INSTITUTE UNIVERSITAT

CH-TECHNOLOGY-INNOVATION BERLIN

* Funded by the
European Union

Grant Agreement No: 101072348

Tue Cyprus TECHNISCHE AQTIVATE
I ,

Parton Distribution Functions of the Nucleon from

Twisted Mass Fermions with Physical Pion Mass

Constantia Alexandroul‘z, Simone Bacchiol, Minhuan Chu3, Krzystof Cichy3, Martha Constantinou4,

Giannis Koutsoul, Joshua Miller4, Gabriele Pierini®»®

1The Cyprus Institute, Cyprus; 2University of Cyprus, Cyprus; 3Adam Mickiewicz University, Poland; 4 Temple University, USA;

5Technische Universitaet Berlin, Germany



What will | be showing?

» PDFs on lattice;

v

Lattice setup;

P Inverse problem: from z space to x space;

v

Light-cone isovector unpolarized PDF;

» Moments of the PDF;



PDFs

» PDFs are key quantities for hadron dynamics and for 3D imaging of hadrons.

They are defined on the light-cone: cannot be computed directly on the lattice;
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PDFs

» PDFs are key quantities for hadron dynamics and for 3D imaging of hadrons.

They are defined on the light-cone: cannot be computed directly on the lattice;

» LaMET [X. Ji et al., arXiv:2004.03543] approach to study them on a Euclidean

space-time lattice;
> FH(x) = 2Pt [ & e=iPTs (N(P)[p(27 )yt W(z™,0)%(0)|N(P))
> Ft(z,P) = 5 (N(P)|[d(z )" W(z~,0)(0)|N(P))

LaMET approach:
0
Fo(2. P) = (N(P) [ 322" W(z,0)6(0) | N(P)) = a(p. ) | £ 4(2)| . )

From #(z) we can reconstruct the light-cone F*(x) (H(x)) PDF.
PDFs can be generalized to GPDs [Bhattacharya et al., arXiv:2209.05373v2]:

Martha Constantinou’s talk on Tuesday at 14.20.



Lattice setup

Ensemble a [fm] (L/a)* x T/a  my [GeV] L [fm]

cB211.072.64  0.0801(4) 64° x 128 0.1393(7)  5.12(3)

Nf =2+ 1+ 1 with clover improved, twisted-mass fermions, ts = 0.8 fm.
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Ensemble a [fm] (L/a)* x T/a  my [GeV] L [fm]
cB211.072.64  0.0801(4) 64° x 128 0.1393(7)  5.12(3)

Nf =2+ 1+ 1 with clover improved, twisted-mass fermions, ts = 0.8 fm.

Neont ‘ 652 ‘ 709
Boosts P, [GeV] 0 024 | 048 | 0.72 | 1.21 | 1.45 | 1.69
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Excited states

For P, = 1.21 GeV we computed the three-point function at ts = 0.64, 0.8, 0.96 fm.

C¥(To,pite) = 5, ca(P)eEHP
C‘3p1.‘(r07 p; ts, tins) — le Age_Ei(m(ts_tins)_Ej(m(tins)

Two-state analysis



Excited states

For P, = 1.21 GeV we computed the three-point function at ts = 0.64, 0.8, 0.96 fm.

C (T, pi ) = 3, ca()eEHP
C3PH(To, pi ts, tins) = i Age—Ei(ﬁ')(ts—fins)—fj(ﬁ')(fms)

Two-state analysis
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Matrix element on lattice QCD

Appropriate ratio of three-point over two-point functions.
For P, = 0,0.24,0.48,0.72 GeV:
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Matrix element on lattice QCD

Appropriate ratio of three-point over two-point functions.
For P, = 0,0.24,0.48,0.72 GeV:

C3pt(r0: p; ts, tins)

R(To, p; ts, tins) = C2rt(Tg, p, Ao; ts)

For P, =1.21,1.45,1.69 GeV:
C3pt(r07 p; ts, tins)

V/C2Pt(Tg, p, Do; ts) C2PE(To, p, A; t5)

Plateau fit to extract the Matrix element.

R(r07 p; ts, tins) -




Renormalization

Latest developments in renormalization: Hybrid renormalization [Ding et al.,

arXiv:2407.03516]

,Hren(z» Pz) = eém(2725

Hren(zy Pz) =

where z; = 4a and dm - a = 0.2660.
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x-reconstruction: Bayes-Gauss-Fourier technique

¢S]

H(x, Pz, pn) = 2Pz/

— o0

dz ixP,z /\2QCD MI2\I
s “ ) P ) o )
G Mz Pop)E P2’ P2

We studied both Backus-Gilbert (BG) and a newer approach: Bayes-Gauss-Fourier
transformation technique (a gaussian process, GP) [Alexandrou et al.,

arXiv:2007.13800]. How does it work?
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x-reconstruction: Bayes-Gauss-Fourier technique

¢S]

H(x, Pz, pn) = 2Pz/

— o0

dz ixP,z /\2QCD MI2\I
s “ ) P ) o )
G Mz Pop)E P2’ P2

We studied both Backus-Gilbert (BG) and a newer approach: Bayes-Gauss-Fourier
transformation technique (a gaussian process, GP) [Alexandrou et al.,
arXiv:2007.13800]. How does it work?

» Find the continuous function u(z) that better approximates p(z) defined as
H(z) = pl2)e@
» Fit p with a proper prior function
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x-reconstruction: Bayes-Gauss-Fourier technique

» Given a covariance function
/ o =22 2
kP(Z,Z ) = /e 202 K,'j = kp(Z,',Zj) + Ahl— 5,’j

whose parameters are chosen such that they minimize

p(p) = det(27rkp)_1/257% E;,-(ﬂ(zi)*uP(Zi))k;,jl(P(Zj)*uP(Zj))



x-reconstruction: Bayes-Gauss-Fourier technique

» Given a covariance function
/ PP CE A Ly 2
kP(Z,Z ) = /e 202 K,'j = kp(Z,',Zj) + Ahl— 5,’j
whose parameters are chosen such that they minimize

p(p) = det(27rkp)_1/257% E;,-(ﬂ(zi)*uP(Zi))k;,jl(P(Zj)*uP(Zj))

> we can get
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x-reconstruction: Bayes-Gauss-Fourier technique

» The phase ¢(z) is parametrized with a linear function

1 Ty
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x-reconstruction: Bayes-Gauss-Fourier technique

» The phase ¢(z) is parametrized with a linear function

1 Ty

0 5 10 15 20

z/a

» The reconstructed Hgp(z) is thus
Hop(2) = u(z)e

H(x) can be now computed in a closed form by doing the Fourier-Transform of

Hep(z).



x-reconstruction: Bayes-Gauss-Fourier technique
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x-reconstruction: Bayes-Gauss-Fourier technique

P.=1.69 GeV P.=1.69 GeV
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Light-cone matching

We computed the matching function C (5 Pi) [Ding et al., arXiv:2407.03516] and
get the light-cone PDF

d
Hex, Peoi®) = [ % c( )my,Pz, 2) 4 O(Np/ P2, M2 /P2)

P,
P.=1.21 GeV P.=1.69 GeV
P.=1.45 GeV NNPDF 3.1 NLO
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Light-cone matching

We computed the matching function C (5 Pi) [Ding et al., arXiv:2407.03516] and
get the light-cone PDF

d
Hex, Peoi®) = [ % c( )my,Pz, 2) 4 O(Np/ P2, M2 /P2)

P,
P, =1.21 GeV P, =1.69 GeV
P, =145 GeV NNPDF 3.1 NLO
5
4F J
Studies on systematics of
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" [ the hybrid renormalization
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Short-distance factorization

M (z,P) = (xXM+0 (Noep2?)

Hopare (27 'B) Hpare (0,0) o Z (—iZP)n CNS ([1,222)
Hbare (Z 0) Hpare (O, :5) n=0 n! COMS (:u222)

with C,Ms (#222) being the Wilson coefficients at NLO [Gao et al., arXiv:2212.12569].

We use all the P, and we set nmax = 4.



Short-distance factorization

Hiwe (2P) e (0

M(z,P) =

with C,Ms (,u2z2) being the Wilson

We use all the P, and we set nmax
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coefficients at NLO [Gao et al., arXiv:2212.12569].
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Short-distance factorization

Zmins  Zmaz
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Short-distance factorization

Zmins  Fmaz l
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Short-distance factorization

Zminy  Zmax :
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4a, Ta { . o
4a, 6a I ~ ~
4a, ba I e 48,
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1
Direct lattice ! M . N
calculation B64 : r L L |
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Direct lattice calculation on B64 from [Alexandrou et al., arXiv:2607.20337] and
[Alexandrou et al., arXiv:2607.03458]. Christian Kummer’s talk on Tuesday at 15.20
and Constantia Alexandrou's talk on Thursday at 14.00.



Conclusion and outlook

» Implementation of Bayes-Gauss-Fourier transform;
» Light-cone PDFs at physical mass for large boosts;

» Extraction of moments up to (x*), with agreement with lattice results from direct

calculation.

> Wilson coefficients CMS at NNLO;
» Hybrid renormalization for I:I;
» Systematics from hybrid renormalization;

» Two-state analysis for all boosts.
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Bayes-Gauss-Fourier for different z
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Bayes-Gauss-Fourier stability
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Helicity-PDF moments

M(z,P) =

Hpare (2‘, P,) Hpare (0,0) _ Z (—izP)" cms (1222)

= = . -84 = (x")+0 (Ngcp2®) ,
Hbare (Z, O) Hbare (07 P) n=0 n! Cé\/lS (”222) Q

with CMS (u22?) being the Wilson coefficients at NLO for the helicity case.



Helicity-PDF moments

M(z,P) =

Hpare (2‘, P,) Hpare (0,0) _ Z (—izP)" cms (1222)

= = . -84 = (x")+0 (Nocp2®) »
Hbare (Z, O) Hbare (07 P) n=0 n! Cé\/lS (”222) Q

with CMS (u22?) being the Wilson coefficients at NLO for the helicity case.
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Helicity-PDF moments

Zinin =9 Zmar=1
2z Zimas

Zmin=4 Zmar=T
Znin=4 Zyas=6

Zmin=4 Zmaz=5
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Zmin=2 Zmar=4

Direct lattice
calculation B64
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Direct lattice calculation on B64 from [Alexandrou et al., arXiv:2607.20337].



Helicity-PDF light cone

Fi(z,P) = (N(P) |[d(2)7"~°W(z,0)4:(0)| N(P))

[arXiv:2310.13114v2] We employ RI/MOM renormalization at u = 2 GeV. We use
Bayes-Gauss-Fourier Transform and then we match them [Arxiv:1902.00307] to

light-cone helicity PDF.
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Different ratios

0.9995
0.9990
0.9985
S;: 0.9980
b; 0.9975
0.9970
0.9965

0.9960

Ratio of the errors of

R(FO» p; ts, tins) =

and

R(FOa p; ts, tins) =

for P, = 1.21 GeV.

ER([[‘,‘(I‘“))

C3pt(|—07 p; ts, tins)

\/C2Pt(r07 p, Ao; tS)CQPt(rm P, A; ts)

C2Pt(To, p, Ao ts)
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