJkBEMaFfTCEIqvWx2+AQfaqWPg1joihSeqd8nMgilHIe+7gxBDeVvbyr+5XVTFdS9jEVJqmhE5ouClGMV42kKuM8EJYqPNQEimL4VkyEIIEpnVdAhfH2K/ydtx7RrZu2qWm6cLeLIo310gI6QjU5QA12iJmohglL0gJ7Qs3FvPBovxuu8NWcsZvbQDxhvn4+wkw8=</latexit>

ω!g

<latexit sha1_base64="TEINTM+Hr1J6X4A3hw0eNmM6oMA=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQtKGWHdFQVxWsA9IQ5lMJ+3QmUmYmQgl9BfcuFDErT/kzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnaKm/v7O7tVw4OOyrJJCZtnLBE9iKkCKOCtDXVjPRSSRCPGOlGk6vC794TqWgi7vQ0JSFHI0FjipEupOtgFA4qVcf2PddveNCxHadW9+sFcWu+dwFdoxSogiVag8p7f5jgjBOhMUNKBa6T6jBHUlPMyKzczxRJEZ6gEQkMFYgTFebzW2fw1ChDGCfSlNBwrn6fyBFXasoj08mRHqvfXiH+5QWZjhthTkWaaSLwYlGcMagTWDwOh1QSrNnUEIQlNbdCPEYSYW3iKZsQvj6F/5NOzXZ927/1qs3LZRwlcAxOwBlwwTloghvQAm2AwRg8gCfwbHHr0XqxXhetK9Zy5gj8gPX2CR/tjlM=</latexit>

F [g]
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Our model: Machine learning approach
Network construction

• The gauge transform matrix is defined as

<latexit sha1_base64="SCd/XGgjEeZeLTNiyOyU3o24aFI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4KXHitYW2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48etRxqhi2WCxi1QmoRsEltgw3AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qsdK9uvH654lbdOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWPF1WvVq3dXVbqjTyOIpzAKZyDB1dQhwY0oQUMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8A1DONiQ==</latexit>

r = 1 <latexit sha1_base64="U0dVIgkajlzv7TYoZJg54KkecU0="></latexit>

L1

(
n;

{
U (ω)

})
=




dfix∑

µ=→dfix

U (ω)
µ (n)




†

<latexit sha1_base64="xJqw7p8PiN4Smgzx9Gd25x6xtPQ="></latexit>

Ls

(
n;

{
U (ω)

})
=




s∏

b=1






dfix∑

εb=→dfix
εb ↑=→εb→1 ↑=0

U (ω)
εb

(
n+

b→1∑

a=1

ω̂a

)









†

where s → 1

=




dfix∑

ε1=→dfix
ε1 ↑=0

dfix∑

ε2=→dfix
ε2 ↑=→ε1 ↑=0

· · ·
dfix∑

εs=→dfix
εs ↑=→εs→1 ↑=0

U (ω)
ε1

(n)U (ω)
ε2

(n+ ω̂1) · · ·U (ω)
εs

(
n+

s→1∑

a=1

ω̂a

)




†
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Our model: Machine learning approach
backpropagation 

• The objective function (optimum functional):
<latexit sha1_base64="4UN8CvpYWut7tWL7JP/24DA1lZw="></latexit>

E (ω) =
1

dfix Nc Nvol

∑

n

dfix∑

µ=1

Re Tr U (L)
µ (n)

• Training gradient
<latexit sha1_base64="Vak14svT9KLpamTO7Hcdyz4qfkk="></latexit>

dE (ω)

dω(ω)r

= 2
dfix∑

µ=1

∑

n

Re Tr
[
!H(ω)
µ

(n) Lr

(
n;

{
U (ω→1)

})
+ !S(ω)

µ
(n+ µ̂) Lr

(
n+ µ̂;

{
U (ω→1)

})]

<latexit sha1_base64="PoNJLAetKwg3hUsE49YbZ9/dQyo="></latexit>

where Nc is the number of color, and Nvol is number of the lattice sites

update training parameters with an optimiser

<latexit sha1_base64="bDlz4HD81rcfdia6DzflGmVFt34=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUJJRKrHgpceK9gPaGPZbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyG5tb2zv53cLe/sFh0T46bqsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zO/c4jlYpF4l5PY+qFeCRYwAjWRhrYxdFDWu5Tzi/cyqwsKgO75FSdBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooMbL2UiTjQVZLkoSDjSEZqngIZMUqL51BBMJDO3IjLGEhNtsiqYENzVl9dJ+7Lq1qq1u6tSvZHFkYdTOIMyuHANdWhAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fDWeSFA==</latexit>

g(ω+1)(n)

<latexit sha1_base64="GlTFCarHM4a8peKQk0Ud2Z9ga9U=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmICF7JrDHok8cIRExdMYCHdUqCh7W7aroZs+B9ePGiMV/+LN/+NBfag4EsmeXlvJjPzwpgzbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SRahPIh6phxBrypmkvmGG04dYUSxCTtvh5Hbutx+p0iyS92Ya00DgkWRDRrCxUs/vpWWvMut3RVKWlX6x5FbdBdA68TJSggzNfvGrO4hIIqg0hGOtO54bmyDFyjDC6azQTTSNMZngEe1YKrGgOkgXV8/QhVUGaBgpW9Kghfp7IsVC66kIbafAZqxXvbn4n9dJzPAmSJmME0MlWS4aJhyZCM0jQAOmKDF8agkmitlbERljhYmxQRVsCN7qy+ukdVn1atXa3VWp3sjiyMMZnEMZPLiGOjSgCT4QUPAMr/DmPDkvzrvzsWzNOdnMKfyB8/kDE+mRoA==</latexit>

U (1)
µ (n)

<latexit sha1_base64="ZCoA33Xw2amSeGkiS23XsHDZ8Ro=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQELqQ1Bj2SeOGIiQUSqM122cKG3W2zu9WQyk/x4kFjvPpLvPlvXKAHBV8yyct7M5mZFyaMKu0431ZhY3Nre6e4W9rbPzg8ssvHHRWnEhMPxyyWvRApwqggnqaakV4iCeIhI91wcjP3uw9EKhqLOz1NiM/RSNCIYqSNFNhl7z6rDghjtVkw4GlV1AK74tSdBeA6cXNSATnagf01GMY45URozJBSfddJtJ8hqSlmZFYapIokCE/QiPQNFYgT5WeL02fw3ChDGMXSlNBwof6eyBBXaspD08mRHqtVby7+5/VTHV37GRVJqonAy0VRyqCO4TwHOKSSYM2mhiAsqbkV4jGSCGuTVsmE4K6+vE46F3W3UW/cXlaarTyOIjgFZ6AKXHAFmqAF2sADGDyCZ/AK3qwn68V6tz6WrQUrnzkBf2B9/gAvnZNX</latexit>

U (ω)
µ (n)

<latexit sha1_base64="nTvOse/cF7YIfQzSdKxq09Cx6RI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRahRSiJSPVY8NJjBdMWmhg22027dHcTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeWFCiVS2/W2UNja3tnfKu5W9/YPDI/P4pCfjVCDsopjGYhBCiSnh2FVEUTxIBIYspLgfTm/nfv8RC0lifq+yBPsMjjmJCIJKS4FZdR/yuocpvXAas8BjaZ03ArNmN+0FrHXiFKQGCnQD88sbxShlmCtEoZRDx06Un0OhCKJ4VvFSiROIpnCMh5pyyLD088XxM+tcKyMrioUurqyF+nsih0zKjIW6k0E1kaveXPzPG6YquvFzwpNUYY6Wi6KUWiq25klYIyIwUjTTBCJB9K0WmkABkdJ5VXQIzurL66R32XRazdbdVa3dKeIog1NwBurAAdegDTqgC1yAQAaewSt4M56MF+Pd+Fi2loxipgr+wPj8AQ6pk8c=</latexit>

U (ω+1)
µ (n)

… …

<latexit sha1_base64="3f+gL+o5P3WMBcrB2oFkRfhCfiI="></latexit>

!H(ω+1)
µ

(m) =

[{
U (ω)
µ

(m) g(ω+1)† (m+ µ̂) ω(ω+1)
µ

(m)
}
ε
ϑg(ω+1) (m)

ϑQ(ω+1) (m)

]

TA

!S(ω+1)
µ

(m+ µ̂) =

[{
U (ω)†
µ

(m) g(ω+1)† (m) ω(ω+1)†
µ

(m)
}
ε
ϑg(ω+1) (m+ µ̂)

ϑQ(ω+1) (m+ µ̂)

]

TA
<latexit sha1_base64="WIRBG+ZIqpiDF9YTbDi4GUw670Y="></latexit>

ω(ω)µ (n) = g(ω+1)† (m+ µ̂) ω(ω+1)
µ (n) g(ω+1) (m)

+
∑

m

dfix∑

ε=1

[
U (ω)
ε (m) g(ω+1)† (m+ ε̂) ω(ω+1)

ε (m)
]
ϑ

[
ϖg(ω+1) (m)

ϖU (ω)
µ (n)

]

+
∑

m

dfix∑

ε=1

[
ω(ω+1)†
ε (m) g(ω+1) (m+ ε̂) U (ω)†

ε (m)
]
ϑ

[
ϖg(ω+1)† (m)

ϖU (ω)
µ (n)

]

+
∑

m

dfix∑

ε=1

[
U (ω)†
ε (m) g(ω+1)† (m) ω(ω+1)†

ε (m)
]
ϑ

[
ϖg(ω+1) (m+ ε̂)

ϖU (ω)
µ (n)

]

+
∑

m

dfix∑

ε=1

[
ω(ω+1)
ε (m) g(ω+1) (m) U (ω)

ε (m)
]
ϑ

[
ϖg(ω+1)† (m+ ε̂)

ϖU (ω)
µ (n)

]
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Gauge fixing procedure
Mini-batch training

Ensemble

Training set Testing set
<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="x9cSGW8IrbmqL9RGA+Qgdw3HsVI=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbMxickt4CXHCOYByRJmJ7PJmNmdZaZXCCH/4MWDIl79H2/+jZOHoKIFDUVVN91dQSKFAUI+nLX1jc2t7cxOdndv/+Awd3TcMirVjDeZkkp3Amq4FDFvggDJO4nmNAokbwfj67nfvufaCBXfwiThfkSHsQgFo2ClVg9GHGg/lydutUqKXhUTt0RIoVK2hFwWKqUS9lyyQB6t0Ojn3nsDxdKIx8AkNabrkQT8KdUgmOSzbC81PKFsTIe8a2lMI2786eLaGT63ygCHStuKAS/U7xNTGhkziQLbGVEYmd/eXPzL66YQVvypiJMUeMyWi8JUYlB4/joeCM0ZyIkllGlhb8VsRDVlYAPK2hC+PsX/k1bB9cpu+aaYr9VXcWTQKTpDF8hDV6iG6qiBmoihO/SAntCzo5xH58V5XbauOauZE/QDztsnF52PhQ==</latexit>

ω
<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃

Ensemble

Training set Testing set
<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="x9cSGW8IrbmqL9RGA+Qgdw3HsVI=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbMxickt4CXHCOYByRJmJ7PJmNmdZaZXCCH/4MWDIl79H2/+jZOHoKIFDUVVN91dQSKFAUI+nLX1jc2t7cxOdndv/+Awd3TcMirVjDeZkkp3Amq4FDFvggDJO4nmNAokbwfj67nfvufaCBXfwiThfkSHsQgFo2ClVg9GHGg/lydutUqKXhUTt0RIoVK2hFwWKqUS9lyyQB6t0Ojn3nsDxdKIx8AkNabrkQT8KdUgmOSzbC81PKFsTIe8a2lMI2786eLaGT63ygCHStuKAS/U7xNTGhkziQLbGVEYmd/eXPzL66YQVvypiJMUeMyWi8JUYlB4/joeCM0ZyIkllGlhb8VsRDVlYAPK2hC+PsX/k1bB9cpu+aaYr9VXcWTQKTpDF8hDV6iG6qiBmoihO/SAntCzo5xH58V5XbauOauZE/QDztsnF52PhQ==</latexit>

ω
<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃

Epoch 1

Epoch 2

Monitoring the loss

Monitoring the loss

mini batches

mini batches

✤ Adam (Adaptive Moment Estimation) optimiser is applied to update the training parameters.
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One epoch

 HPC

Mini batch #1

Gauge fixing procedure
Computation on HPC

- MPI for lattice (compute the gradient for a single configuration one by one) 

- GPU for lattice + MPI for parallelising batch training

#1 #2 #3 #4 #5 … #n

GPU GPU GPU GPU GPUGPU GPU

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

MPI

<latexit sha1_base64="ovaE2jTMuzMUmozN+ZxDAtY/s6M=">AAAB/HicdVDJSgNBEO1xjXGL5uilMQiehp6YxOQWECHHCGaBJISenp6kSc9Cd40QhvgrXjwo4tUP8ebf2FkEFX1Q8Hiviqp6biyFBkI+rLX1jc2t7cxOdndv/+Awd3Tc1lGiGG+xSEaq61LNpQh5CwRI3o0Vp4ErecedXM39zh1XWkThLUxjPgjoKBS+YBSMNMzl+76iLPWuZ6mH+zDmQGfDXIHYtRopOTVM7DIhxWrFEHJRrJbL2LHJAgW0QnOYe+97EUsCHgKTVOueQ2IYpFSBYJLPsv1E85iyCR3xnqEhDbgepIvjZ/jMKB72I2UqBLxQv0+kNNB6GrimM6Aw1r+9ufiX10vArw5SEcYJ8JAtF/mJxBDheRLYE4ozkFNDKFPC3IrZmJo0wOSVNSF8fYr/J+2i7VTsyk2pUG+s4sigE3SKzpGDLlEdNVATtRBDU/SAntCzdW89Wi/W67J1zVrN5NEPWG+fYe6VTQ==</latexit>

dE

dω

<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
Mini batch 

#2

HPC

<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
Mini batch 

#…

HPC

Mini batch 
#N

HPC

<latexit sha1_base64="s21WcYxl74aV6nbldBhPzQe1q0A=">AAAB9XicdVDLSgNBEJz1bXxFPXoZDIKnZTYmMbkJXnKMYEwgiTI722sGZx/M9CphyX948aCIV//Fm3/jJEZQ0YKGoqqb7i4/VdIgY+/O3PzC4tLyymphbX1jc6u4vXNhkkwLaItEJbrrcwNKxtBGiQq6qQYe+Qo6/s3pxO/cgjYyic9xlMIg4texDKXgaKXLPkoVQN7HISAfXxVLzG00WMVrUOZWGSvXa5awo3K9WqWey6YokRlaV8W3fpCILIIYheLG9DyW4iDnGqVQMC70MwMpFzf8GnqWxjwCM8inV4/pgVUCGibaVox0qn6fyHlkzCjybWfEcWh+exPxL6+XYVgf5DJOM4RYfC4KM0UxoZMIaCA1CFQjS7jQ0t5KxZBrLtAGVbAhfH1K/ycXZderubWzSumkOYtjheyRfXJIPHJMTkiTtEibCKLJPXkkT86d8+A8Oy+frXPObGaX/IDz+gGFiZM7</latexit>

ω̃
<latexit sha1_base64="x9cSGW8IrbmqL9RGA+Qgdw3HsVI=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbMxickt4CXHCOYByRJmJ7PJmNmdZaZXCCH/4MWDIl79H2/+jZOHoKIFDUVVN91dQSKFAUI+nLX1jc2t7cxOdndv/+Awd3TcMirVjDeZkkp3Amq4FDFvggDJO4nmNAokbwfj67nfvufaCBXfwiThfkSHsQgFo2ClVg9GHGg/lydutUqKXhUTt0RIoVK2hFwWKqUS9lyyQB6t0Ojn3nsDxdKIx8AkNabrkQT8KdUgmOSzbC81PKFsTIe8a2lMI2786eLaGT63ygCHStuKAS/U7xNTGhkziQLbGVEYmd/eXPzL66YQVvypiJMUeMyWi8JUYlB4/joeCM0ZyIkllGlhb8VsRDVlYAPK2hC+PsX/k1bB9cpu+aaYr9VXcWTQKTpDF8hDV6iG6qiBmoihO/SAntCzo5xH58V5XbauOauZE/QDztsnF52PhQ==</latexit>

ω
<latexit sha1_base64="x9cSGW8IrbmqL9RGA+Qgdw3HsVI=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbMxickt4CXHCOYByRJmJ7PJmNmdZaZXCCH/4MWDIl79H2/+jZOHoKIFDUVVN91dQSKFAUI+nLX1jc2t7cxOdndv/+Awd3TcMirVjDeZkkp3Amq4FDFvggDJO4nmNAokbwfj67nfvufaCBXfwiThfkSHsQgFo2ClVg9GHGg/lydutUqKXhUTt0RIoVK2hFwWKqUS9lyyQB6t0Ojn3nsDxdKIx8AkNabrkQT8KdUgmOSzbC81PKFsTIe8a2lMI2786eLaGT63ygCHStuKAS/U7xNTGhkziQLbGVEYmd/eXPzL66YQVvypiJMUeMyWi8JUYlB4/joeCM0ZyIkllGlhb8VsRDVlYAPK2hC+PsX/k1bB9cpu+aaYr9VXcWTQKTpDF8hDV6iG6qiBmoihO/SAntCzo5xH58V5XbauOauZE/QDztsnF52PhQ==</latexit>

ω
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Preliminary results
RC32x48: training for Coulomb gauge

• Schemes:

- Investigation into the size of the training set. 

- Investigation into the incremental training: starting with a smaller training set, then 
switching to a larger set.

<latexit sha1_base64="Iub/PaaZVatYwUx6ZWZaoltCAKo="></latexit>

*From pure interative method: Ffixed = 0.86965(8)

<latexit sha1_base64="gh7KnyIIH576HyY/iEPu0Z6wiP8="></latexit>

Training tag configs Batch size Layers S-length Initial param. Epoch F

L21S2 nt40b10 Zero 40 10 21 2 zeros 93 0.8576
L21S2 nt160b16 Zero 160 16 21 2 zeros 40 0.8576
L12S3 nt40b10 Zero 40 10 12 3 zeros 32 0.8498

L12S3 nt160b16 Param 160 16 12 3 [nt40b10 Zero] 14+34 0.8538
L12S3 nt160b16 Zero 160 16 12 3 zeros 39 0.8538
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Preliminary results
RC32x48: Different size of training set - L21S2
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Preliminary results
RC32x48: Increamental training - L12S3

0 10 20 30 40 50
0.00

0.02

0.04

◊

parameter (L,S) = (2,1)

0 10 20 30 40 50
Epoch

10≠5

10≠3

|�
◊|

0 10 20 30 40 50
0.00

0.02

0.04

◊

parameter (L,S) = (3,2)

0 10 20 30 40 50
Epoch

10≠5

10≠3

|�
◊|

0 10 20 30 40 50
0.00

0.02◊

parameter (L,S) = (8,3)

0 10 20 30 40 50
Epoch

10≠5

10≠3

|�
◊|

0 10 20 30 40 50
0.00

0.01◊

parameter (L,S) = (12,3)

0 10 20 30 40 50
Epoch

10≠6

10≠4

|�
◊|

0.82

0.84

0.86

F
(q

)

10°3

10°1

|D
F

(q
)|

0 10 20 30 40 50
Epoch

10°1

100

L
(q

)

nt40b10 Zero
nt160b16 Zero

nt160b16 Param(nt40b10@ep14)

34



Preliminary results
RC32x48: gauge fixing comaprison

Comparison of the SD section in the gauge 
fixing procedure with different training 
schemes, using  

‣Pure iterative method (250 steps of LA then 
SD) as a baseline. 

‣Apply the WLB gauge transformation with 
parameters trained with 21 layers and up to 
length-2 Wilson lines at epoch 93 using 40 
configurations. 

‣Apply the WLB gauge transformation with 
parameters trained with 12 layers and up to 
length-3 Wilson lines at epoch 48 using an 
incremental training scheme.
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Preliminary results
RC48x48: using parameters from RC32x48

An exemplified application of using the 
training parameters from the ensemble 
RC32x48, which shares the same lattice 
parameters as those of RC48x48, except 
for the spatial extent. 

‣ Training with a smaller lattice for a 
larger one might be possible.
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Preliminary results
Details of CNN
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Preliminary results
Model scanning toward deep network

• Comparing training cost 
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Performance 
Improvement
On Fugaku
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Performance 
Improvement
On Miyabi
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