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Central task in computations of lattice field theories
Sign Problem
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Dω p(ω)O(ω)
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Central Step

When p is a probability distribution
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Sign Problem
Illustration at the example of naïve reweighting
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but boils down to a linear high-dimensional PDE.
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<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S

6
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<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS
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<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS
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PIKfolds: An instructive example
<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS

<latexit sha1_base64="i4fWuKjwU+OgYRlROq28A4f+qTw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KolI9VjQg8cq9gPaUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYvWA4wT8iA2UCAVnaKVOF+EJdZTdw6RXKrsVdwa6TLyclEmOeq/01e3HPI1AIZfMmI7nJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NTp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjlZ0IlKYLi80VhKinGdPo/7QsNHOXYEsa1sLdSPmSacbQpFW0I3uLLy6R5XvGqlerdRbl2k8dRIMfkhJwRj1ySGrklddIgnMTkmbySNwedF+fd+Zi3rjj5zBH5A+fzB9a3kaQ=</latexit>

Re

<latexit sha1_base64="znIL3BV6WCOtJJJYCWonpSb/s+I=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DGgB71FMA9IljA7mU2GzGOZ6RXDks/w4kERr36NN//GSbIHTSxoKKq66e6KEsEt+P63t7K6tr6xWdgqbu/s7u2XDg6bVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxpdT/3WIzOWa/UA44SFkgwUjzkl4KROF9gTGJndyUmvVPYr/gx4mQQ5KaMc9V7pq9vXNJVMARXE2k7gJxBmxACngk2K3dSyhNARGbCOo4pIZsNsdvIEnzqlj2NtXCnAM/X3REaktWMZuU5JYGgXvan4n9dJIb4KM66SFJii80VxKjBoPP0f97lhFMTYEUINd7diOiSGUHApFV0IweLLy6R5Xgmqler9Rbl2k8dRQMfoBJ2hAF2iGrpFddRAFGn0jF7Rmwfei/fufcxbV7x85gj9gff5A9UpkaM=</latexit>

Im

<latexit sha1_base64="7GtBXmFMKKXt1wt6/I0bVOTbf8o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1euf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1IeNhg==</latexit>

t = 0

<latexit sha1_base64="e0tcUoFS0JkSGJiIVUm904xbwds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1eef1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1guNhw==</latexit>

t = 1

<latexit sha1_base64="MJUpIUafdnYROEkkupp6lwflOv8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fipwfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD06mM+g==</latexit>

i

<latexit sha1_base64="b5QOWf1I7DyohQowFgdJ+t/HOsI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrX7vI4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfsmMwg==</latexit>

1
<latexit sha1_base64="yHcRSXMF9wdThPAsIGoOaJaFkzM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSwznvlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0ryoeNVK9f6yXLvN4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzz9jTE=</latexit>→i

<latexit sha1_base64="z8irQ7ND5DEU+1kfJtPy2O0HWG8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXabx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDoDoz5</latexit>→1
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PIKfolds: An instructive example
<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS

<latexit sha1_base64="i4fWuKjwU+OgYRlROq28A4f+qTw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KolI9VjQg8cq9gPaUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYvWA4wT8iA2UCAVnaKVOF+EJdZTdw6RXKrsVdwa6TLyclEmOeq/01e3HPI1AIZfMmI7nJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NTp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjlZ0IlKYLi80VhKinGdPo/7QsNHOXYEsa1sLdSPmSacbQpFW0I3uLLy6R5XvGqlerdRbl2k8dRIMfkhJwRj1ySGrklddIgnMTkmbySNwedF+fd+Zi3rjj5zBH5A+fzB9a3kaQ=</latexit>

Re

<latexit sha1_base64="znIL3BV6WCOtJJJYCWonpSb/s+I=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DGgB71FMA9IljA7mU2GzGOZ6RXDks/w4kERr36NN//GSbIHTSxoKKq66e6KEsEt+P63t7K6tr6xWdgqbu/s7u2XDg6bVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxpdT/3WIzOWa/UA44SFkgwUjzkl4KROF9gTGJndyUmvVPYr/gx4mQQ5KaMc9V7pq9vXNJVMARXE2k7gJxBmxACngk2K3dSyhNARGbCOo4pIZsNsdvIEnzqlj2NtXCnAM/X3REaktWMZuU5JYGgXvan4n9dJIb4KM66SFJii80VxKjBoPP0f97lhFMTYEUINd7diOiSGUHApFV0IweLLy6R5Xgmqler9Rbl2k8dRQMfoBJ2hAF2iGrpFddRAFGn0jF7Rmwfei/fufcxbV7x85gj9gff5A9UpkaM=</latexit>

Im

<latexit sha1_base64="7GtBXmFMKKXt1wt6/I0bVOTbf8o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1euf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1IeNhg==</latexit>

t = 0

<latexit sha1_base64="e0tcUoFS0JkSGJiIVUm904xbwds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1eef1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1guNhw==</latexit>

t = 1

<latexit sha1_base64="MJUpIUafdnYROEkkupp6lwflOv8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fipwfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD06mM+g==</latexit>

i

<latexit sha1_base64="b5QOWf1I7DyohQowFgdJ+t/HOsI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrX7vI4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfsmMwg==</latexit>

1
<latexit sha1_base64="yHcRSXMF9wdThPAsIGoOaJaFkzM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSwznvlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0ryoeNVK9f6yXLvN4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzz9jTE=</latexit>→i

<latexit sha1_base64="z8irQ7ND5DEU+1kfJtPy2O0HWG8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXabx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDoDoz5</latexit>→1

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)
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PIKfolds: An instructive example
<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS

<latexit sha1_base64="i4fWuKjwU+OgYRlROq28A4f+qTw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KolI9VjQg8cq9gPaUDbbSbt0swm7E7GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYvWA4wT8iA2UCAVnaKVOF+EJdZTdw6RXKrsVdwa6TLyclEmOeq/01e3HPI1AIZfMmI7nJuhnTKPgEibFbmogYXzEBtCxVLEIjJ/NTp7QU6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjlZ0IlKYLi80VhKinGdPo/7QsNHOXYEsa1sLdSPmSacbQpFW0I3uLLy6R5XvGqlerdRbl2k8dRIMfkhJwRj1ySGrklddIgnMTkmbySNwedF+fd+Zi3rjj5zBH5A+fzB9a3kaQ=</latexit>

Re

<latexit sha1_base64="znIL3BV6WCOtJJJYCWonpSb/s+I=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DGgB71FMA9IljA7mU2GzGOZ6RXDks/w4kERr36NN//GSbIHTSxoKKq66e6KEsEt+P63t7K6tr6xWdgqbu/s7u2XDg6bVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxpdT/3WIzOWa/UA44SFkgwUjzkl4KROF9gTGJndyUmvVPYr/gx4mQQ5KaMc9V7pq9vXNJVMARXE2k7gJxBmxACngk2K3dSyhNARGbCOo4pIZsNsdvIEnzqlj2NtXCnAM/X3REaktWMZuU5JYGgXvan4n9dJIb4KM66SFJii80VxKjBoPP0f97lhFMTYEUINd7diOiSGUHApFV0IweLLy6R5Xgmqler9Rbl2k8dRQMfoBJ2hAF2iGrpFddRAFGn0jF7Rmwfei/fufcxbV7x85gj9gff5A9UpkaM=</latexit>

Im

<latexit sha1_base64="7GtBXmFMKKXt1wt6/I0bVOTbf8o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1euf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1IeNhg==</latexit>

t = 0

<latexit sha1_base64="e0tcUoFS0JkSGJiIVUm904xbwds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehoAePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4+uZ337k2ohYPeAk4X5Eh0qEglG00j1eef1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1mzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD1guNhw==</latexit>

t = 1

<latexit sha1_base64="MJUpIUafdnYROEkkupp6lwflOv8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fipwfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD06mM+g==</latexit>

i

<latexit sha1_base64="b5QOWf1I7DyohQowFgdJ+t/HOsI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrX7vI4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfsmMwg==</latexit>

1
<latexit sha1_base64="yHcRSXMF9wdThPAsIGoOaJaFkzM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSwznvlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfzS6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HCKNgRv8eVl0ryoeNVK9f6yXLvN4yjAMZzAGXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifPzz9jTE=</latexit>→i

<latexit sha1_base64="z8irQ7ND5DEU+1kfJtPy2O0HWG8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WNBDx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw7nXK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpHlR8aqV6v1luXabx1GAYziBM/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDoDoz5</latexit>→1

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

7
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PIKfolds: An instructive example
<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS
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PIKfolds: An instructive example
<latexit sha1_base64="VAd07bb9Eiv0tCnFPBTJpaRXCOg="></latexit>

Ŝt(ω) =
1

2
m2

tω
2 +

1

4
εtω

4

<latexit sha1_base64="AjK6ydvszQFWOq7O2R6UsVkNz1M=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQrfbSIQ/d87BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f02uQVA==</latexit>

S0(ω0)
<latexit sha1_base64="ckn5pUKXH2AUWlMQf7Ryobq9HJM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHos6MFjRfsB22XJptk2NJssyaxQSn+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF6WCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40upn5nSemDVfyEcYpCxIykDzmlICV/IfQq/bSIQ+987BccWvuHHiVeDmpoBzNsPzV6yuaJUwCFcQY33NTCCZEA6eCTUu9zLCU0BEZMN9SSRJmgsn85Ck+s0ofx0rbkoDn6u+JCUmMGSeR7UwIDM2yNxP/8/wM4utgwmWaAZN0sSjOBAaFZ//jPteMghhbQqjm9lZMh0QTCjalkg3BW355lbQval69Vr+/rDRu8ziK6ASdoiry0BVqoDvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8f1nyQVg==</latexit>

S1(ω1)
<latexit sha1_base64="2iymKjMWPKmhzr0eIZd6l+PMlJU=">AAAB7XicdVDJSgNBEO1xjXGLevTSGAQvDjNRYrwF9OAxolkgGUNPp5K06ekeunuEMOQfvHhQxKv/482/sbMgrg8KHu9VUVUvjDnTxvPenbn5hcWl5cxKdnVtfWMzt7Vd0zJRFKpUcqkaIdHAmYCqYYZDI1ZAopBDPRycjf36HSjNpLg2wxiCiPQE6zJKjJVqcJMeXo3aubznnpaOigUf+643wW+SRzNU2rm3VkfSJAJhKCdaN30vNkFKlGGUwyjbSjTEhA5ID5qWChKBDtLJtSO8b5UO7kplSxg8Ub9OpCTSehiFtjMipq9/emPxL6+ZmG4pSJmIEwOCThd1E46NxOPXcYcpoIYPLSFUMXsrpn2iCDU2oKwN4f/fP0mt4PpFt3h5nC+fz+LIoF20hw6Qj05QGV2gCqoiim7RPXpET450Hpxn52XaOufMZnbQNzivH4JCjx0=</latexit>

e→S
<latexit sha1_base64="w5P02wpdRkEwYZOb9+GSAfizmiQ=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaixHgL6MFjRLNAMoaeTiVp09M9dPcIYcg/ePGgiFf/x5t/Y2dBXB8UPN6roqpeGHOmjee9O5mFxaXllexqbm19Y3Mrv71T1zJRFGpUcqmaIdHAmYCaYYZDM1ZAopBDIxyeTfzGHSjNpLg2oxiCiPQF6zFKjJXqcJOyq3EnX/Dc0/JRqehj3/Wm+E0KaI5qJ//W7kqaRCAM5UTrlu/FJkiJMoxyGOfaiYaY0CHpQ8tSQSLQQTq9dowPrNLFPalsCYOn6teJlERaj6LQdkbEDPRPbyL+5bUS0ysHKRNxYkDQ2aJewrGRePI67jIF1PCRJYQqZm/FdEAUocYGlLMh/P/7J6kXXb/kli6PC5XzeRxZtIf20SHy0QmqoAtURTVE0S26R4/oyZHOg/PsvMxaM858Zhd9g/P6Ad2qj1k=</latexit>

eiS
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PIKfolds: Taming the Sign Problem
<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="Ta3zzeVSNg6cNK3w7oHyPxNEJfE=">AAACDnicjVDLSgMxFM3UV62vUZdugqVQN2VGpLoRim5cVrAP6AxDJpNpQzMPkjtCGeYL3Pgrblwo4ta1O//G9LFQUfDAJYdz7k1ujp8KrsCyPozS0vLK6lp5vbKxubW9Y+7udVWSSco6NBGJ7PtEMcFj1gEOgvVTyUjkC9bzx5dTv3fLpOJJfAOTlLkRGcY85JSAljyz5oSS0Dxw0hH3oMgDKPA5doIE5kp9ehx5ZtVuWDPgv0kVLdD2zHd9Bc0iFgMVRKmBbaXg5kQCp4IVFSdTLCV0TIZsoGlMIqbcfPadAte0EuAwkbpiwDP160ROIqUmka87IwIj9dObir95gwzCMzfncZoBi+n8oTATGBI8zQYHXDIKYqIJoZLrXTEdEZ0P6AQr/wuhe9ywm43m9Um1dbGIo4wO0CGqIxudoha6Qm3UQRTdoQf0hJ6Ne+PReDFe560lYzGzj77BePsEQnqcPQ==</latexit>

dωt

dt
= ω̇t(ω)

<latexit sha1_base64="iFnYCKV9C/lICgFJ630jQapcrSQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJSHVZ0IUboYJ9QBvCZDpph04ezNwINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6OrzG8/MKl4FN7DOGZOQAYh9zkloCXXPKjELpziXkBgSIlIbycunLhm2apaU+BFYuekjHI0XPOr149oErAQqCBKdW0rBiclEjgVbFLqJYrFhI7IgHU1DUnAlJNO00/wsVb62I+kfiHgqfp7IyWBUuPA05NZSjXvZeJ/XjcB/9JJeRgnwEI6O+QnAkOEsypwn0tGQYw1IVRynRXTIZGEgi6spEuw57+8SFpnVbtWrd2dl+vXeR1FdIiOUAXZ6ALV0Q1qoCai6BE9o1f0ZjwZL8a78TEbLRj5zj76A+PzB48KlK4=</latexit>

(pt,Mt)

<latexit sha1_base64="Djcy79ME01KAjCvW2JWybDh5MrA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVOUS/AakgwT28nrnXimmWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP7xXlCY=</latexit>

(p0,M0)

Typically
<latexit sha1_base64="lquUtbTw7XImApHOT1iSvIxtps4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlEqsuCLlxWsQ9oQphMJ+3QyWSYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvfeEglGlHefbWlpeWV1bL22UN7e2d3btvf22SlKJSQsnLJHdECnCKCctTTUjXSEJikNGOuHoKvc7D0QqmvB7PRbEj9GA04hipI0U2IcicKqeGNLAOYUe5dCLkR6GYXY3CeyKU3OmgIvELUgFFGgG9pfXT3AaE64xQ0r1XEdoP0NSU8zIpOyligiER2hAeoZyFBPlZ9MfJvDEKH0YJdIU13Cq/p7IUKzUOA5NZ36hmvdy8T+vl+ro0s8oF6kmHM8WRSmDOoF5ILBPJcGajQ1BWFJzK8RDJBHWJrayCcGdf3mRtM9qbr1Wvz2vNK6LOErgCByDKnDBBWiAG9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fXcyWvw==</latexit>

p0(ω0) → R
<latexit sha1_base64="YBKXuiIXyBQyPYqVNXPWauXNtDw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRKR6kYo2IUboYp9QBvDZDpph04mYWYilJA/cOOvuHGhiFu37vwbJ2kRbT0wcOace7n3Hi9iVCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rI/PY9EZKG/FaNI+IEaMCpTzFSWnLNw16A1BAjllylrgXPYf73vOQmvfux6qlrlq2KlQPOE3tKymCKhmt+9vohjgPCFWZIyq5tRcpJkFAUM5KWerEkEcIjNCBdTTkKiHSS/J4UHmilD/1Q6McVzNXfHQkKpBwHnq7MVpSzXib+53Vj5Z85CeVRrAjHk0F+zKAKYRYO7FNBsGJjTRAWVO8K8RAJhJWOsKRDsGdPniet44pdrVSvT8q1+jSOItgD++AI2OAU1MAlaIAmwOABPIEX8Go8Gs/Gm/E+KS0Y055d8AfGxzfqjZyf</latexit>

M0 = RD

≠2 0 2
„0
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PIKfolds: Taming the Sign Problem
<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="Ta3zzeVSNg6cNK3w7oHyPxNEJfE=">AAACDnicjVDLSgMxFM3UV62vUZdugqVQN2VGpLoRim5cVrAP6AxDJpNpQzMPkjtCGeYL3Pgrblwo4ta1O//G9LFQUfDAJYdz7k1ujp8KrsCyPozS0vLK6lp5vbKxubW9Y+7udVWSSco6NBGJ7PtEMcFj1gEOgvVTyUjkC9bzx5dTv3fLpOJJfAOTlLkRGcY85JSAljyz5oSS0Dxw0hH3oMgDKPA5doIE5kp9ehx5ZtVuWDPgv0kVLdD2zHd9Bc0iFgMVRKmBbaXg5kQCp4IVFSdTLCV0TIZsoGlMIqbcfPadAte0EuAwkbpiwDP160ROIqUmka87IwIj9dObir95gwzCMzfncZoBi+n8oTATGBI8zQYHXDIKYqIJoZLrXTEdEZ0P6AQr/wuhe9ywm43m9Um1dbGIo4wO0CGqIxudoha6Qm3UQRTdoQf0hJ6Ne+PReDFe560lYzGzj77BePsEQnqcPQ==</latexit>

dωt

dt
= ω̇t(ω)

<latexit sha1_base64="iFnYCKV9C/lICgFJ630jQapcrSQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJSHVZ0IUboYJ9QBvCZDpph04ezNwINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6OrzG8/MKl4FN7DOGZOQAYh9zkloCXXPKjELpziXkBgSIlIbycunLhm2apaU+BFYuekjHI0XPOr149oErAQqCBKdW0rBiclEjgVbFLqJYrFhI7IgHU1DUnAlJNO00/wsVb62I+kfiHgqfp7IyWBUuPA05NZSjXvZeJ/XjcB/9JJeRgnwEI6O+QnAkOEsypwn0tGQYw1IVRynRXTIZGEgi6spEuw57+8SFpnVbtWrd2dl+vXeR1FdIiOUAXZ6ALV0Q1qoCai6BE9o1f0ZjwZL8a78TEbLRj5zj76A+PzB48KlK4=</latexit>

(pt,Mt)

<latexit sha1_base64="JVP+JJ6P5Eq2OJP+JFfLprhUR6g=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVPUS/AakgwT28nrn3immWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP79wlCg=</latexit>

(p1,M1)

<latexit sha1_base64="oiysDOUpGMhCG3EOMJVSDp1Z6qs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6Egh48VrAf0C4lm2bb0CQbkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL1KcGev7315hbX1jc6u4XdrZ3ds/KB8etUySakKbJOGJ7kTYUM4kbVpmOe0oTbGIOG1H49uZ336i2rBEPtqJoqHAQ8liRrB1Ulv1A3SDVL9c8av+HGiVBDmpQI5Gv/zVGyQkFVRawrEx3cBXNsywtoxwOi31UkMVJmM8pF1HJRbUhNn83Ck6c8oAxYl2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxtdhxqRKLZVksShOObIJmv2OBkxTYvnEEUw0c7ciMsIaE+sSKrkQguWXV0nrohrUqrWHy0r9Lo+jCCdwCucQwBXU4R4a0AQCY3iGV3jzlPfivXsfi9aCl88cwx94nz8DpI66</latexit>p1 = p
<latexit sha1_base64="4vSczx06vTKVkuSzIr4fQw3AYQs=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBPJREpHostAcvQgVbC00sm+2mXbrZhN2NUEL+gxf/ihcPinj14s1/4yYNoq0PBh7vzTAzz4sYlcqyvozS0vLK6lp5vbKxubW9Y+7udWUYC0w6OGSh6HlIEkY56SiqGOlFgqDAY+TWmzQz//aeCElDfqOmEXEDNOLUpxgpLQ3MEydAaowRS65S6MjYk0TBXPO8pJne/ditdGBWrZqVAy4SuyBVUKA9MD+dYYjjgHCFGZKyb1uRchMkFMWMpBUnliRCeIJGpK8pRwGRbpL/lMIjrQyhHwpdXMFc/T2RoEDKaeDpzuxEOe9l4n9eP1b+hZtQHsWKcDxb5McMqhBmAcEhFQQrNtUEYUH1rRCPkUBY6RgrOgR7/uVF0j2t2fVa/fqs2mgVcZTBATgEx8AG56ABLkEbdAAGD+AJvIBX49F4Nt6M91lryShm9sEfGB/f9Wee3g==</latexit>

M → CD

≠2 0 2
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)
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≠0.25
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p 1
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1)

Re
Im

<latexit sha1_base64="Djcy79ME01KAjCvW2JWybDh5MrA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVOUS/AakgwT28nrnXimmWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP7xXlCY=</latexit>

(p0,M0)

Typically
<latexit sha1_base64="lquUtbTw7XImApHOT1iSvIxtps4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlEqsuCLlxWsQ9oQphMJ+3QyWSYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvfeEglGlHefbWlpeWV1bL22UN7e2d3btvf22SlKJSQsnLJHdECnCKCctTTUjXSEJikNGOuHoKvc7D0QqmvB7PRbEj9GA04hipI0U2IcicKqeGNLAOYUe5dCLkR6GYXY3CeyKU3OmgIvELUgFFGgG9pfXT3AaE64xQ0r1XEdoP0NSU8zIpOyligiER2hAeoZyFBPlZ9MfJvDEKH0YJdIU13Cq/p7IUKzUOA5NZ36hmvdy8T+vl+ro0s8oF6kmHM8WRSmDOoF5ILBPJcGajQ1BWFJzK8RDJBHWJrayCcGdf3mRtM9qbr1Wvz2vNK6LOErgCByDKnDBBWiAG9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fXcyWvw==</latexit>

p0(ω0) → R
<latexit sha1_base64="YBKXuiIXyBQyPYqVNXPWauXNtDw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRKR6kYo2IUboYp9QBvDZDpph04mYWYilJA/cOOvuHGhiFu37vwbJ2kRbT0wcOace7n3Hi9iVCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rI/PY9EZKG/FaNI+IEaMCpTzFSWnLNw16A1BAjllylrgXPYf73vOQmvfux6qlrlq2KlQPOE3tKymCKhmt+9vohjgPCFWZIyq5tRcpJkFAUM5KWerEkEcIjNCBdTTkKiHSS/J4UHmilD/1Q6McVzNXfHQkKpBwHnq7MVpSzXib+53Vj5Z85CeVRrAjHk0F+zKAKYRYO7FNBsGJjTRAWVO8K8RAJhJWOsKRDsGdPniet44pdrVSvT8q1+jSOItgD++AI2OAU1MAlaIAmwOABPIEX8Go8Gs/Gm/E+KS0Y055d8AfGxzfqjZyf</latexit>

M0 = RD

≠2 0 2
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PIKfolds: Taming the Sign Problem
<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="Ta3zzeVSNg6cNK3w7oHyPxNEJfE=">AAACDnicjVDLSgMxFM3UV62vUZdugqVQN2VGpLoRim5cVrAP6AxDJpNpQzMPkjtCGeYL3Pgrblwo4ta1O//G9LFQUfDAJYdz7k1ujp8KrsCyPozS0vLK6lp5vbKxubW9Y+7udVWSSco6NBGJ7PtEMcFj1gEOgvVTyUjkC9bzx5dTv3fLpOJJfAOTlLkRGcY85JSAljyz5oSS0Dxw0hH3oMgDKPA5doIE5kp9ehx5ZtVuWDPgv0kVLdD2zHd9Bc0iFgMVRKmBbaXg5kQCp4IVFSdTLCV0TIZsoGlMIqbcfPadAte0EuAwkbpiwDP160ROIqUmka87IwIj9dObir95gwzCMzfncZoBi+n8oTATGBI8zQYHXDIKYqIJoZLrXTEdEZ0P6AQr/wuhe9ywm43m9Um1dbGIo4wO0CGqIxudoha6Qm3UQRTdoQf0hJ6Ne+PReDFe560lYzGzj77BePsEQnqcPQ==</latexit>

dωt

dt
= ω̇t(ω)

<latexit sha1_base64="iFnYCKV9C/lICgFJ630jQapcrSQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJSHVZ0IUboYJ9QBvCZDpph04ezNwINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6OrzG8/MKl4FN7DOGZOQAYh9zkloCXXPKjELpziXkBgSIlIbycunLhm2apaU+BFYuekjHI0XPOr149oErAQqCBKdW0rBiclEjgVbFLqJYrFhI7IgHU1DUnAlJNO00/wsVb62I+kfiHgqfp7IyWBUuPA05NZSjXvZeJ/XjcB/9JJeRgnwEI6O+QnAkOEsypwn0tGQYw1IVRynRXTIZGEgi6spEuw57+8SFpnVbtWrd2dl+vXeR1FdIiOUAXZ6ALV0Q1qoCai6BE9o1f0ZjwZL8a78TEbLRj5zj76A+PzB48KlK4=</latexit>

(pt,Mt)

<latexit sha1_base64="JVP+JJ6P5Eq2OJP+JFfLprhUR6g=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVPUS/AakgwT28nrn3immWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP79wlCg=</latexit>

(p1,M1)

<latexit sha1_base64="oiysDOUpGMhCG3EOMJVSDp1Z6qs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6Egh48VrAf0C4lm2bb0CQbkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL1KcGev7315hbX1jc6u4XdrZ3ds/KB8etUySakKbJOGJ7kTYUM4kbVpmOe0oTbGIOG1H49uZ336i2rBEPtqJoqHAQ8liRrB1Ulv1A3SDVL9c8av+HGiVBDmpQI5Gv/zVGyQkFVRawrEx3cBXNsywtoxwOi31UkMVJmM8pF1HJRbUhNn83Ck6c8oAxYl2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxtdhxqRKLZVksShOObIJmv2OBkxTYvnEEUw0c7ciMsIaE+sSKrkQguWXV0nrohrUqrWHy0r9Lo+jCCdwCucQwBXU4R4a0AQCY3iGV3jzlPfivXsfi9aCl88cwx94nz8DpI66</latexit>p1 = p
<latexit sha1_base64="4vSczx06vTKVkuSzIr4fQw3AYQs=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBPJREpHostAcvQgVbC00sm+2mXbrZhN2NUEL+gxf/ihcPinj14s1/4yYNoq0PBh7vzTAzz4sYlcqyvozS0vLK6lp5vbKxubW9Y+7udWUYC0w6OGSh6HlIEkY56SiqGOlFgqDAY+TWmzQz//aeCElDfqOmEXEDNOLUpxgpLQ3MEydAaowRS65S6MjYk0TBXPO8pJne/ditdGBWrZqVAy4SuyBVUKA9MD+dYYjjgHCFGZKyb1uRchMkFMWMpBUnliRCeIJGpK8pRwGRbpL/lMIjrQyhHwpdXMFc/T2RoEDKaeDpzuxEOe9l4n9eP1b+hZtQHsWKcDxb5McMqhBmAcEhFQQrNtUEYUH1rRCPkUBY6RgrOgR7/uVF0j2t2fVa/fqs2mgVcZTBATgEx8AG56ABLkEbdAAGD+AJvIBX49F4Nt6M91lryShm9sEfGB/f9Wee3g==</latexit>

M → CD
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Re(„)
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<latexit sha1_base64="BiBBjQJYyU/MV2MSlql3HKqymt4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUoiUl0WdOFGqGAf0IYymU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQlsPDBzOuZd75vgxZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fFt5rcnVCoWiSc9jakX4qFgASNYG6lv25X4AvVCrEcE8/Rhdt63y07VmQOtEjcnZcjR6NtfvUFEkpAKTThWqus6sfZSLDUjnM5KvUTRGJMxHtKuoQKHVHnpPPkMnRllgIJImic0mqu/N1IcKjUNfTOZZVTLXib+53UTHdx4KRNxoqkgi0NBwpGOUFYDGjBJieZTQzCRzGRFZIQlJtqUVTIluMtfXiWty6pbq9Yer8r1u7yOIpzAKVTAhWuowz00oAkEJvAMr/BmpdaL9W59LEYLVr5zDH9gff4AYAaS4A==</latexit>

(p,M)

Typically
<latexit sha1_base64="Zw6UUe/xODj/+pd6PMY5qsGzgiM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJSHVZqAuXFewDmlAm00k7dDIZZiaFEoobf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufeeQDCqtON8W4W19Y3NreJ2aWd3b//APjxqqziRmLRwzGLZDZAijHLS0lQz0hWSoChgpBOMG5nfmRCpaMwf9FQQP0JDTkOKkTZS3z4RFW+CpBjRC+hRDr0I6VEQpI1Z3y47VWcOuErcnJRBjmbf/vIGMU4iwjVmSKme6wjtp0hqihmZlbxEEYHwGA1Jz1COIqL8dP7CDJ4bZQDDWJriGs7V3xMpipSaRoHpzC5Uy14m/uf1Eh3e+CnlItGE48WiMGFQxzDLAw6oJFizqSEIS2puhXiEJMLapFYyIbjLL6+S9mXVrVVr91fl+m0eRxGcgjNQAS64BnVwB5qgBTB4BM/gFbxZT9aL9W59LFoLVj5zDP7A+vwBY72W0Q==</latexit>

p(ω) → C
<latexit sha1_base64="LI7EAaKs8k7fnXUwJTegi4kk2FQ=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKR6kYo2IUboYp9QBvLZDpph04mYWYilJAfcOOvuHGhiFv37vwbJ2kQbT0wcOace7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O75I/fY9EZIG/FZNQuL4aMipRzFSWuqbBz0fqRFGLL5K4DnMfq4b3yR3P0Y96Ztlq2JlgPPEzkkZ5Gj0zc/eIMCRT7jCDEnZta1QOTESimJGklIvkiREeIyGpKspRz6RTpxdk8BDrQygFwj9uIKZ+rsjRr6UE9/VlemKctZLxf+8bqS8MyemPIwU4Xg6yIsYVAFMo4EDKghWbKIJwoLqXSEeIYGw0gGWdAj27MnzpHVcsauV6vVJuVbP4yiCPbAPjoANTkENXIIGaAIMHsATeAGvxqPxbLwZ79PSgpH37II/MD6+Aa/im/w=</latexit>

M = RD

≠10 ≠5 0 5 10
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<latexit sha1_base64="Djcy79ME01KAjCvW2JWybDh5MrA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVOUS/AakgwT28nrnXimmWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP7xXlCY=</latexit>

(p0,M0)

Typically
<latexit sha1_base64="lquUtbTw7XImApHOT1iSvIxtps4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlEqsuCLlxWsQ9oQphMJ+3QyWSYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvfeEglGlHefbWlpeWV1bL22UN7e2d3btvf22SlKJSQsnLJHdECnCKCctTTUjXSEJikNGOuHoKvc7D0QqmvB7PRbEj9GA04hipI0U2IcicKqeGNLAOYUe5dCLkR6GYXY3CeyKU3OmgIvELUgFFGgG9pfXT3AaE64xQ0r1XEdoP0NSU8zIpOyligiER2hAeoZyFBPlZ9MfJvDEKH0YJdIU13Cq/p7IUKzUOA5NZ36hmvdy8T+vl+ro0s8oF6kmHM8WRSmDOoF5ILBPJcGajQ1BWFJzK8RDJBHWJrayCcGdf3mRtM9qbr1Wvz2vNK6LOErgCByDKnDBBWiAG9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fXcyWvw==</latexit>

p0(ω0) → R
<latexit sha1_base64="YBKXuiIXyBQyPYqVNXPWauXNtDw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRKR6kYo2IUboYp9QBvDZDpph04mYWYilJA/cOOvuHGhiFu37vwbJ2kRbT0wcOace7n3Hi9iVCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rI/PY9EZKG/FaNI+IEaMCpTzFSWnLNw16A1BAjllylrgXPYf73vOQmvfux6qlrlq2KlQPOE3tKymCKhmt+9vohjgPCFWZIyq5tRcpJkFAUM5KWerEkEcIjNCBdTTkKiHSS/J4UHmilD/1Q6McVzNXfHQkKpBwHnq7MVpSzXib+53Vj5Z85CeVRrAjHk0F+zKAKYRYO7FNBsGJjTRAWVO8K8RAJhJWOsKRDsGdPniet44pdrVSvT8q1+jSOItgD++AI2OAU1MAlaIAmwOABPIEX8Go8Gs/Gm/E+KS0Y055d8AfGxzfqjZyf</latexit>

M0 = RD
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PIKfolds: Taming the Sign Problem
<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="Ta3zzeVSNg6cNK3w7oHyPxNEJfE=">AAACDnicjVDLSgMxFM3UV62vUZdugqVQN2VGpLoRim5cVrAP6AxDJpNpQzMPkjtCGeYL3Pgrblwo4ta1O//G9LFQUfDAJYdz7k1ujp8KrsCyPozS0vLK6lp5vbKxubW9Y+7udVWSSco6NBGJ7PtEMcFj1gEOgvVTyUjkC9bzx5dTv3fLpOJJfAOTlLkRGcY85JSAljyz5oSS0Dxw0hH3oMgDKPA5doIE5kp9ehx5ZtVuWDPgv0kVLdD2zHd9Bc0iFgMVRKmBbaXg5kQCp4IVFSdTLCV0TIZsoGlMIqbcfPadAte0EuAwkbpiwDP160ROIqUmka87IwIj9dObir95gwzCMzfncZoBi+n8oTATGBI8zQYHXDIKYqIJoZLrXTEdEZ0P6AQr/wuhe9ywm43m9Um1dbGIo4wO0CGqIxudoha6Qm3UQRTdoQf0hJ6Ne+PReDFe560lYzGzj77BePsEQnqcPQ==</latexit>

dωt

dt
= ω̇t(ω)

<latexit sha1_base64="iFnYCKV9C/lICgFJ630jQapcrSQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJSHVZ0IUboYJ9QBvCZDpph04ezNwINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6OrzG8/MKl4FN7DOGZOQAYh9zkloCXXPKjELpziXkBgSIlIbycunLhm2apaU+BFYuekjHI0XPOr149oErAQqCBKdW0rBiclEjgVbFLqJYrFhI7IgHU1DUnAlJNO00/wsVb62I+kfiHgqfp7IyWBUuPA05NZSjXvZeJ/XjcB/9JJeRgnwEI6O+QnAkOEsypwn0tGQYw1IVRynRXTIZGEgi6spEuw57+8SFpnVbtWrd2dl+vXeR1FdIiOUAXZ6ALV0Q1qoCai6BE9o1f0ZjwZL8a78TEbLRj5zj76A+PzB48KlK4=</latexit>

(pt,Mt)

<latexit sha1_base64="t/tslDnH0vy0slI2k5mHjAGDHlM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CQA8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQ+YzO</latexit>= <latexit sha1_base64="t/tslDnH0vy0slI2k5mHjAGDHlM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CQA8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCQ+YzO</latexit>=
CauchyPIK <latexit sha1_base64="qX2LTjVwATCCgeOH16mkt1AhgZw=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUkDIRqS5cFN24ESvYB3TKkMlk2tBMZkgyQhnmZ9z4K25cWERw5a+YPhBtPRA4nHMuufd4MWdK2/anlVtaXlldy68XNja3tneKu3tNFSWS0AaJeCTbHlaUM0EbmmlO27GkOPQ4bXmD67HfeqRSsUg86GFMuyHuCRYwgrWR3OKlw4R2UyfEuk8wT28zN0VZBn0nTFwEnRMYu6jsxH12DH9Cd9lUcYslu2JPABcJmpESmKHuFkeOH5EkpEITjpXqIDvW3RRLzQinWcFJFI0xGeAe7RgqcEhVN51cmcEjo/gwiKR5QsOJ+nsixaFSw9AzyfGiat4bi/95nUQHF92UiTjRVJDpR0HCoY7guDLoM0mJ5kNDMJHM7ApJH0tMtCm2YEpA8ycvkuZpBVUr1fuzUu1qVkceHIBDUAYInIMauAF10AAEPIEX8AZG1rP1ar1bH9NozprN7IM/sL6+AYfspKI=</latexit>∫

M1

dµ1 p1(ω)O(ω)

<latexit sha1_base64="JVP+JJ6P5Eq2OJP+JFfLprhUR6g=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVPUS/AakgwT28nrn3immWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP79wlCg=</latexit>

(p1,M1)

<latexit sha1_base64="oiysDOUpGMhCG3EOMJVSDp1Z6qs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6Egh48VrAf0C4lm2bb0CQbkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL1KcGev7315hbX1jc6u4XdrZ3ds/KB8etUySakKbJOGJ7kTYUM4kbVpmOe0oTbGIOG1H49uZ336i2rBEPtqJoqHAQ8liRrB1Ulv1A3SDVL9c8av+HGiVBDmpQI5Gv/zVGyQkFVRawrEx3cBXNsywtoxwOi31UkMVJmM8pF1HJRbUhNn83Ck6c8oAxYl2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxtdhxqRKLZVksShOObIJmv2OBkxTYvnEEUw0c7ciMsIaE+sSKrkQguWXV0nrohrUqrWHy0r9Lo+jCCdwCucQwBXU4R4a0AQCY3iGV3jzlPfivXsfi9aCl88cwx94nz8DpI66</latexit>p1 = p
<latexit sha1_base64="4vSczx06vTKVkuSzIr4fQw3AYQs=">AAACE3icbVBNS8NAEN3Ur1q/oh69LBZBPJREpHostAcvQgVbC00sm+2mXbrZhN2NUEL+gxf/ihcPinj14s1/4yYNoq0PBh7vzTAzz4sYlcqyvozS0vLK6lp5vbKxubW9Y+7udWUYC0w6OGSh6HlIEkY56SiqGOlFgqDAY+TWmzQz//aeCElDfqOmEXEDNOLUpxgpLQ3MEydAaowRS65S6MjYk0TBXPO8pJne/ditdGBWrZqVAy4SuyBVUKA9MD+dYYjjgHCFGZKyb1uRchMkFMWMpBUnliRCeIJGpK8pRwGRbpL/lMIjrQyhHwpdXMFc/T2RoEDKaeDpzuxEOe9l4n9eP1b+hZtQHsWKcDxb5McMqhBmAcEhFQQrNtUEYUH1rRCPkUBY6RgrOgR7/uVF0j2t2fVa/fqs2mgVcZTBATgEx8AG56ABLkEbdAAGD+AJvIBX49F4Nt6M91lryShm9sEfGB/f9Wee3g==</latexit>

M → CD
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<latexit sha1_base64="BiBBjQJYyU/MV2MSlql3HKqymt4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUoiUl0WdOFGqGAf0IYymU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQlsPDBzOuZd75vgxZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fFt5rcnVCoWiSc9jakX4qFgASNYG6lv25X4AvVCrEcE8/Rhdt63y07VmQOtEjcnZcjR6NtfvUFEkpAKTThWqus6sfZSLDUjnM5KvUTRGJMxHtKuoQKHVHnpPPkMnRllgIJImic0mqu/N1IcKjUNfTOZZVTLXib+53UTHdx4KRNxoqkgi0NBwpGOUFYDGjBJieZTQzCRzGRFZIQlJtqUVTIluMtfXiWty6pbq9Yer8r1u7yOIpzAKVTAhWuowz00oAkEJvAMr/BmpdaL9W59LEYLVr5zDH9gff4AYAaS4A==</latexit>

(p,M)

Typically
<latexit sha1_base64="Zw6UUe/xODj/+pd6PMY5qsGzgiM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJSHVZqAuXFewDmlAm00k7dDIZZiaFEoobf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufeeQDCqtON8W4W19Y3NreJ2aWd3b//APjxqqziRmLRwzGLZDZAijHLS0lQz0hWSoChgpBOMG5nfmRCpaMwf9FQQP0JDTkOKkTZS3z4RFW+CpBjRC+hRDr0I6VEQpI1Z3y47VWcOuErcnJRBjmbf/vIGMU4iwjVmSKme6wjtp0hqihmZlbxEEYHwGA1Jz1COIqL8dP7CDJ4bZQDDWJriGs7V3xMpipSaRoHpzC5Uy14m/uf1Eh3e+CnlItGE48WiMGFQxzDLAw6oJFizqSEIS2puhXiEJMLapFYyIbjLL6+S9mXVrVVr91fl+m0eRxGcgjNQAS64BnVwB5qgBTB4BM/gFbxZT9aL9W59LFoLVj5zDP7A+vwBY72W0Q==</latexit>

p(ω) → C
<latexit sha1_base64="LI7EAaKs8k7fnXUwJTegi4kk2FQ=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKR6kYo2IUboYp9QBvLZDpph04mYWYilJAfcOOvuHGhiFv37vwbJ2kQbT0wcOace7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O75I/fY9EZIG/FZNQuL4aMipRzFSWuqbBz0fqRFGLL5K4DnMfq4b3yR3P0Y96Ztlq2JlgPPEzkkZ5Gj0zc/eIMCRT7jCDEnZta1QOTESimJGklIvkiREeIyGpKspRz6RTpxdk8BDrQygFwj9uIKZ+rsjRr6UE9/VlemKctZLxf+8bqS8MyemPIwU4Xg6yIsYVAFMo4EDKghWbKIJwoLqXSEeIYGw0gGWdAj27MnzpHVcsauV6vVJuVbP4yiCPbAPjoANTkENXIIGaAIMHsATeAGvxqPxbLwZ79PSgpH37II/MD6+Aa/im/w=</latexit>

M = RD
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<latexit sha1_base64="A88plqyGLfRmgPhg/64dIWQUQH8="></latexit>∫

M0

dµ0 p0(ω)O(ω1(ω) )

<latexit sha1_base64="Djcy79ME01KAjCvW2JWybDh5MrA=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClISkeqyoAs3QgX7gDaEyXTSDp08mJkINRR/xY0LRdz6H+78GydtFtp6YOBwzr3cM8eLOZPKsr6NwtLyyupacb20sbm1vWPu7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdZX77gQrJovBejWPqBHgQMp8RrLTkmgeV2LVOUS/AakgwT28nrnXimmWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU4npV4iaYzJCA9oV9MQB1Q66TT9BB1rpY/8SOgXKjRVf2+kOJByHHh6Mksp571M/M/rJsq/dFIWxomiIZkd8hOOVISyKlCfCUoUH2uCiWA6KyJDLDBRurCSLsGe//IiaZ1V7Vq1dnderl/ndRThEI6gAjZcQB1uoAFNIPAIz/AKb8aT8WK8Gx+z0YKR7+zDHxifP7xXlCY=</latexit>

(p0,M0)

Typically
<latexit sha1_base64="lquUtbTw7XImApHOT1iSvIxtps4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlEqsuCLlxWsQ9oQphMJ+3QyWSYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvfeEglGlHefbWlpeWV1bL22UN7e2d3btvf22SlKJSQsnLJHdECnCKCctTTUjXSEJikNGOuHoKvc7D0QqmvB7PRbEj9GA04hipI0U2IcicKqeGNLAOYUe5dCLkR6GYXY3CeyKU3OmgIvELUgFFGgG9pfXT3AaE64xQ0r1XEdoP0NSU8zIpOyligiER2hAeoZyFBPlZ9MfJvDEKH0YJdIU13Cq/p7IUKzUOA5NZ36hmvdy8T+vl+ro0s8oF6kmHM8WRSmDOoF5ILBPJcGajQ1BWFJzK8RDJBHWJrayCcGdf3mRtM9qbr1Wvz2vNK6LOErgCByDKnDBBWiAG9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fXcyWvw==</latexit>

p0(ω0) → R
<latexit sha1_base64="YBKXuiIXyBQyPYqVNXPWauXNtDw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRKR6kYo2IUboYp9QBvDZDpph04mYWYilJA/cOOvuHGhiFu37vwbJ2kRbT0wcOace7n3Hi9iVCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rI/PY9EZKG/FaNI+IEaMCpTzFSWnLNw16A1BAjllylrgXPYf73vOQmvfux6qlrlq2KlQPOE3tKymCKhmt+9vohjgPCFWZIyq5tRcpJkFAUM5KWerEkEcIjNCBdTTkKiHSS/J4UHmilD/1Q6McVzNXfHQkKpBwHnq7MVpSzXib+53Vj5Z85CeVRrAjHk0F+zKAKYRYO7FNBsGJjTRAWVO8K8RAJhJWOsKRDsGdPniet44pdrVSvT8q1+jSOItgD++AI2OAU1MAlaIAmwOABPIEX8Go8Gs/Gm/E+KS0Y055d8AfGxzfqjZyf</latexit>

M0 = RD
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<latexit sha1_base64="cE0QwkLQdZVd6Fe6dF/xcL5G8ik="></latexit>∫

M
dµ p(ω)O(ω) = →O↑



PIKfolds: Weight-preserving flows
<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset
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PIKfolds: Weight-preserving flows
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<latexit sha1_base64="1K+om50nvVySvW9F0FACx89pvxs=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFXbis0Be0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLG5tb2TnG3tLd/cHhUPj5pa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTu8zvTKnSTIqmmcXUj/BIsJARbKzk9yNsxgTztDkfuINyxa26C6B14uWkAjkag/JXfyhJElFhCMda9zw3Nn6KlWGE03mpn2gaYzLBI9qzVOCIaj9dhJ6jC6sMUSiVfcKghfp7I8WR1rMosJNZSL3qZeJ/Xi8x4a2fMhEnhgqyPBQmHBmJsgbQkClKDJ9ZgoliNisiY6wwMbanki3BW/3yOmlfVb1atfZ4Xanf53UU4QzO4RI8uIE6PEADWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz+9eZIa</latexit>

T0
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<latexit sha1_base64="xsNxMwPFwP/4u0ygbdhNU9Pk/1Y=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFXbis0Be0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLG5tb2TnG3tLd/cHhUPj5pa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTu8zvTKnSTIqmmcXUj/BIsJARbKzk9yNsxgTztDkfeINyxa26C6B14uWkAjkag/JXfyhJElFhCMda9zw3Nn6KlWGE03mpn2gaYzLBI9qzVOCIaj9dhJ6jC6sMUSiVfcKghfp7I8WR1rMosJNZSL3qZeJ/Xi8x4a2fMhEnhgqyPBQmHBmJsgbQkClKDJ9ZgoliNisiY6wwMbanki3BW/3yOmlfVb1atfZ4Xanf53UU4QzO4RI8uIE6PEADWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz++/ZIb</latexit>

T1

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

10



PIKfolds: Weight-preserving flows

<latexit sha1_base64="uRk94LTbPmlDeST7M0ESF7OjhIg="></latexit>

=

∫

ωTt

dSi(ω)!εt,i(ω) pt(ω)

<latexit sha1_base64="R9mCfAEI/GfYJwXYyqfdHfg7AGM="></latexit>

=

∫

ωTt

dSi(ω)
[
εt,i(ω)→ ω̇t,i(ω)

]
pt(ω)

<latexit sha1_base64="6Y0RrjQd1t9U4VwVQc2/ZuvG+D8="></latexit>

dPt(Tt)
dt

=

∫

ωtTt

dµt pt(ω)→
∫

Tt

dµt
ε

εωi

[
ω̇t,i(ω) pt(ω)

]

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

11



PIKfolds: Weight-preserving flows

<latexit sha1_base64="uRk94LTbPmlDeST7M0ESF7OjhIg="></latexit>

=

∫

ωTt

dSi(ω)!εt,i(ω) pt(ω)

<latexit sha1_base64="R9mCfAEI/GfYJwXYyqfdHfg7AGM="></latexit>

=

∫

ωTt

dSi(ω)
[
εt,i(ω)→ ω̇t,i(ω)

]
pt(ω)

<latexit sha1_base64="6Y0RrjQd1t9U4VwVQc2/ZuvG+D8="></latexit>

dPt(Tt)
dt

=

∫

ωtTt

dµt pt(ω)→
∫

Tt

dµt
ε

εωi

[
ω̇t,i(ω) pt(ω)

]

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

11



PIKfolds: Weight-preserving flows

<latexit sha1_base64="uRk94LTbPmlDeST7M0ESF7OjhIg="></latexit>

=

∫

ωTt

dSi(ω)!εt,i(ω) pt(ω)

<latexit sha1_base64="R9mCfAEI/GfYJwXYyqfdHfg7AGM="></latexit>

=

∫

ωTt

dSi(ω)
[
εt,i(ω)→ ω̇t,i(ω)

]
pt(ω)

<latexit sha1_base64="6Y0RrjQd1t9U4VwVQc2/ZuvG+D8="></latexit>

dPt(Tt)
dt

=

∫

ωtTt

dµt pt(ω)→
∫

Tt

dµt
ε

εωi

[
ω̇t,i(ω) pt(ω)

]

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset
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<latexit sha1_base64="ReT/pk75dqy56tq4h8LUx8u7ni0=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUlDIjUt0IBbtwWcE+oFOGTJppQ5OZIbkjlKE/5MZfEcFFRdz6G6aPhW09EDiccw839/ix4Bpse2xl1tY3Nrey27md3b39g/zhUUNHiaKsTiMRqZZPNBM8ZHXgIFgrVoxIX7CmP7if+M1npjSPwicYxqwjSS/kAacEjOTlq67mPUm8FC75qOjGfX6O77DbjWDCF+QL7FaZALKa8PIFu2RPgVeJMycFNEfNy7+bDTSRLAQqiNZtx46hkxIFnAo2yrmJZjGhA9JjbUNDIpnupNNrR/jMKF0cRMq8EPBU/ZtIidR6KH0zKQn09bI3Ef/z2gkEt52Uh3ECLKSzRUEiMER4Uh3ucsUoiKEhhCpu/oppnyhCwRScMyU4yyevksZVySmXyo/XhUp1XkcWnaBTVEQOukEV9IBqqI4oekFvaIw+rVfrw/qyvmejGWueOUYLsH5+AUopp5I=</latexit>

ωt,i(ε) = ε̇t,i(ε) +!ωt,i(ε)



PIKfolds: Weight-preserving flows

<latexit sha1_base64="uRk94LTbPmlDeST7M0ESF7OjhIg="></latexit>

=

∫

ωTt

dSi(ω)!εt,i(ω) pt(ω)

<latexit sha1_base64="R9mCfAEI/GfYJwXYyqfdHfg7AGM="></latexit>

=

∫

ωTt

dSi(ω)
[
εt,i(ω)→ ω̇t,i(ω)

]
pt(ω)

<latexit sha1_base64="6Y0RrjQd1t9U4VwVQc2/ZuvG+D8="></latexit>

dPt(Tt)
dt

=

∫

ωtTt

dµt pt(ω)→
∫

Tt

dµt
ε

εωi

[
ω̇t,i(ω) pt(ω)

]

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset
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<latexit sha1_base64="ReT/pk75dqy56tq4h8LUx8u7ni0=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUlDIjUt0IBbtwWcE+oFOGTJppQ5OZIbkjlKE/5MZfEcFFRdz6G6aPhW09EDiccw839/ix4Bpse2xl1tY3Nrey27md3b39g/zhUUNHiaKsTiMRqZZPNBM8ZHXgIFgrVoxIX7CmP7if+M1npjSPwicYxqwjSS/kAacEjOTlq67mPUm8FC75qOjGfX6O77DbjWDCF+QL7FaZALKa8PIFu2RPgVeJMycFNEfNy7+bDTSRLAQqiNZtx46hkxIFnAo2yrmJZjGhA9JjbUNDIpnupNNrR/jMKF0cRMq8EPBU/ZtIidR6KH0zKQn09bI3Ef/z2gkEt52Uh3ECLKSzRUEiMER4Uh3ucsUoiKEhhCpu/oppnyhCwRScMyU4yyevksZVySmXyo/XhUp1XkcWnaBTVEQOukEV9IBqqI4oekFvaIw+rVfrw/qyvmejGWueOUYLsH5+AUopp5I=</latexit>

ωt,i(ε) = ε̇t,i(ε) +!ωt,i(ε)



PIKfolds: Weight-preserving flows

In particular in the complex case
<latexit sha1_base64="Qji+M8rDXn9rmsuMoDSn9XXEGyE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUpaax+7gi5cVrEPaEKYTKbt0MkkzEyEErp346+4caGIW3/AnX/j9IGo9cCFwzn3cu89XsSoVJb1aaRWVtfWN9Kbma3tnd09c/+gLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vdDH1O3dESBryWzWOiBOgAad9ipHSkmtmfTuIXQvapzByrbwdDekJtCmHdoDU0POSm4lr5qxCvVqvlOtQk9p56awCiwVrhm+SAws0XfPD9kMcB4QrzJCUvaIVKSdBQlHMyCRjx5JECI/QgPQ05Sgg0klmv0zgsVZ82A+FLq7gTP05kaBAynHg6c7phfKvNxX/83qx6techPIoVoTj+aJ+zKAK4TQY6FNBsGJjTRAWVN8K8RAJhJWOL6NDWHp5mbRLhWKlULku5xqXizjS4AhkQR4UQRU0wBVoghbA4B48gmfwYjwYT8ar8TZvTRmLmUPwC8b7F+udmcc=</latexit>

dµ0 p0(ω) → R

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

<latexit sha1_base64="ReT/pk75dqy56tq4h8LUx8u7ni0=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUlDIjUt0IBbtwWcE+oFOGTJppQ5OZIbkjlKE/5MZfEcFFRdz6G6aPhW09EDiccw839/ix4Bpse2xl1tY3Nrey27md3b39g/zhUUNHiaKsTiMRqZZPNBM8ZHXgIFgrVoxIX7CmP7if+M1npjSPwicYxqwjSS/kAacEjOTlq67mPUm8FC75qOjGfX6O77DbjWDCF+QL7FaZALKa8PIFu2RPgVeJMycFNEfNy7+bDTSRLAQqiNZtx46hkxIFnAo2yrmJZjGhA9JjbUNDIpnupNNrR/jMKF0cRMq8EPBU/ZtIidR6KH0zKQn09bI3Ef/z2gkEt52Uh3ECLKSzRUEiMER4Uh3ucsUoiKEhhCpu/oppnyhCwRScMyU4yyevksZVySmXyo/XhUp1XkcWnaBTVEQOukEV9IBqqI4oekFvaIw+rVfrw/qyvmejGWueOUYLsH5+AUopp5I=</latexit>

ωt,i(ε) = ε̇t,i(ε) +!ωt,i(ε)

12



PIKfolds: Weight-preserving flows

In particular in the complex case
<latexit sha1_base64="Qji+M8rDXn9rmsuMoDSn9XXEGyE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUpaax+7gi5cVrEPaEKYTKbt0MkkzEyEErp346+4caGIW3/AnX/j9IGo9cCFwzn3cu89XsSoVJb1aaRWVtfWN9Kbma3tnd09c/+gLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vdDH1O3dESBryWzWOiBOgAad9ipHSkmtmfTuIXQvapzByrbwdDekJtCmHdoDU0POSm4lr5qxCvVqvlOtQk9p56awCiwVrhm+SAws0XfPD9kMcB4QrzJCUvaIVKSdBQlHMyCRjx5JECI/QgPQ05Sgg0klmv0zgsVZ82A+FLq7gTP05kaBAynHg6c7phfKvNxX/83qx6techPIoVoTj+aJ+zKAK4TQY6FNBsGJjTRAWVN8K8RAJhJWOL6NDWHp5mbRLhWKlULku5xqXizjS4AhkQR4UQRU0wBVoghbA4B48gmfwYjwYT8ar8TZvTRmLmUPwC8b7F+udmcc=</latexit>

dµ0 p0(ω) → R

<latexit sha1_base64="cq6hyFbeNj8MuU0MENFDEL1le+A="></latexit>

dµt pt(ω) = [ dωR + idωI ] [pR(ω) + ipI(ω) ] → R

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

<latexit sha1_base64="ReT/pk75dqy56tq4h8LUx8u7ni0=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUlDIjUt0IBbtwWcE+oFOGTJppQ5OZIbkjlKE/5MZfEcFFRdz6G6aPhW09EDiccw839/ix4Bpse2xl1tY3Nrey27md3b39g/zhUUNHiaKsTiMRqZZPNBM8ZHXgIFgrVoxIX7CmP7if+M1npjSPwicYxqwjSS/kAacEjOTlq67mPUm8FC75qOjGfX6O77DbjWDCF+QL7FaZALKa8PIFu2RPgVeJMycFNEfNy7+bDTSRLAQqiNZtx46hkxIFnAo2yrmJZjGhA9JjbUNDIpnupNNrR/jMKF0cRMq8EPBU/ZtIidR6KH0zKQn09bI3Ef/z2gkEt52Uh3ECLKSzRUEiMER4Uh3ucsUoiKEhhCpu/oppnyhCwRScMyU4yyevksZVySmXyo/XhUp1XkcWnaBTVEQOukEV9IBqqI4oekFvaIw+rVfrw/qyvmejGWueOUYLsH5+AUopp5I=</latexit>

ωt,i(ε) = ε̇t,i(ε) +!ωt,i(ε)

12



PIKfolds: Weight-preserving flows

In particular in the complex case
<latexit sha1_base64="Qji+M8rDXn9rmsuMoDSn9XXEGyE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUpaax+7gi5cVrEPaEKYTKbt0MkkzEyEErp346+4caGIW3/AnX/j9IGo9cCFwzn3cu89XsSoVJb1aaRWVtfWN9Kbma3tnd09c/+gLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vdDH1O3dESBryWzWOiBOgAad9ipHSkmtmfTuIXQvapzByrbwdDekJtCmHdoDU0POSm4lr5qxCvVqvlOtQk9p56awCiwVrhm+SAws0XfPD9kMcB4QrzJCUvaIVKSdBQlHMyCRjx5JECI/QgPQ05Sgg0klmv0zgsVZ82A+FLq7gTP05kaBAynHg6c7phfKvNxX/83qx6techPIoVoTj+aJ+zKAK4TQY6FNBsGJjTRAWVN8K8RAJhJWOL6NDWHp5mbRLhWKlULku5xqXizjS4AhkQR4UQRU0wBVoghbA4B48gmfwYjwYT8ar8TZvTRmLmUPwC8b7F+udmcc=</latexit>

dµ0 p0(ω) → R

<latexit sha1_base64="cq6hyFbeNj8MuU0MENFDEL1le+A="></latexit>

dµt pt(ω) = [ dωR + idωI ] [pR(ω) + ipI(ω) ] → R
<latexit sha1_base64="++l+ahBqpNuuFdhhtXro8QP4yCs="></latexit>

dωI

dωR
= → Impt(ω)

Rept(ω)

<latexit sha1_base64="uTP3jl3t7ZwtD0XdaVtOvbMZpeg=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GmZqnba7gi5cVugL2qFk0rQNzTxM7hTK0O9w40IRt36MO//GTFtErQcCh3Pu5Z4cLxJcgWV9GpmNza3tnexubm//4PAof3zSUmEsKWvSUISy4xHFBA9YEzgI1okkI74nWNub3KR+e8qk4mHQgFnEXJ+MAj7klICW3J5PYEyJSBrzPvTzBcuslqtOqYo1qVwXrxxsm9YC36SAVqj38x+9QUhjnwVABVGqa1sRuAmRwKlg81wvViwidEJGrKtpQHym3GQReo4vtDLAw1DqFwBeqD83EuIrNfM9PZmGVH+9VPzP68YwrLgJD6IYWECXh4axwBDitAE84JJREDNNCJVcZ8V0TCShoHvK6RLWvrxOWkXTdkznvlSo3a7qyKIzdI4ukY3KqIbuUB01EUUP6BE9oxdjajwZr8bbcjRjrHZO0S8Y71+XGZKs</latexit>

Tt

<latexit sha1_base64="fHJO8MHtoqDCx+XN27lnqdwfXi8=">AAAB/3icbVBPS8MwHE3nvzn/VQUvXoJD8DRakelxoAePE7Y5WEv5Ncu2sDQtSSqMuoNfxYsHRbz6Nbz5bUy3HnTzQeDx3u+XvLww4Uxpx/m2Siura+sb5c3K1vbO7p69f9BRcSoJbZOYx7IbgqKcCdrWTHPaTSSFKOT0Phxf5/79A5WKxaKlJwn1IxgKNmAEtJEC+8hLQGoGHHsR6BEBnrWmgQ7sqlNzZsDLxC1IFRVoBvaX149JGlGhCQeleq6TaD/L7yacTiteqmgCZAxD2jNUQESVn83yT/GpUfp4EEtzhMYz9fdGBpFSkyg0k3lItejl4n9eL9WDKz9jIkk1FWT+0CDlWMc4LwP3maRE84khQCQzWTEZgQSiTWUVU4K7+OVl0jmvufVa/e6i2rgp6iijY3SCzpCLLlED3aImaiOCHtEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AFDVllI=</latexit>

ωTt

<latexit sha1_base64="rO3tnUuI3Aaez4XVQnNN9QgGftk="></latexit>

Pt(Tt) =
∫

Tt

dµt pt(ω)

<latexit sha1_base64="OQ9vX89r5a7+Z9l0JtkVa/rKKLM=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZnWOm0XQkEXLiv0IbSlZDKZNjTzILkjlGE+wI2/4saFIm79AHf+jekDUeuBwOGcc8m9xw4FV2Can0ZqZXVtfSO9mdna3tndy+4ftFUQScpaNBCBvLWJYoL7rAUcBLsNJSOeLVjHHl9O/c4dk4oHfhMmIet7ZOhzl1MCWhpkcz1XEho7uDGAfM8jMKJExM1kAKdJ7ECCL7CpU2ahVqlZ5RrWpHpeOrNwsWDO8E1yaIHGIPvRcwIaecwHKohS3aIZQj8mEjgVLMn0IsVCQsdkyLqa+sRjqh/PjknwiVYc7AZSPx/wTP05ERNPqYln6+R0XfXXm4r/ed0I3Go/5n4YAfPp/CM3EhgCPG0GO1wyCmKiCaGS610xHRHdDuj+MrqEpZOXSbtUKFoF66acq18t6kijI3SM8qiIKqiOrlEDtRBF9+gRPaMX48F4Ml6Nt3k0ZSxmDtEvGO9fN1ubHg==</latexit>

dPt(Tt)
dt

= 0

<latexit sha1_base64="DcjAQ9Bb3V7tLWSE6L6E0g0UKh8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4Gqa1TttdQRduhAp9QWcomTTThmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y6atotYLIYdzzuXee7yIUaks68PIrKyurW9kN3Nb2zu7e/n9g7YMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFFqnduiZA05E01iYgboCGnPsVIaaqfLzgBUiOMWNKc9hV0ZOxJov8v9lqz2mWZtUrNLtegBtXz0pkNi6Y1q29QAItq9PPvziDEcUC4wgxJ2StakXITJBTFjExzTixJhPAYDUlPQ44CIt1kdswUnmhmAP1Q6McVnLE/OxIUSDkJPO1Ml5R/tZT8T+vFyq+6CeVRrAjH80F+zKAKYZoMHFBBsGITDRAWVO8K8QgJhJXOL6dDWDp5GbRLZtE27ZtyoX65iCMLjsAxOAVFUAF1cAUaoAUwuAMP4Ak8G/fGo/FivM6tGWPRcwh+lfH2Ce6FnDk=</latexit>

Tt → MtFor a subset

<latexit sha1_base64="ReT/pk75dqy56tq4h8LUx8u7ni0=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUlDIjUt0IBbtwWcE+oFOGTJppQ5OZIbkjlKE/5MZfEcFFRdz6G6aPhW09EDiccw839/ix4Bpse2xl1tY3Nrey27md3b39g/zhUUNHiaKsTiMRqZZPNBM8ZHXgIFgrVoxIX7CmP7if+M1npjSPwicYxqwjSS/kAacEjOTlq67mPUm8FC75qOjGfX6O77DbjWDCF+QL7FaZALKa8PIFu2RPgVeJMycFNEfNy7+bDTSRLAQqiNZtx46hkxIFnAo2yrmJZjGhA9JjbUNDIpnupNNrR/jMKF0cRMq8EPBU/ZtIidR6KH0zKQn09bI3Ef/z2gkEt52Uh3ECLKSzRUEiMER4Uh3ucsUoiKEhhCpu/oppnyhCwRScMyU4yyevksZVySmXyo/XhUp1XkcWnaBTVEQOukEV9IBqqI4oekFvaIw+rVfrw/qyvmejGWueOUYLsH5+AUopp5I=</latexit>

ωt,i(ε) = ε̇t,i(ε) +!ωt,i(ε)
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<latexit sha1_base64="DV1XCOycfe3yw/uSnXcvvKkP+rc=">AAACKXicjZDLSgMxFIYzXmu9jbp0EyxCi1BmSqluhKIblxXtBTq1ZNJMG5q5kJwRytDXceOruFFQ1K0vYmbahYqCPyT8+c45JPndSHAFlvVmLCwuLa+s5tby6xubW9vmzm5LhbGkrElDEcqOSxQTPGBN4CBYJ5KM+K5gbXd8ntbbt0wqHgbXMIlYzyfDgHucEtCob9adEQF81YeiE414CZ9ix5OE2hWcnm8q+GgOqjNQ1aBo641DKSN9s2CXrUz4b1NAczX65pMzCGnsswCoIEp1bSuCXkIkcCrYNO/EikWEjsmQdbUNiM9UL8l+OsWHmgywF0q9AsAZ/TqREF+pie/qTp/ASP2spfC3WjcG76SX8CCKgQV0dpEXCwwhTmPDAy4ZBTHRhlDJ9VsxHREdDOhw8/8LoVUp27Vy7bJaqJ/N48ihfXSAishGx6iOLlADNRFFd+gBPaMX4954NF6N91nrgjGf2UPfZHx8Ag5dojQ=</latexit>

Ŝt(ω) =
1

2
ω2 +

1

4
ω4 + (1 + it)ω

Consider their approach to the same theory

Ihssen, RK, Pawlowski, arXiv: 2603.03159 
Aarts, Bongiovanni, Seiler, Sexty, JHEP Vol 2014(159), 2014. 
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<latexit sha1_base64="DV1XCOycfe3yw/uSnXcvvKkP+rc=">AAACKXicjZDLSgMxFIYzXmu9jbp0EyxCi1BmSqluhKIblxXtBTq1ZNJMG5q5kJwRytDXceOruFFQ1K0vYmbahYqCPyT8+c45JPndSHAFlvVmLCwuLa+s5tby6xubW9vmzm5LhbGkrElDEcqOSxQTPGBN4CBYJ5KM+K5gbXd8ntbbt0wqHgbXMIlYzyfDgHucEtCob9adEQF81YeiE414CZ9ix5OE2hWcnm8q+GgOqjNQ1aBo641DKSN9s2CXrUz4b1NAczX65pMzCGnsswCoIEp1bSuCXkIkcCrYNO/EikWEjsmQdbUNiM9UL8l+OsWHmgywF0q9AsAZ/TqREF+pie/qTp/ASP2spfC3WjcG76SX8CCKgQV0dpEXCwwhTmPDAy4ZBTHRhlDJ9VsxHREdDOhw8/8LoVUp27Vy7bJaqJ/N48ihfXSAishGx6iOLlADNRFFd+gBPaMX4954NF6N91nrgjGf2UPfZHx8Ag5dojQ=</latexit>

Ŝt(ω) =
1

2
ω2 +

1

4
ω4 + (1 + it)ω

Consider their approach to the same theory

Ihssen, RK, Pawlowski, arXiv: 2603.03159 
Aarts, Bongiovanni, Seiler, Sexty, JHEP Vol 2014(159), 2014. 
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<latexit sha1_base64="DV1XCOycfe3yw/uSnXcvvKkP+rc=">AAACKXicjZDLSgMxFIYzXmu9jbp0EyxCi1BmSqluhKIblxXtBTq1ZNJMG5q5kJwRytDXceOruFFQ1K0vYmbahYqCPyT8+c45JPndSHAFlvVmLCwuLa+s5tby6xubW9vmzm5LhbGkrElDEcqOSxQTPGBN4CBYJ5KM+K5gbXd8ntbbt0wqHgbXMIlYzyfDgHucEtCob9adEQF81YeiE414CZ9ix5OE2hWcnm8q+GgOqjNQ1aBo641DKSN9s2CXrUz4b1NAczX65pMzCGnsswCoIEp1bSuCXkIkcCrYNO/EikWEjsmQdbUNiM9UL8l+OsWHmgywF0q9AsAZ/TqREF+pie/qTp/ASP2spfC3WjcG76SX8CCKgQV0dpEXCwwhTmPDAy4ZBTHRhlDJ9VsxHREdDOhw8/8LoVUp27Vy7bJaqJ/N48ihfXSAishGx6iOLlADNRFFd+gBPaMX4954NF6N91nrgjGf2UPfZHx8Ag5dojQ=</latexit>

Ŝt(ω) =
1

2
ω2 +

1

4
ω4 + (1 + it)ω

Consider their approach to the same theory

Ihssen, RK, Pawlowski, arXiv: 2603.03159 
Aarts, Bongiovanni, Seiler, Sexty, JHEP Vol 2014(159), 2014. 
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<latexit sha1_base64="DV1XCOycfe3yw/uSnXcvvKkP+rc=">AAACKXicjZDLSgMxFIYzXmu9jbp0EyxCi1BmSqluhKIblxXtBTq1ZNJMG5q5kJwRytDXceOruFFQ1K0vYmbahYqCPyT8+c45JPndSHAFlvVmLCwuLa+s5tby6xubW9vmzm5LhbGkrElDEcqOSxQTPGBN4CBYJ5KM+K5gbXd8ntbbt0wqHgbXMIlYzyfDgHucEtCob9adEQF81YeiE414CZ9ix5OE2hWcnm8q+GgOqjNQ1aBo641DKSN9s2CXrUz4b1NAczX65pMzCGnsswCoIEp1bSuCXkIkcCrYNO/EikWEjsmQdbUNiM9UL8l+OsWHmgywF0q9AsAZ/TqREF+pie/qTp/ASP2spfC3WjcG76SX8CCKgQV0dpEXCwwhTmPDAy4ZBTHRhlDJ9VsxHREdDOhw8/8LoVUp27Vy7bJaqJ/N48ihfXSAishGx6iOLlADNRFFd+gBPaMX4954NF6N91nrgjGf2UPfZHx8Ag5dojQ=</latexit>

Ŝt(ω) =
1

2
ω2 +

1

4
ω4 + (1 + it)ω

Consider their approach to the same theory

Ihssen, RK, Pawlowski, arXiv: 2603.03159 
Aarts, Bongiovanni, Seiler, Sexty, JHEP Vol 2014(159), 2014. 
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Solving sign problems with physics-informed kernels
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… things to look forward to

Application to higher-dimensional systems

Application to fermionic theories
(Limits of contour deformations)

(Stochastic PDE solvers & Tensor networks)

Combination with existing  
sign problem methods

Application to gauge theories



Solving sign problems
with physics-informed kernels

Friederike Ihssen, Renzo Kapust, Jan M. Pawlowski
University of Heidelberg

Thank you very  
much for your 

attention 
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Computing physics-informed kernels
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<latexit sha1_base64="9Nv94mKQxRHK/X4aq5Qst9T/Elo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZIqte6KblxWtA9IYplMp+3QySTM3Cgl9D/cuFDErf/izr9x+kB8HrhwOOde7r0nTATX4DjvVm5hcWl5Jb9aWFvf2Nwqbu80dZwqyho0FrFqh0QzwSVrAAfB2oliJAoFa4XD84nfumVK81hewyhhQUT6kvc4JWCkG58J4fkDAviqA0GnWHLs0+pRpexi13am+E1KaI56p/jmd2OaRkwCFURrz3USCDKigFPBxgU/1SwhdEj6zDNUkojpIJtePcYHRuniXqxMScBT9etERiKtR1FoOiMCA/3Tm4h/eV4KvWqQcZmkwCSdLeqlAkOMJxHgLleMghgZQqji5lZMB0QRCiaoggnh/98/SbNsuxW7cnlcqp3N48ijPbSPDpGLTlANXaA6aiCKFLpHj+jJurMerGfrZdaas+Yzu+gbrNcPQdOSYA==</latexit>

ω[Ŝt]
<latexit sha1_base64="ghpHe3HMuVQt6KNoHkDOORdNmwg=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2GmSq27ohuXFewD2mHIpJk2NPMguVMoQ//EjQtF3Pon7vwbM20RnwdCDufce3Nz/ERwBbb9bhRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vs79zoRJxePoDqYJc0MyjHjAKQEteabZH8TQT0bcg0p+nXpm2bYu62e1qoMdy57jNymjJZqe+aZH0DRkEVBBlOo5dgJuRiRwKtis1E8VSwgdkyHraRqRkCk3m28+wydaGeAglvpEgOfq146MhEpNQ19XhgRG6qeXi395vRSCupvxKEmBRXTxUJAKDDHOY8ADLhkFMdWEUMn1rpiOiCQUdFglHcL/f/8k7arl1Kza7Xm5cbWMo4iO0DGqIAddoAa6QU3UQhRN0D16RE9GZjwYz8bLorRgLHsO0TcYrx9NaJN2</latexit>

ω̇t(ω)
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<latexit sha1_base64="8Y3XDPvXCpQxeYAb4w51anBjDRg=">AAACGHicjVDLSsNAFJ3UV62vqEs3g0WoCDURqW6Egi5cSUX7gCaEyXTSDJ08mLkRSuhnuPFX3LhQxG13/o1JW/CBggcuHM65l3vvcWPBFRjGu1aYm19YXCoul1ZW19Y39M2tlooSSVmTRiKSHZcoJnjImsBBsE4sGQlcwdru4Dz323dMKh6FtzCMmR2Qfsg9TglkkqMf3jhQsWKf7+MzbPkE8KdwgC0R9bEVEPApEenVyAFHL5tVYwL8NymjGRqOPrZ6EU0CFgIVRKmuacRgp0QCp4KNSlaiWEzogPRZN6MhCZiy08ljI7yXKT3sRTKrEPBE/TqRkkCpYeBmnfmR6qeXi7953QS8UzvlYZwAC+l0kZcIDBHOU8I9LhkFMcwIoZJnt2LqE0koZFmW/hdC66hq1qq16+Ny/WIWRxHtoF1UQSY6QXV0iRqoiSi6R4/oGb1oD9qT9qq9TVsL2mxmG32DNv4AucieZw==</latexit>

St(ω) = Ŝt(ω) + logNt

<latexit sha1_base64="y1NjBx1KBKLTcD6NT4DVuZtPXo8=">AAACEnicjVDLSsNAFJ34rPUVdelmsAgtSElEqhuhoAt3VrQPaEKYTCfN0JkkzNwIJfQb3Pgrblwo4taVO//G9LFQUfDAhcM593LvPX4iuAbL+jDm5hcWl5YLK8XVtfWNTXNru6XjVFHWpLGIVccnmgkesSZwEKyTKEakL1jbH5yN/fYtU5rH0Q0ME+ZK0o94wCmBXPLMihMSwNcelJ0k5BV8ih2dSo9j6mX8AEb40uNTyzNLdtWaAP9NSmiGhme+O72YppJFQAXRumtbCbgZUcCpYKOik2qWEDogfdbNaUQk0242eWmE93Olh4NY5RUBnqhfJzIitR5KP++UBEL90xuLv3ndFIITN+NRkgKL6HRRkAoMMR7ng3tcMQpimBNCFc9vxTQkilDIUyz+L4TWYdWuVWtXR6X6+SyOAtpFe6iMbHSM6ugCNVATUXSHHtATejbujUfjxXidts4Zs5kd9A3G2yd6opwg</latexit>

Ŝt(ω) =
∑

i

ci,tOi(ω)

<latexit sha1_base64="gN2Anuql+uLyUg5UMmjla7v8fXE=">AAACFnicjVDLSgMxFM3UV62vUZdugkWooKUjUt0IBV0IbirYB3SGIZNm2tDMg+SOUIb5Cjf+ihsXirgVd/6NmbYLFQUPhHs4596b5Hix4ApqtQ+jMDe/sLhUXC6trK6tb5ibW20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vNF57ndumVQ8Cm9gHDMnIIOQ+5wS0JJrHtr9COx4yF2o5GUfn2FbJYHL8chN+QFk+ErXbGq6Ztmq1ibAf5MymqHpmu96P00CFgIVRKmeVYvBSYkETgXLSnaiWEzoiAxYT9OQBEw56eRbGd7TSh/7kdQnBDxRv06kJFBqHHi6MyAwVD+9XPzN6yXgnzopD+MEWEinF/mJwBDhPCPc55JREGNNCJVcvxXTIZGEgk6y9L8Q2kdVq16tXx+XGxezOIpoB+2iCrLQCWqgS9RELUTRHXpAT+jZuDcejRfjddpaMGYz2+gbjLdPsZWeeA==</latexit>

ω̇t(ω) =
∑

i

ki,tKi(ω)

<latexit sha1_base64="ghpHe3HMuVQt6KNoHkDOORdNmwg=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2GmSq27ohuXFewD2mHIpJk2NPMguVMoQ//EjQtF3Pon7vwbM20RnwdCDufce3Nz/ERwBbb9bhRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vs79zoRJxePoDqYJc0MyjHjAKQEteabZH8TQT0bcg0p+nXpm2bYu62e1qoMdy57jNymjJZqe+aZH0DRkEVBBlOo5dgJuRiRwKtis1E8VSwgdkyHraRqRkCk3m28+wydaGeAglvpEgOfq146MhEpNQ19XhgRG6qeXi395vRSCupvxKEmBRXTxUJAKDDHOY8ADLhkFMdWEUMn1rpiOiCQUdFglHcL/f/8k7arl1Kza7Xm5cbWMo4iO0DGqIAddoAa6QU3UQhRN0D16RE9GZjwYz8bLorRgLHsO0TcYrx9NaJN2</latexit>

ω̇t(ω)
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<latexit sha1_base64="8Y3XDPvXCpQxeYAb4w51anBjDRg=">AAACGHicjVDLSsNAFJ3UV62vqEs3g0WoCDURqW6Egi5cSUX7gCaEyXTSDJ08mLkRSuhnuPFX3LhQxG13/o1JW/CBggcuHM65l3vvcWPBFRjGu1aYm19YXCoul1ZW19Y39M2tlooSSVmTRiKSHZcoJnjImsBBsE4sGQlcwdru4Dz323dMKh6FtzCMmR2Qfsg9TglkkqMf3jhQsWKf7+MzbPkE8KdwgC0R9bEVEPApEenVyAFHL5tVYwL8NymjGRqOPrZ6EU0CFgIVRKmuacRgp0QCp4KNSlaiWEzogPRZN6MhCZiy08ljI7yXKT3sRTKrEPBE/TqRkkCpYeBmnfmR6qeXi7953QS8UzvlYZwAC+l0kZcIDBHOU8I9LhkFMcwIoZJnt2LqE0koZFmW/hdC66hq1qq16+Ny/WIWRxHtoF1UQSY6QXV0iRqoiSi6R4/oGb1oD9qT9qq9TVsL2mxmG32DNv4AucieZw==</latexit>

St(ω) = Ŝt(ω) + logNt

<latexit sha1_base64="y1NjBx1KBKLTcD6NT4DVuZtPXo8=">AAACEnicjVDLSsNAFJ34rPUVdelmsAgtSElEqhuhoAt3VrQPaEKYTCfN0JkkzNwIJfQb3Pgrblwo4taVO//G9LFQUfDAhcM593LvPX4iuAbL+jDm5hcWl5YLK8XVtfWNTXNru6XjVFHWpLGIVccnmgkesSZwEKyTKEakL1jbH5yN/fYtU5rH0Q0ME+ZK0o94wCmBXPLMihMSwNcelJ0k5BV8ih2dSo9j6mX8AEb40uNTyzNLdtWaAP9NSmiGhme+O72YppJFQAXRumtbCbgZUcCpYKOik2qWEDogfdbNaUQk0242eWmE93Olh4NY5RUBnqhfJzIitR5KP++UBEL90xuLv3ndFIITN+NRkgKL6HRRkAoMMR7ng3tcMQpimBNCFc9vxTQkilDIUyz+L4TWYdWuVWtXR6X6+SyOAtpFe6iMbHSM6ugCNVATUXSHHtATejbujUfjxXidts4Zs5kd9A3G2yd6opwg</latexit>

Ŝt(ω) =
∑

i

ci,tOi(ω)

<latexit sha1_base64="gN2Anuql+uLyUg5UMmjla7v8fXE=">AAACFnicjVDLSgMxFM3UV62vUZdugkWooKUjUt0IBV0IbirYB3SGIZNm2tDMg+SOUIb5Cjf+ihsXirgVd/6NmbYLFQUPhHs4596b5Hix4ApqtQ+jMDe/sLhUXC6trK6tb5ibW20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vNF57ndumVQ8Cm9gHDMnIIOQ+5wS0JJrHtr9COx4yF2o5GUfn2FbJYHL8chN+QFk+ErXbGq6Ztmq1ibAf5MymqHpmu96P00CFgIVRKmeVYvBSYkETgXLSnaiWEzoiAxYT9OQBEw56eRbGd7TSh/7kdQnBDxRv06kJFBqHHi6MyAwVD+9XPzN6yXgnzopD+MEWEinF/mJwBDhPCPc55JREGNNCJVcvxXTIZGEgk6y9L8Q2kdVq16tXx+XGxezOIpoB+2iCrLQCWqgS9RELUTRHXpAT+jZuDcejRfjddpaMGYz2+gbjLdPsZWeeA==</latexit>

ω̇t(ω) =
∑

i

ki,tKi(ω)

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="9Nv94mKQxRHK/X4aq5Qst9T/Elo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZIqte6KblxWtA9IYplMp+3QySTM3Cgl9D/cuFDErf/izr9x+kB8HrhwOOde7r0nTATX4DjvVm5hcWl5Jb9aWFvf2Nwqbu80dZwqyho0FrFqh0QzwSVrAAfB2oliJAoFa4XD84nfumVK81hewyhhQUT6kvc4JWCkG58J4fkDAviqA0GnWHLs0+pRpexi13am+E1KaI56p/jmd2OaRkwCFURrz3USCDKigFPBxgU/1SwhdEj6zDNUkojpIJtePcYHRuniXqxMScBT9etERiKtR1FoOiMCA/3Tm4h/eV4KvWqQcZmkwCSdLeqlAkOMJxHgLleMghgZQqji5lZMB0QRCiaoggnh/98/SbNsuxW7cnlcqp3N48ijPbSPDpGLTlANXaA6aiCKFLpHj+jJurMerGfrZdaas+Yzu+gbrNcPQdOSYA==</latexit>

ω[Ŝt]
<latexit sha1_base64="ghpHe3HMuVQt6KNoHkDOORdNmwg=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2GmSq27ohuXFewD2mHIpJk2NPMguVMoQ//EjQtF3Pon7vwbM20RnwdCDufce3Nz/ERwBbb9bhRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vs79zoRJxePoDqYJc0MyjHjAKQEteabZH8TQT0bcg0p+nXpm2bYu62e1qoMdy57jNymjJZqe+aZH0DRkEVBBlOo5dgJuRiRwKtis1E8VSwgdkyHraRqRkCk3m28+wydaGeAglvpEgOfq146MhEpNQ19XhgRG6qeXi395vRSCupvxKEmBRXTxUJAKDDHOY8ADLhkFMdWEUMn1rpiOiCQUdFglHcL/f/8k7arl1Kza7Xm5cbWMo4iO0DGqIAddoAa6QU3UQhRN0D16RE9GZjwYz8bLorRgLHsO0TcYrx9NaJN2</latexit>

ω̇t(ω)
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<latexit sha1_base64="8Y3XDPvXCpQxeYAb4w51anBjDRg=">AAACGHicjVDLSsNAFJ3UV62vqEs3g0WoCDURqW6Egi5cSUX7gCaEyXTSDJ08mLkRSuhnuPFX3LhQxG13/o1JW/CBggcuHM65l3vvcWPBFRjGu1aYm19YXCoul1ZW19Y39M2tlooSSVmTRiKSHZcoJnjImsBBsE4sGQlcwdru4Dz323dMKh6FtzCMmR2Qfsg9TglkkqMf3jhQsWKf7+MzbPkE8KdwgC0R9bEVEPApEenVyAFHL5tVYwL8NymjGRqOPrZ6EU0CFgIVRKmuacRgp0QCp4KNSlaiWEzogPRZN6MhCZiy08ljI7yXKT3sRTKrEPBE/TqRkkCpYeBmnfmR6qeXi7953QS8UzvlYZwAC+l0kZcIDBHOU8I9LhkFMcwIoZJnt2LqE0koZFmW/hdC66hq1qq16+Ny/WIWRxHtoF1UQSY6QXV0iRqoiSi6R4/oGb1oD9qT9qq9TVsL2mxmG32DNv4AucieZw==</latexit>

St(ω) = Ŝt(ω) + logNt

<latexit sha1_base64="y1NjBx1KBKLTcD6NT4DVuZtPXo8=">AAACEnicjVDLSsNAFJ34rPUVdelmsAgtSElEqhuhoAt3VrQPaEKYTCfN0JkkzNwIJfQb3Pgrblwo4taVO//G9LFQUfDAhcM593LvPX4iuAbL+jDm5hcWl5YLK8XVtfWNTXNru6XjVFHWpLGIVccnmgkesSZwEKyTKEakL1jbH5yN/fYtU5rH0Q0ME+ZK0o94wCmBXPLMihMSwNcelJ0k5BV8ih2dSo9j6mX8AEb40uNTyzNLdtWaAP9NSmiGhme+O72YppJFQAXRumtbCbgZUcCpYKOik2qWEDogfdbNaUQk0242eWmE93Olh4NY5RUBnqhfJzIitR5KP++UBEL90xuLv3ndFIITN+NRkgKL6HRRkAoMMR7ng3tcMQpimBNCFc9vxTQkilDIUyz+L4TWYdWuVWtXR6X6+SyOAtpFe6iMbHSM6ugCNVATUXSHHtATejbujUfjxXidts4Zs5kd9A3G2yd6opwg</latexit>

Ŝt(ω) =
∑

i

ci,tOi(ω)

<latexit sha1_base64="gN2Anuql+uLyUg5UMmjla7v8fXE=">AAACFnicjVDLSgMxFM3UV62vUZdugkWooKUjUt0IBV0IbirYB3SGIZNm2tDMg+SOUIb5Cjf+ihsXirgVd/6NmbYLFQUPhHs4596b5Hix4ApqtQ+jMDe/sLhUXC6trK6tb5ibW20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vNF57ndumVQ8Cm9gHDMnIIOQ+5wS0JJrHtr9COx4yF2o5GUfn2FbJYHL8chN+QFk+ErXbGq6Ztmq1ibAf5MymqHpmu96P00CFgIVRKmeVYvBSYkETgXLSnaiWEzoiAxYT9OQBEw56eRbGd7TSh/7kdQnBDxRv06kJFBqHHi6MyAwVD+9XPzN6yXgnzopD+MEWEinF/mJwBDhPCPc55JREGNNCJVcvxXTIZGEgk6y9L8Q2kdVq16tXx+XGxezOIpoB+2iCrLQCWqgS9RELUTRHXpAT+jZuDcejRfjddpaMGYz2+gbjLdPsZWeeA==</latexit>

ω̇t(ω) =
∑

i

ki,tKi(ω)

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="16BabEBSvDhm04heJMElN297Gcs="></latexit>

d logNt

dt
= ω[Ŝt]ε̇t(ε)→

dŜt(ε)

dt

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="9Nv94mKQxRHK/X4aq5Qst9T/Elo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZIqte6KblxWtA9IYplMp+3QySTM3Cgl9D/cuFDErf/izr9x+kB8HrhwOOde7r0nTATX4DjvVm5hcWl5Jb9aWFvf2Nwqbu80dZwqyho0FrFqh0QzwSVrAAfB2oliJAoFa4XD84nfumVK81hewyhhQUT6kvc4JWCkG58J4fkDAviqA0GnWHLs0+pRpexi13am+E1KaI56p/jmd2OaRkwCFURrz3USCDKigFPBxgU/1SwhdEj6zDNUkojpIJtePcYHRuniXqxMScBT9etERiKtR1FoOiMCA/3Tm4h/eV4KvWqQcZmkwCSdLeqlAkOMJxHgLleMghgZQqji5lZMB0QRCiaoggnh/98/SbNsuxW7cnlcqp3N48ijPbSPDpGLTlANXaA6aiCKFLpHj+jJurMerGfrZdaas+Yzu+gbrNcPQdOSYA==</latexit>

ω[Ŝt]
<latexit sha1_base64="ghpHe3HMuVQt6KNoHkDOORdNmwg=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2GmSq27ohuXFewD2mHIpJk2NPMguVMoQ//EjQtF3Pon7vwbM20RnwdCDufce3Nz/ERwBbb9bhRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vs79zoRJxePoDqYJc0MyjHjAKQEteabZH8TQT0bcg0p+nXpm2bYu62e1qoMdy57jNymjJZqe+aZH0DRkEVBBlOo5dgJuRiRwKtis1E8VSwgdkyHraRqRkCk3m28+wydaGeAglvpEgOfq146MhEpNQ19XhgRG6qeXi395vRSCupvxKEmBRXTxUJAKDDHOY8ADLhkFMdWEUMn1rpiOiCQUdFglHcL/f/8k7arl1Kza7Xm5cbWMo4iO0DGqIAddoAa6QU3UQhRN0D16RE9GZjwYz8bLorRgLHsO0TcYrx9NaJN2</latexit>

ω̇t(ω)

Field-Independence
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<latexit sha1_base64="8Y3XDPvXCpQxeYAb4w51anBjDRg=">AAACGHicjVDLSsNAFJ3UV62vqEs3g0WoCDURqW6Egi5cSUX7gCaEyXTSDJ08mLkRSuhnuPFX3LhQxG13/o1JW/CBggcuHM65l3vvcWPBFRjGu1aYm19YXCoul1ZW19Y39M2tlooSSVmTRiKSHZcoJnjImsBBsE4sGQlcwdru4Dz323dMKh6FtzCMmR2Qfsg9TglkkqMf3jhQsWKf7+MzbPkE8KdwgC0R9bEVEPApEenVyAFHL5tVYwL8NymjGRqOPrZ6EU0CFgIVRKmuacRgp0QCp4KNSlaiWEzogPRZN6MhCZiy08ljI7yXKT3sRTKrEPBE/TqRkkCpYeBmnfmR6qeXi7953QS8UzvlYZwAC+l0kZcIDBHOU8I9LhkFMcwIoZJnt2LqE0koZFmW/hdC66hq1qq16+Ny/WIWRxHtoF1UQSY6QXV0iRqoiSi6R4/oGb1oD9qT9qq9TVsL2mxmG32DNv4AucieZw==</latexit>

St(ω) = Ŝt(ω) + logNt

<latexit sha1_base64="y1NjBx1KBKLTcD6NT4DVuZtPXo8=">AAACEnicjVDLSsNAFJ34rPUVdelmsAgtSElEqhuhoAt3VrQPaEKYTCfN0JkkzNwIJfQb3Pgrblwo4taVO//G9LFQUfDAhcM593LvPX4iuAbL+jDm5hcWl5YLK8XVtfWNTXNru6XjVFHWpLGIVccnmgkesSZwEKyTKEakL1jbH5yN/fYtU5rH0Q0ME+ZK0o94wCmBXPLMihMSwNcelJ0k5BV8ih2dSo9j6mX8AEb40uNTyzNLdtWaAP9NSmiGhme+O72YppJFQAXRumtbCbgZUcCpYKOik2qWEDogfdbNaUQk0242eWmE93Olh4NY5RUBnqhfJzIitR5KP++UBEL90xuLv3ndFIITN+NRkgKL6HRRkAoMMR7ng3tcMQpimBNCFc9vxTQkilDIUyz+L4TWYdWuVWtXR6X6+SyOAtpFe6iMbHSM6ugCNVATUXSHHtATejbujUfjxXidts4Zs5kd9A3G2yd6opwg</latexit>

Ŝt(ω) =
∑

i

ci,tOi(ω)

<latexit sha1_base64="gN2Anuql+uLyUg5UMmjla7v8fXE=">AAACFnicjVDLSgMxFM3UV62vUZdugkWooKUjUt0IBV0IbirYB3SGIZNm2tDMg+SOUIb5Cjf+ihsXirgVd/6NmbYLFQUPhHs4596b5Hix4ApqtQ+jMDe/sLhUXC6trK6tb5ibW20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vNF57ndumVQ8Cm9gHDMnIIOQ+5wS0JJrHtr9COx4yF2o5GUfn2FbJYHL8chN+QFk+ErXbGq6Ztmq1ibAf5MymqHpmu96P00CFgIVRKmeVYvBSYkETgXLSnaiWEzoiAxYT9OQBEw56eRbGd7TSh/7kdQnBDxRv06kJFBqHHi6MyAwVD+9XPzN6yXgnzopD+MEWEinF/mJwBDhPCPc55JREGNNCJVcvxXTIZGEgk6y9L8Q2kdVq16tXx+XGxezOIpoB+2iCrLQCWqgS9RELUTRHXpAT+jZuDcejRfjddpaMGYz2+gbjLdPsZWeeA==</latexit>

ω̇t(ω) =
∑

i

ki,tKi(ω)

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="16BabEBSvDhm04heJMElN297Gcs="></latexit>

d logNt

dt
= ω[Ŝt]ε̇t(ε)→

dŜt(ε)

dt

<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="9Nv94mKQxRHK/X4aq5Qst9T/Elo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZIqte6KblxWtA9IYplMp+3QySTM3Cgl9D/cuFDErf/izr9x+kB8HrhwOOde7r0nTATX4DjvVm5hcWl5Jb9aWFvf2Nwqbu80dZwqyho0FrFqh0QzwSVrAAfB2oliJAoFa4XD84nfumVK81hewyhhQUT6kvc4JWCkG58J4fkDAviqA0GnWHLs0+pRpexi13am+E1KaI56p/jmd2OaRkwCFURrz3USCDKigFPBxgU/1SwhdEj6zDNUkojpIJtePcYHRuniXqxMScBT9etERiKtR1FoOiMCA/3Tm4h/eV4KvWqQcZmkwCSdLeqlAkOMJxHgLleMghgZQqji5lZMB0QRCiaoggnh/98/SbNsuxW7cnlcqp3N48ijPbSPDpGLTlANXaA6aiCKFLpHj+jJurMerGfrZdaas+Yzu+gbrNcPQdOSYA==</latexit>

ω[Ŝt]
<latexit sha1_base64="ghpHe3HMuVQt6KNoHkDOORdNmwg=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWom2GmSq27ohuXFewD2mHIpJk2NPMguVMoQ//EjQtF3Pon7vwbM20RnwdCDufce3Nz/ERwBbb9bhRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vs79zoRJxePoDqYJc0MyjHjAKQEteabZH8TQT0bcg0p+nXpm2bYu62e1qoMdy57jNymjJZqe+aZH0DRkEVBBlOo5dgJuRiRwKtis1E8VSwgdkyHraRqRkCk3m28+wydaGeAglvpEgOfq146MhEpNQ19XhgRG6qeXi395vRSCupvxKEmBRXTxUJAKDDHOY8ADLhkFMdWEUMn1rpiOiCQUdFglHcL/f/8k7arl1Kza7Xm5cbWMo4iO0DGqIAddoAa6QU3UQhRN0D16RE9GZjwYz8bLorRgLHsO0TcYrx9NaJN2</latexit>

ω̇t(ω)

Field-Independence

Cheap to compute
<latexit sha1_base64="No1E1qBT9xpOZaiLLUsZWUwNkJ4="></latexit>

L (ω,ε) =
dŜt(ε)

dt
→ dŜt(ω)

dt
+ ϑ[Ŝt]ω̇t(ω)→ ϑ[Ŝt]ω̇t(ε)

<latexit sha1_base64="zCt5+8SPmnM/bJnm42FyzS6+M/4=">AAACF3icbVDLSgMxFM3UV62vUVfiJliEuikzItWNUHXjsoJ9QFuGTJppQzMPkjtCGYrf4Qe41U9wJ25d+gX+hpl2BNt6IHByzn0kx40EV2BZX0ZuaXlldS2/XtjY3NreMXf3GiqMJWV1GopQtlyimOABqwMHwVqRZMR3BWu6w5vUbz4wqXgY3MMoYl2f9APucUpAS455cOVAqRMN+AkeOoAvsft7d8yiVbYmwIvEzkgRZag55nenF9LYZwFQQZRq21YE3YRI4FSwcaETKxYROiR91tY0ID5T3WTyhTE+1koPe6HUJwA8Uf92JMRXauS7utInMFDzXir+57Vj8C66CQ+iGFhAp4u8WGAIcZoH7nHJKIiRJoRKrt+K6YBIQkGnNrMlnS2Vp8Y6GXs+h0XSOC3blXLl7qxYvc4yyqNDdIRKyEbnqIpuUQ3VEUWP6Bm9oFfjyXgz3o2PaWnOyHr20QyMzx9Xbp8D</latexit>

At(ω)kt = bt(ω)
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Real-valued case Preliminary
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="5CpNQlrktvIxmwkv74qOWhMzp18="></latexit>

ω̇t,i(ω) =
ε

εωi
!t(ω)

<latexit sha1_base64="kU0yomHn5ussMzyOUlGuxmX78DM="></latexit>

dSt(ω)

dt
=

[
ε2

εω2
i

→ εSt(ω)

εωi

ε

εωi

]
!t(ω)

<latexit sha1_base64="GOPbqDhhN3lCJye+QGsM8c0/Lo8="></latexit>

!t(ω) : RD → R

Real-valued case Preliminary
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="5CpNQlrktvIxmwkv74qOWhMzp18="></latexit>

ω̇t,i(ω) =
ε

εωi
!t(ω)

<latexit sha1_base64="kU0yomHn5ussMzyOUlGuxmX78DM="></latexit>

dSt(ω)

dt
=

[
ε2

εω2
i

→ εSt(ω)

εωi

ε

εωi

]
!t(ω)

<latexit sha1_base64="GOPbqDhhN3lCJye+QGsM8c0/Lo8="></latexit>

!t(ω) : RD → R

Real-valued case

Induces a stochastic process

Preliminary

<latexit sha1_base64="2yF1hbjKHh1eK4Sc+1fP5kMgEs8="></latexit>

dωω = →εSt(ωω )

εϑ
dϖ +

↑
2dWω
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="5CpNQlrktvIxmwkv74qOWhMzp18="></latexit>

ω̇t,i(ω) =
ε

εωi
!t(ω)

<latexit sha1_base64="kU0yomHn5ussMzyOUlGuxmX78DM="></latexit>

dSt(ω)

dt
=

[
ε2

εω2
i

→ εSt(ω)

εωi

ε

εωi

]
!t(ω)

<latexit sha1_base64="GOPbqDhhN3lCJye+QGsM8c0/Lo8="></latexit>

!t(ω) : RD → R

Real-valued case

Induces a stochastic process Feynman-Kac
<latexit sha1_base64="wHNcvmXZ3BHKtwY4hWtZy4h7Ceo="></latexit>

!t(ω) = →
∫ →

0
dε E

[
dSt(ϑω )

dt
| ϑ0 = ω

]

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

ω
<latexit sha1_base64="pVR6Np9XAbmiiNFFmI9P7QLukX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEeimJSPVY9OKxgv2AJobNdtsu3WzC7qxQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6WcKXDdb6uwtr6xuVXcLu3s7u2X7YPDtkq0JLRFEp7IboQV5UzQFjDgtJtKiuOI0040vpn5nUcqFUvEPUxSGsR4KNiAEQxGCu2ynyr2kFW9s2noA9ahXXFr7hzOKvFyUkE5mqH95fcTomMqgHCsVM9zUwgyLIERTqclXyuaYjLGQ9ozVOCYqiCbHz51To3SdwaJNCXAmau/JzIcKzWJI9MZYxipZW8m/uf1NAyugoyJVAMVZLFooLkDiTNLwekzSQnwiSGYSGZudcgIS0zAZFUyIXjLL6+S9nnNq9fqdxeVxnUeRxEdoxNURR66RA10i5qohQjS6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz81fJLR</latexit>

ω(1)
ω

<latexit sha1_base64="GXNCIYPxpj1xIU0bQAQnHknSCh8=">AAAB+HicbVDLSsNAFL3xWeujUZdugkWom5IUqS6LblxWsA9oYphMp+3QySTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPlDIqlet+W2vrG5tb24Wd4u7e/kHJPjxqy0QLTFo4YYnoRkgSRjlpKaoY6aaCoDhipBONb2Z+55EISRN+ryYpCWI05HRAMVJGCu2Sn0r6kFVq59PQV0iHdtmtunM4q8TLSRlyNEP7y+8nWMeEK8yQlD3PTVWQIaEoZmRa9LUkKcJjNCQ9QzmKiQyy+eFT58wofWeQCFNcOXP190SGYikncWQ6Y6RGctmbif95Pa0GV0FGeaoV4XixaKCZoxJnloLTp4JgxSaGICyoudXBIyQQViarognBW355lbRrVa9erd9dlBvXeRwFOIFTqIAHl9CAW2hCCzBoeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QM3B5LS</latexit>

ω(2)
ω

<latexit sha1_base64="FLhzLHoZ7xWk+G0x4mk/N8ejchI=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuSvQY9OIxgnlAdg2zk9lkyOyDmR4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIBVcgeN8Wyura+sbm4Wt4vbO7l7J3j9oqURLypo0EYnsBEQxwWPWBA6CdVLJSBQI1g5GN1O//cik4kl8D+OU+REZxDzklICRenbJSxV/yCrnp5OeB0T37LJTdWbAy8TNSRnlaPTsL6+fUB2xGKggSnVdJwU/IxI4FWxS9LRiKaEjMmBdQ2MSMeVns8Mn+MQofRwm0lQMeKb+nshIpNQ4CkxnRGCoFr2p+J/X1RBe+RmPUw0spvNFoRYYEjxNAfe5ZBTE2BBCJTe3YjokklAwWRVNCO7iy8ukdVZ1a9Xa3UW5fp3HUUBH6BhVkIsuUR3dogZqIoo0ekav6M16sl6sd+tj3rpi5TOH6A+szx84kpLT</latexit>

ω(3)
ω

<latexit sha1_base64="tRo1XQAohggx4vcjl8nXAuuf/ag=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuhOgx6MVjBPOA7LrMTibJkNkHMz1CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dYSq4Asf5ttbWNza3tgs7xd29/YOSfXjUVomWlLVoIhLZDYligsesBRwE66aSkSgUrBOOb2Z+55FJxZP4HiYp8yMyjPmAUwJGCuySlyr+kFVq59PAA6IDu+xUnTnwKnFzUkY5moH95fUTqiMWAxVEqZ7rpOBnRAKngk2LnlYsJXRMhqxnaEwipvxsfvgUnxmljweJNBUDnqu/JzISKTWJQtMZERipZW8m/uf1NAyu/IzHqQYW08WigRYYEjxLAfe5ZBTExBBCJTe3YjoiklAwWRVNCO7yy6ukfVF169X6Xa3cuM7jKKATdIoqyEWXqIFuURO1EEUaPaNX9GY9WS/Wu/WxaF2z8plj9AfW5w86HZLU</latexit>

ω(4)
ω

<latexit sha1_base64="mMhiv1aQf2MrbFGLXTPggqxyZWs=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuaPQY9OIxgnlAdg2zk9lkyOyDmR4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIBVcgeN8Wyura+sbm4Wt4vbO7l7J3j9oqURLypo0EYnsBEQxwWPWBA6CdVLJSBQI1g5GN1O//cik4kl8D+OU+REZxDzklICRenbJSxV/yCoXp5OeB0T37LJTdWbAy8TNSRnlaPTsL6+fUB2xGKggSnVdJwU/IxI4FWxS9LRiKaEjMmBdQ2MSMeVns8Mn+MQofRwm0lQMeKb+nshIpNQ4CkxnRGCoFr2p+J/X1RBe+RmPUw0spvNFoRYYEjxNAfe5ZBTE2BBCJTe3YjokklAwWRVNCO7iy8ukdVZ1a9Xa3Xm5fp3HUUBH6BhVkIsuUR3dogZqIoo0ekav6M16sl6sd+tj3rpi5TOH6A+szx87qJLV</latexit>

ω(5)
ω

e.g. Albergo, Kanwar, arXiv:2603.00252

Preliminary

<latexit sha1_base64="2yF1hbjKHh1eK4Sc+1fP5kMgEs8="></latexit>

dωω = →εSt(ωω )

εϑ
dϖ +

↑
2dWω
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

<latexit sha1_base64="5CpNQlrktvIxmwkv74qOWhMzp18="></latexit>

ω̇t,i(ω) =
ε

εωi
!t(ω)

<latexit sha1_base64="kU0yomHn5ussMzyOUlGuxmX78DM="></latexit>

dSt(ω)

dt
=

[
ε2

εω2
i

→ εSt(ω)

εωi

ε

εωi

]
!t(ω)

<latexit sha1_base64="GOPbqDhhN3lCJye+QGsM8c0/Lo8="></latexit>

!t(ω) : RD → R

Real-valued case

Induces a stochastic process Feynman-Kac
<latexit sha1_base64="wHNcvmXZ3BHKtwY4hWtZy4h7Ceo="></latexit>

!t(ω) = →
∫ →

0
dε E

[
dSt(ϑω )

dt
| ϑ0 = ω

]

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

ω
<latexit sha1_base64="pVR6Np9XAbmiiNFFmI9P7QLukX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEeimJSPVY9OKxgv2AJobNdtsu3WzC7qxQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6WcKXDdb6uwtr6xuVXcLu3s7u2X7YPDtkq0JLRFEp7IboQV5UzQFjDgtJtKiuOI0040vpn5nUcqFUvEPUxSGsR4KNiAEQxGCu2ynyr2kFW9s2noA9ahXXFr7hzOKvFyUkE5mqH95fcTomMqgHCsVM9zUwgyLIERTqclXyuaYjLGQ9ozVOCYqiCbHz51To3SdwaJNCXAmau/JzIcKzWJI9MZYxipZW8m/uf1NAyugoyJVAMVZLFooLkDiTNLwekzSQnwiSGYSGZudcgIS0zAZFUyIXjLL6+S9nnNq9fqdxeVxnUeRxEdoxNURR66RA10i5qohQjS6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz81fJLR</latexit>

ω(1)
ω

<latexit sha1_base64="GXNCIYPxpj1xIU0bQAQnHknSCh8=">AAAB+HicbVDLSsNAFL3xWeujUZdugkWom5IUqS6LblxWsA9oYphMp+3QySTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPlDIqlet+W2vrG5tb24Wd4u7e/kHJPjxqy0QLTFo4YYnoRkgSRjlpKaoY6aaCoDhipBONb2Z+55EISRN+ryYpCWI05HRAMVJGCu2Sn0r6kFVq59PQV0iHdtmtunM4q8TLSRlyNEP7y+8nWMeEK8yQlD3PTVWQIaEoZmRa9LUkKcJjNCQ9QzmKiQyy+eFT58wofWeQCFNcOXP190SGYikncWQ6Y6RGctmbif95Pa0GV0FGeaoV4XixaKCZoxJnloLTp4JgxSaGICyoudXBIyQQViarognBW355lbRrVa9erd9dlBvXeRwFOIFTqIAHl9CAW2hCCzBoeIZXeLOerBfr3fpYtK5Z+cwx/IH1+QM3B5LS</latexit>

ω(2)
ω

<latexit sha1_base64="FLhzLHoZ7xWk+G0x4mk/N8ejchI=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuSvQY9OIxgnlAdg2zk9lkyOyDmR4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIBVcgeN8Wyura+sbm4Wt4vbO7l7J3j9oqURLypo0EYnsBEQxwWPWBA6CdVLJSBQI1g5GN1O//cik4kl8D+OU+REZxDzklICRenbJSxV/yCrnp5OeB0T37LJTdWbAy8TNSRnlaPTsL6+fUB2xGKggSnVdJwU/IxI4FWxS9LRiKaEjMmBdQ2MSMeVns8Mn+MQofRwm0lQMeKb+nshIpNQ4CkxnRGCoFr2p+J/X1RBe+RmPUw0spvNFoRYYEjxNAfe5ZBTE2BBCJTe3YjokklAwWRVNCO7iy8ukdVZ1a9Xa3UW5fp3HUUBH6BhVkIsuUR3dogZqIoo0ekav6M16sl6sd+tj3rpi5TOH6A+szx84kpLT</latexit>

ω(3)
ω

<latexit sha1_base64="tRo1XQAohggx4vcjl8nXAuuf/ag=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuhOgx6MVjBPOA7LrMTibJkNkHMz1CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dYSq4Asf5ttbWNza3tgs7xd29/YOSfXjUVomWlLVoIhLZDYligsesBRwE66aSkSgUrBOOb2Z+55FJxZP4HiYp8yMyjPmAUwJGCuySlyr+kFVq59PAA6IDu+xUnTnwKnFzUkY5moH95fUTqiMWAxVEqZ7rpOBnRAKngk2LnlYsJXRMhqxnaEwipvxsfvgUnxmljweJNBUDnqu/JzISKTWJQtMZERipZW8m/uf1NAyu/IzHqQYW08WigRYYEjxLAfe5ZBTExBBCJTe3YjoiklAwWRVNCO7yy6ukfVF169X6Xa3cuM7jKKATdIoqyEWXqIFuURO1EEUaPaNX9GY9WS/Wu/WxaF2z8plj9AfW5w86HZLU</latexit>

ω(4)
ω

<latexit sha1_base64="mMhiv1aQf2MrbFGLXTPggqxyZWs=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsKuaPQY9OIxgnlAdg2zk9lkyOyDmR4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIBVcgeN8Wyura+sbm4Wt4vbO7l7J3j9oqURLypo0EYnsBEQxwWPWBA6CdVLJSBQI1g5GN1O//cik4kl8D+OU+REZxDzklICRenbJSxV/yCoXp5OeB0T37LJTdWbAy8TNSRnlaPTsL6+fUB2xGKggSnVdJwU/IxI4FWxS9LRiKaEjMmBdQ2MSMeVns8Mn+MQofRwm0lQMeKb+nshIpNQ4CkxnRGCoFr2p+J/X1RBe+RmPUw0spvNFoRYYEjxNAfe5ZBTE2BBCJTe3YjokklAwWRVNCO7iy8ukdVZ1a9Xa3Xm5fp3HUUBH6BhVkIsuUR3dogZqIoo0ekav6M16sl6sd+tj3rpi5TOH6A+szx87qJLV</latexit>

ω(5)
ω

e.g. Albergo, Kanwar, arXiv:2603.00252

Preliminary

Complex-valued case

<latexit sha1_base64="2yF1hbjKHh1eK4Sc+1fP5kMgEs8="></latexit>

dωω = →εSt(ωω )

εϑ
dϖ +

↑
2dWω

Extension to the
?
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Preliminary

<latexit sha1_base64="6IAWALocyGgc36cf5aBoovRiDd4="></latexit>

dSt

dt
(ωt(ω0) ) =

[
ε2

εω2
0,i

→ εS0(ω0)

εω0,i

ε

εω0,i

]
ϑt(ω0)
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="6IAWALocyGgc36cf5aBoovRiDd4="></latexit>

dSt

dt
(ωt(ω0) ) =

[
ε2

εω2
0,i

→ εS0(ω0)

εω0,i

ε

εω0,i

]
ϑt(ω0)
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

(I) (II) (III)
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="YQbAp8HF02cYMzWq9xefrZYRT6E=">AAACDXicjVDLSgMxFM3UV62vUZduglVooZQZkeqy6MZlBfuAzjBk0kwbmnmQ3BHK0B9w46+4caGIW/fu/BvTaRcqCh4IOTnn3pvk+IngCizrwygsLa+srhXXSxubW9s75u5eR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDnzu7dMKh5HNzBJmBuSYcQDTgloyTOPnEEMTjLiXgY1Pq04NZyfoJJvVhU7tapnlu26lQP/TcpogZZnvuuxNA1ZBFQQpfq2lYCbEQmcCjYtOaliCaFjMmR9TSMSMuVm+W+m+FgrAxzEUq8IcK5+7chIqNQk9HVlSGCkfnoz8Tevn0Jw7mY8SlJgEZ1fFKQCQ4xn0eABl4yCmGhCqOT6rZiOiCQUdICl/4XQOanbjXrj+rTcvFjEUUQH6BBVkI3OUBNdoRZqI4ru0AN6Qs/GvfFovBiv89KCsejZR99gvH0CIYqaTw==</latexit>

ω̇t,i(ωt(ω0) )

(I) (II) (III)

We are only interested in  
transformations on the manifold
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="YQbAp8HF02cYMzWq9xefrZYRT6E=">AAACDXicjVDLSgMxFM3UV62vUZduglVooZQZkeqy6MZlBfuAzjBk0kwbmnmQ3BHK0B9w46+4caGIW/fu/BvTaRcqCh4IOTnn3pvk+IngCizrwygsLa+srhXXSxubW9s75u5eR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDnzu7dMKh5HNzBJmBuSYcQDTgloyTOPnEEMTjLiXgY1Pq04NZyfoJJvVhU7tapnlu26lQP/TcpogZZnvuuxNA1ZBFQQpfq2lYCbEQmcCjYtOaliCaFjMmR9TSMSMuVm+W+m+FgrAxzEUq8IcK5+7chIqNQk9HVlSGCkfnoz8Tevn0Jw7mY8SlJgEZ1fFKQCQ4xn0eABl4yCmGhCqOT6rZiOiCQUdICl/4XQOanbjXrj+rTcvFjEUUQH6BBVkI3OUBNdoRZqI4ru0AN6Qs/GvfFovBiv89KCsejZR99gvH0CIYqaTw==</latexit>

ω̇t,i(ωt(ω0) )

<latexit sha1_base64="Vd36pJnF9fdjSPcll097s0QQ/Zw=">AAACYnicjVFNS8MwGE6r01l169xRD8EheBijE5lehIEePE5wH7CWkmbpFpd+kKRCKf2T3jx58YeYdkOcqPhC4OH5eBOeeDGjQlrWq6ZvbVd2dqt7xv7BYa1uNo5GIko4JkMcsYhPPCQIoyEZSioZmcScoMBjZOwtbwt9/Ey4oFH4KNOYOAGah9SnGElFuWZq+xzhzI4RlxSx/BPZ8YK6mWzTPIc3cNMFV6LVfsp/Dvy9tMxB12x1O1Y58HfQAusZuOaLPYtwEpBQYoaEmHatWDpZsRkzkht2IkiM8BLNyVTBEAVEOFlZUQ7PFDODfsTVCSUs2a+JDAVCpIGnnAGSC/FdK8iftGki/Wsno2GcSBLi1UV+wqCMYNE3nFFOsGSpAghzqt4K8QKpeqT6FeN/JYwuOt1ep/dw2erfreuogmNwCs5BF1yBPrgHAzAEGLxpFa2m1bV33dAbenNl1bV1pgk2Rj/5AO/DujU=</latexit>

ω

ωεt,i
=

ωε0,j

ωεt,i

ω

ωε0,j

Rewrite derivatives in terms  
of the initial field

(I) (II) (III)

We are only interested in  
transformations on the manifold
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="YQbAp8HF02cYMzWq9xefrZYRT6E=">AAACDXicjVDLSgMxFM3UV62vUZduglVooZQZkeqy6MZlBfuAzjBk0kwbmnmQ3BHK0B9w46+4caGIW/fu/BvTaRcqCh4IOTnn3pvk+IngCizrwygsLa+srhXXSxubW9s75u5eR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDnzu7dMKh5HNzBJmBuSYcQDTgloyTOPnEEMTjLiXgY1Pq04NZyfoJJvVhU7tapnlu26lQP/TcpogZZnvuuxNA1ZBFQQpfq2lYCbEQmcCjYtOaliCaFjMmR9TSMSMuVm+W+m+FgrAxzEUq8IcK5+7chIqNQk9HVlSGCkfnoz8Tevn0Jw7mY8SlJgEZ1fFKQCQ4xn0eABl4yCmGhCqOT6rZiOiCQUdICl/4XQOanbjXrj+rTcvFjEUUQH6BBVkI3OUBNdoRZqI4ru0AN6Qs/GvfFovBiv89KCsejZR99gvH0CIYqaTw==</latexit>

ω̇t,i(ωt(ω0) )

<latexit sha1_base64="Vd36pJnF9fdjSPcll097s0QQ/Zw=">AAACYnicjVFNS8MwGE6r01l169xRD8EheBijE5lehIEePE5wH7CWkmbpFpd+kKRCKf2T3jx58YeYdkOcqPhC4OH5eBOeeDGjQlrWq6ZvbVd2dqt7xv7BYa1uNo5GIko4JkMcsYhPPCQIoyEZSioZmcScoMBjZOwtbwt9/Ey4oFH4KNOYOAGah9SnGElFuWZq+xzhzI4RlxSx/BPZ8YK6mWzTPIc3cNMFV6LVfsp/Dvy9tMxB12x1O1Y58HfQAusZuOaLPYtwEpBQYoaEmHatWDpZsRkzkht2IkiM8BLNyVTBEAVEOFlZUQ7PFDODfsTVCSUs2a+JDAVCpIGnnAGSC/FdK8iftGki/Wsno2GcSBLi1UV+wqCMYNE3nFFOsGSpAghzqt4K8QKpeqT6FeN/JYwuOt1ep/dw2erfreuogmNwCs5BF1yBPrgHAzAEGLxpFa2m1bV33dAbenNl1bV1pgk2Rj/5AO/DujU=</latexit>

ω

ωεt,i
=

ωε0,j

ωεt,i

ω

ωε0,j

Rewrite derivatives in terms  
of the initial field Use the freedom to parametrise the kernel

<latexit sha1_base64="2plu6LTM61Iue+a6B1/UzfdpZmA="></latexit>

ω̇t,i(ω ) = Mt,ij(ω)
ε

εωj
!t(ω)

(I) (II) (III)

We are only interested in  
transformations on the manifold
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="YQbAp8HF02cYMzWq9xefrZYRT6E=">AAACDXicjVDLSgMxFM3UV62vUZduglVooZQZkeqy6MZlBfuAzjBk0kwbmnmQ3BHK0B9w46+4caGIW/fu/BvTaRcqCh4IOTnn3pvk+IngCizrwygsLa+srhXXSxubW9s75u5eR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDnzu7dMKh5HNzBJmBuSYcQDTgloyTOPnEEMTjLiXgY1Pq04NZyfoJJvVhU7tapnlu26lQP/TcpogZZnvuuxNA1ZBFQQpfq2lYCbEQmcCjYtOaliCaFjMmR9TSMSMuVm+W+m+FgrAxzEUq8IcK5+7chIqNQk9HVlSGCkfnoz8Tevn0Jw7mY8SlJgEZ1fFKQCQ4xn0eABl4yCmGhCqOT6rZiOiCQUdICl/4XQOanbjXrj+rTcvFjEUUQH6BBVkI3OUBNdoRZqI4ru0AN6Qs/GvfFovBiv89KCsejZR99gvH0CIYqaTw==</latexit>

ω̇t,i(ωt(ω0) )

<latexit sha1_base64="Vd36pJnF9fdjSPcll097s0QQ/Zw=">AAACYnicjVFNS8MwGE6r01l169xRD8EheBijE5lehIEePE5wH7CWkmbpFpd+kKRCKf2T3jx58YeYdkOcqPhC4OH5eBOeeDGjQlrWq6ZvbVd2dqt7xv7BYa1uNo5GIko4JkMcsYhPPCQIoyEZSioZmcScoMBjZOwtbwt9/Ey4oFH4KNOYOAGah9SnGElFuWZq+xzhzI4RlxSx/BPZ8YK6mWzTPIc3cNMFV6LVfsp/Dvy9tMxB12x1O1Y58HfQAusZuOaLPYtwEpBQYoaEmHatWDpZsRkzkht2IkiM8BLNyVTBEAVEOFlZUQ7PFDODfsTVCSUs2a+JDAVCpIGnnAGSC/FdK8iftGki/Wsno2GcSBLi1UV+wqCMYNE3nFFOsGSpAghzqt4K8QKpeqT6FeN/JYwuOt1ep/dw2erfreuogmNwCs5BF1yBPrgHAzAEGLxpFa2m1bV33dAbenNl1bV1pgk2Rj/5AO/DujU=</latexit>

ω

ωεt,i
=

ωε0,j

ωεt,i

ω

ωε0,j

Rewrite derivatives in terms  
of the initial field Use the freedom to parametrise the kernel

<latexit sha1_base64="2plu6LTM61Iue+a6B1/UzfdpZmA="></latexit>

ω̇t,i(ω ) = Mt,ij(ω)
ε

εωj
!t(ω)

(I) (II) (III)

We are only interested in  
transformations on the manifold

<latexit sha1_base64="6IAWALocyGgc36cf5aBoovRiDd4="></latexit>

dSt

dt
(ωt(ω0) ) =

[
ε2

εω2
0,i

→ εS0(ω0)

εω0,i

ε

εω0,i

]
ϑt(ω0)

<latexit sha1_base64="3zq1sxNG3wDnOlicCL53AZl+nH4=">AAACGXicbZDNSsNAFIUn9a/Wv6hLN4NFaKGURKSKIBR04c4KthWaECbTaTt0MgkzE6GEvoYbX8WNC0Vc6sq3cZpG0dYLA4fv3Mude/yIUaks69PILSwuLa/kVwtr6xubW+b2TkuGscCkiUMWilsfScIoJ01FFSO3kSAo8Blp+8Pzid++I0LSkN+oUUTcAPU57VGMlEaeaTlhQPrIUyUnGlDPKsPTM+hcfbNKSn9Mp1L2zKJVtdKC88LORBFk1fDMd6cb4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3SS8bwwNNurAXCv24gin9PZGgQMpR4OvOAKmBnPUm8D+vE6veiZtQHsWKcDxd1IsZVCGcxAS7VBCs2EgLhAXVf4V4gATCSodZ0CHYsyfPi9Zh1a5Va9dHxfpFFkce7IF9UAI2OAZ1cAkaoAkwuAeP4Bm8GA/Gk/FqvE1bc0Y2swv+lPHxBfuEnmo=</latexit>

ωt(ε0) := !t(εt(ε0) )
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<latexit sha1_base64="rlPqWIa975c+rCibEyjSV+rGxqU="></latexit>

dSt(ω)

dt
=

[
ε

εωi
→ εSt(ω)

εωi

]
ω̇t,i(ω)

Complex-valued case

Preliminary

<latexit sha1_base64="YQbAp8HF02cYMzWq9xefrZYRT6E=">AAACDXicjVDLSgMxFM3UV62vUZduglVooZQZkeqy6MZlBfuAzjBk0kwbmnmQ3BHK0B9w46+4caGIW/fu/BvTaRcqCh4IOTnn3pvk+IngCizrwygsLa+srhXXSxubW9s75u5eR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDnzu7dMKh5HNzBJmBuSYcQDTgloyTOPnEEMTjLiXgY1Pq04NZyfoJJvVhU7tapnlu26lQP/TcpogZZnvuuxNA1ZBFQQpfq2lYCbEQmcCjYtOaliCaFjMmR9TSMSMuVm+W+m+FgrAxzEUq8IcK5+7chIqNQk9HVlSGCkfnoz8Tevn0Jw7mY8SlJgEZ1fFKQCQ4xn0eABl4yCmGhCqOT6rZiOiCQUdICl/4XQOanbjXrj+rTcvFjEUUQH6BBVkI3OUBNdoRZqI4ru0AN6Qs/GvfFovBiv89KCsejZR99gvH0CIYqaTw==</latexit>

ω̇t,i(ωt(ω0) )

<latexit sha1_base64="Vd36pJnF9fdjSPcll097s0QQ/Zw=">AAACYnicjVFNS8MwGE6r01l169xRD8EheBijE5lehIEePE5wH7CWkmbpFpd+kKRCKf2T3jx58YeYdkOcqPhC4OH5eBOeeDGjQlrWq6ZvbVd2dqt7xv7BYa1uNo5GIko4JkMcsYhPPCQIoyEZSioZmcScoMBjZOwtbwt9/Ey4oFH4KNOYOAGah9SnGElFuWZq+xzhzI4RlxSx/BPZ8YK6mWzTPIc3cNMFV6LVfsp/Dvy9tMxB12x1O1Y58HfQAusZuOaLPYtwEpBQYoaEmHatWDpZsRkzkht2IkiM8BLNyVTBEAVEOFlZUQ7PFDODfsTVCSUs2a+JDAVCpIGnnAGSC/FdK8iftGki/Wsno2GcSBLi1UV+wqCMYNE3nFFOsGSpAghzqt4K8QKpeqT6FeN/JYwuOt1ep/dw2erfreuogmNwCs5BF1yBPrgHAzAEGLxpFa2m1bV33dAbenNl1bV1pgk2Rj/5AO/DujU=</latexit>

ω

ωεt,i
=

ωε0,j

ωεt,i

ω

ωε0,j

Rewrite derivatives in terms  
of the initial field Use the freedom to parametrise the kernel

<latexit sha1_base64="2plu6LTM61Iue+a6B1/UzfdpZmA="></latexit>

ω̇t,i(ω ) = Mt,ij(ω)
ε

εωj
!t(ω)

(I) (II) (III)

We are only interested in  
transformations on the manifold

<latexit sha1_base64="6IAWALocyGgc36cf5aBoovRiDd4="></latexit>

dSt

dt
(ωt(ω0) ) =

[
ε2

εω2
0,i

→ εS0(ω0)

εω0,i

ε

εω0,i

]
ϑt(ω0)
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<latexit sha1_base64="F34oGk796NWBrPDxqQslN/piYws=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARWihlRqW6EQq6EEGo0Bt0xiGTpm1o5kKSEcrQB3Hjq7hxoYgbF4JvY6YdUVsPhHz5zzmcnN8NGRXSMD61zMLi0vJKdjW3tr6xuaVv7zRFEHFMGjhgAW+7SBBGfdKQVDLSDjlBnstIyx2eJ/nWHeGCBn5djkJie6jv0x7FSCrJ0Y+uHVmwSlY4oAkkl1G0SkV4Bq9+hIRv698vR88bZWMScB7MFPIgjZqjv1vdAEce8SVmSIiOaYTSjhGXFDMyzlmRICHCQ9QnHYU+8oiw48lyY3iglC7sBVwdX8KJ+rsjRp4QI89VlR6SAzGbS8T/cp1I9k7tmPphJImPp4N6EYMygIlTsEs5wZKNFCDMqforxAPEEZbKz5wywZxdeR6ah2WzUq7cHOerF6kdWbAH9kEBmOAEVMElqIEGwOAePIJn8KI9aE/aq/Y2Lc1oac8u+BPaxxevJ56n</latexit>

Mt(ωt(ω0) ) = Jt(ω0)J
T
t (ω0)

<latexit sha1_base64="ifFxb4Q5DAosGt+hTNEpJP5hDDw="></latexit>

dωω = →εS0

εϑ
(ωω )dϖ +

↑
2dWω

<latexit sha1_base64="vdj3Lyd5Yf9g/Utt5Yh95XNQxdc="></latexit>

ωt(ε0) = →
∫ →

0
E
[
dSt

dt
(ϑω ) |ϑ0 = ε0

]

<latexit sha1_base64="3zq1sxNG3wDnOlicCL53AZl+nH4=">AAACGXicbZDNSsNAFIUn9a/Wv6hLN4NFaKGURKSKIBR04c4KthWaECbTaTt0MgkzE6GEvoYbX8WNC0Vc6sq3cZpG0dYLA4fv3Mude/yIUaks69PILSwuLa/kVwtr6xubW+b2TkuGscCkiUMWilsfScIoJ01FFSO3kSAo8Blp+8Pzid++I0LSkN+oUUTcAPU57VGMlEaeaTlhQPrIUyUnGlDPKsPTM+hcfbNKSn9Mp1L2zKJVtdKC88LORBFk1fDMd6cb4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3SS8bwwNNurAXCv24gin9PZGgQMpR4OvOAKmBnPUm8D+vE6veiZtQHsWKcDxd1IsZVCGcxAS7VBCs2EgLhAXVf4V4gATCSodZ0CHYsyfPi9Zh1a5Va9dHxfpFFkce7IF9UAI2OAZ1cAkaoAkwuAeP4Bm8GA/Gk/FqvE1bc0Y2swv+lPHxBfuEnmo=</latexit>

ωt(ε0) := !t(εt(ε0) )


