IEURAL ETHAICED OUT-OF-EQUILIBRIUM
SAMPLIIG
FOR LATTICE FIELD THEORY

ELIACELLI!I

30/07/2026
Lattice 2026
University of Maryland

In collaboration with:

THE UNIVERSITY Gurtej Kanwar Satria Widyanto .
of EDINBURGH |




OUT-OF-EQUILIBRIUM TRAISFORMATIO!S

A system is driven out of equilibrium when itpsrturbed faster than its relaxation timescale, so it never
settles into the stationary distribution of the current conditions.

equilibrium
= === out-of-eq

u=0, ! =11
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TRAISIE!'T EISEMBLE

Given an Initial and final distributiong andp,, driving the system out of equilibrium generatdsamsient ensemble
of stochastic trajectories, a biased transport between the two distributions.

Pi(U;)

[

| . IR (VORY0) 4
For each trajectory, we can compute thermodynamic work done on the systemW(U) = | at . It)
" O " =

NIlVge
O .r
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CROOKS" FLUCTUATIO! THEOREM

The ratio offorward and reverse work distributions gives direct access to tdessipated work W, along each

trajectory.
[Crooks; cond-mat/9901352]

W, = W" #F

P.(! W)

— aW!! F
P.(! W)

N/ : —
A4
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https://arxiv.org/abs/cond-mat/9901352

JARZY!ISKI'S EQUALITY

JarzynskiOs Equality (JE) provides a powerful reweightingngute the free energy andcorrect the bias of
the non-equilibrium transport

[Jarzynski; cond-mat/9610209]

— P (! W)  _ l (W!' ! F) — A&l Funq W
L= PeW) T e Wi =¢"e

e"W — e' 2 Oe Wt = !O#pt

General identity, widely used focomputing free energies and sampling, also in LFT.

[leal; physics/9803008],[Caselle et al.; 1604.05544]

€% THE UNIVERSITY
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https://arxiv.org/abs/cond-mat/9610209
https://arxiv.org/abs/physics/9803008
https://arxiv.org/abs/1604.05544

DRAWBACKS

The identities derived before are exact, howeverexpenential average:

G’ Wog

can be highly inefficient whenWj Is large andstatistics are limited.

In order to fight this problem, we waw, to be OsmallO

Solution 1) quasi-static transformations « Osmall@\V, systematic but expensive scaling

Solution 2) use Machine Learning to minimix&; « !eural-Enhanced Out-of Equilibrium (IEO) sampling

€%\ THE UNIVERSITY >
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STOCHASTIC '/ORMALIZI'G FLOWS

Stochastic lormalizing Flows (S!'Fs) combinelon-Equilibrium Monte Carlo updates and!ormalizing
Flows blocks:

X0

P, . P

Pl I I 1 - N
()" X' gix)' " E XN (X

Whereg. are NF layers ang are MCMC updates interpolating between prior and target

Wd = S\I(XN) ) S)(XO) ) Q‘ - H#E ¥ Power law scaling with !

N" 1 ¥ Linear scaling with thevolume

Q =, ( S+1060+1) " SialXy) + In! deUg.n!) ¥ Improvement of the prefactor with y
n=0

[Wu et al; 2002.06707],[Caselle, EC, lada , Panero; 2201.08862],[Bulgarelli, EC, lada .; 2412.00200], [Bonanno, Bulgarelli, EC et al.: 2510.25704]

@ o EDINBURGH SeeD. Hackett Tu09:45


https://arxiv.org/abs/2002.06707
https://arxiv.org/abs/2201.08862
https://arxiv.org/abs/2412.00200
https://arxiv.org/abs/2510.25704

LOSS FUICTIO!

NEO samplers can be optimized by minimizing:
) (") = V%= Dy (Pe!!P) * O

2

PN%* #F #

Second Law!

More reversible trajectories smaller worke better error!

489\ THE UNIVERSITY
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IOI-EQUILIBRIUM SAMPLERS FOR LFT

JE-based samplers have b&adely investigated in lattice field theory:

¥ Free energy calculations e.g. pressure, entropies, etc..

[Caselle et al.; 1604.05544],[Caselle et al.; 1801.03110], [Francesconi et al.; 2003.13734], [Bulgarelli and Panero; 2304.03311, 2404.01987]
[Bulgarelli et al.; 2505.20403],[Bulgarelli, EC et al.; 2410.14466]

¥ Transport between distributions e.g. Open-Periodic boundary conditions, couplings, etcE

[Bonanno et al.; 2402.06561, 2411.00620],[Caselle, EC, !'ada , Panero; 2201.08862],[Caselle, EC, 'ada; 2409.15937],
[Bulgarelli, EC, 'ada .; 2412.00200], [Bonanno, Bulgarelli, EC et al.: 2510.25704]

SeeO. Vega Th15:00

Are therenew contexts in which JarzynskiOs equality and CrooksO theorem can be used?

NIV

< 3
~ 7

9

O S

-~ B -5
2 \“_'Jj—jg,)
6\0] S
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https://arxiv.org/abs/1604.05544
https://arxiv.org/abs/1801.03110
https://arxiv.org/abs/2003.13734
https://arxiv.org/abs/2304.03311
https://arxiv.org/abs/2404.01987
https://arxiv.org/abs/2505.20403
https://arxiv.org/abs/2410.14466
https://arxiv.org/abs/2402.06561
https://arxiv.org/abs/2411.00620
https://arxiv.org/abs/2201.08862
https://arxiv.org/abs/2409.15937
https://arxiv.org/abs/2412.00200
https://arxiv.org/abs/2510.25704

REIORMALIZATIO! GROUP

Consider aarget distribution p(x) and astochastic blocking T(y!X)

Thanks toBayes’ theorem: O pITY! ) p(x,y)
PIXtY) = L dxpOATY! XY p(y)

T(y!x)
R e T /2
m, W p(x1y)
.
a 2a See:
Growing interest in ML for LFT: learn samplers fu(x!y) * A Singha M16:10

® L. Parato Th15:20

[Bachtis et al; 2107.00466 ][Bauer et al.; 2412.12842],[Singha, EC et al.; 2503.08918],[Singha, Kauffmann, EC et al.; 2604.10209] e A Hasenfratz Poster

49\ THE UNIVERSITY 9
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https://arxiv.org/abs/2107.00466
https://arxiv.org/abs/2412.12842
https://arxiv.org/abs/2503.08918
https://arxiv.org/abs/2604.10209

BRIDGI!'G RG AID STOCHASTIC THERMODY!IAMICS

Building a non-equilibrium transport on the joint distributionat fixed y:
l — t t. :
P(X,y) = p(X)T(y!'x); t:0& 1

Allows to compute the exact normalization of p(x!y) 1.e p(y) using the Jarzynksi’s equality:

%H Woe, 1(X’Y)049(y) — @

p(y) can then be used to build a hierarchical multiscale sampler

48%%: THE UNIVERSITY
Y- of EDINBURGH
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LEAR!I!'G SIF FOR

p(X, y)

¥ Results forO(3) non linear sigma | E _
model, trained on32. 3Z lattices, 102 - _
#= 1.4 : T i
¥ We used as!F interleavingHMC
and physics-informedontinuous _> 10%:
IF . § '
e,
¥ We then trained the models on a ~ 100
synthetic y distribution « no target f
samples for training ] @ .
¥ Training is donen thermalised 10-14 & SNF @ e
configurations obtained with 1 M NE-MCMC o
Parallel Tempering — . . . . .
2 4 3 12 24
nsteps

&P\ THE UNIVERSITY
¥: of EDINBURGH
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LEAR!I!G  p(y)

E - @O ground truth
¥ Physics-informed I for ® log g (y) 5 1_‘ 8 I physics-informed
L B
: B
¥ Score matching training: :
"y y 2 _ B
) (") = (- ,logp(y) " - ,loga(y)) . 0.01: e
VAN, . - : Vg
Training done omynthetic coarse 2 0.001 - 9 i
16. 1€ lattices ST é ]
_ O
® Evaluated on coarse 64. 64 lattices 0.0001 -
le-05 -
2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
T
B\ THE UNIVERSITY [Favoni et al.; 2012.12901][Backfried; Master Thesis] 12

J- of EDINBURGH


https://arxiv.org/abs/2012.12901
https://repositum.tuwien.at/bitstream/20.500.12708/216384/1/Backfried%20Liane%20-%202025%20-%20Machine%20learning%20a%20perfect%20lattice%20action%20for%20the%20O3...pdf

SAMPLI'G p(X)

We found two main ways to sampéx!y):
Biased but really cheap:

Sample a setof/ a.(y) O p(y) and then run
HMC on:

p(X, y)

| —
p(x!y) )

48%%: THE UNIVERSITY
B g of EDINBURGH

Unbiased:

Sample a setof/ ag.(y) O p(y), then run the
SNFs on:

p(x,y)' = pOY'T(Y!x)5 t:0& 1
Then reweigh with: _ g WXY)
G (Y)
§10,, = -y
Thus: B = EBN%()y

13



¥ Samplel28. 12¢ fine lattices
from coarser machine-learne
64. 64

¥ Remark: Models have been
trained on synthetic fine
32. 3Zlattices

¥ Upscaling works becausg(y)

IS volume Independent, and
S!Fs work only on UV
fluctuations

N1V
I

489 THE UNIVERSITY
N¢8)- of EDINBURGH

SAMPLI'G p(X)

([}q} @ ground truth
] ¢>(E> Biased: conditional HMC
10-1 - ®>®’®>®> > Unbiased: reweighted
é (B"B’tb@,
1072 - Oorpy
é Edrps
1072 < -
frhl
| 0,
10_4€ 18
10_53
é llO 1I5 2IO 2I5 3IO 35

14




COICLUSIO!IS AID OUTLOOKS

¥ We introducedCrooks’ theorem and Jarzynki’s equality and outlined!F |, a class of NEO
samplers that displagreat scalability with the capacity and the volume

¥ We introduced a new way of using Jarzynsk@isiging Renormalization Group with Stochastic
Thermodynamics through Bayes’s theorem

¥ We introduced acalable single scalé‘inverse” RG sampler

¥ Complete thaingle-scale inverse RG samplers foCP™ !
¥ Multi-hit approaches leveraging different scales
¥ Multi-scale samplers foCP™ !

¥ Single-scale sampler foiSU(3)

&P\ THE UNIVERSITY
¥: of EDINBURGH
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B=1.4
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LEAR!I!G  p(y)

\/—_\/\'\,\/\ —— Dblackbox

\,\\ physics-informed

total loss

10_2?

10 10 102 103
traming step

[Favoni et al.; 2012.12901][Backfried; Master Thesis]



https://arxiv.org/abs/2012.12901
https://repositum.tuwien.at/bitstream/20.500.12708/216384/1/Backfried%20Liane%20-%202025%20-%20Machine%20learning%20a%20perfect%20lattice%20action%20for%20the%20O3...pdf

FI'TE VS COARSE CORRELATIO! LEIGTHS

100 -
¥ ML generated coarse and fine
ensembles haveompatible 1071 -
physical correlation lengths. :
S
1072

10_3?
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CO!TROL VARIATES

Samplingmany fine configurations for a fixed coarse sample can be used amulti-hit

[Parisi, Petronzio, Rapuano; Phys. Lett. B 128 (1983)]

® 1y x1000,1x/y
250y, 4 x/y
N -
~
] -
1071 - oI
Y & 1
I @ g4 1 7
1 Y 0
1 T 1
2 4 6 8 10 12 14 16
/'/i
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Y- of EDINBURGH

(ml)

0.275 -

0.270 -

0.265 -

0.260 -

0.255 -

0.250 -

0.245 -

1y x 1000, 1 x/y

250y, 4 X/y



https://www.sciencedirect.com/science/article/pii/0370269383909309?via=ihub

VAIILLA TRAING
p(x,y)ov—b v — v — v—>

v . Computethefull SNFforward & gradientoptimizedlocally for NF layers

Usually batched/parallelizedverN independenteplicas:
o o —> Y —> VY —>VV—
N

N —> Y —> §— V—

N1Vg
O .?d,
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PARALLEL TEMPERIIG TRAI'IIG

X._’ Q><O—>
* X e X

O — O o —

.: Computethelocal lossandupdatethe gradients& no explicit forwardpass

48%9\: THE UNIVERSITY Canbebatched!
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