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• QC2  

• QC3  but challenging! 

✓
∼✓

Lüscher (1986)

Hansen, Sharpe, Döring, Mai, 
Hammer, Pang, Rusetsky,…

S Sharpe Lattice2025 talk

States with the same FV quantum numbers mix

En, L⟩ Cππ(En, L) ππ, out⟩KLP*=

+ CKK(En, L) KK, out⟩KLP

+ C4π(En, L) ππππ, out⟩KLP

+ (ηη, 6π, …)
-matrix-like piece*K

https://indico.global/event/14504/contributions/138237/attachments/64252/124436/sharpe_lat25_plenary.pdf
https://inspirehep.net/literature/231480


Motivation

integral eqns
FV  

formalism
spectrum quantisation  

condition
K-matricesfit scattering 

amplitudes
unitarity

(QC)

States with the same FV quantum numbers mix

En, L⟩ Cππ(En, L) ππ, out⟩KLP*=

+ CKK(En, L) KK, out⟩KLP

+ C4π(En, L) ππππ, out⟩KLP

+ (ηη, 6π, …)

25
6 ⏟valid at low energies, eg  
we want to go beyond this!

E < 4mπ• QC2  

• QC3  

✓
∼✓

2

-matrix-like piece*K



Motivation

integral eqns
FV  

formalism
spectrum quantisation  

condition
K-matricesfit scattering 

amplitudes
unitarity

(QC)

• QC4, , QC  ??… N

States with the same FV quantum numbers mix

En, L⟩ Cππ(En, L) ππ, out⟩KLP*=

+ CKK(En, L) KK, out⟩KLP

+ C4π(En, L) ππππ, out⟩KLP

+ (ηη, 6π, …)

25
6 ⏟valid at low energies, eg  
we want to go beyond this!

E < 4mπ• QC2  

• QC3  

✓
∼✓

2

-matrix-like piece*K



Motivation

integral eqns
FV  

formalism
spectrum quantisation  

condition
K-matricesfit scattering 

amplitudes
unitarity

(QC)

• QC4, , QC  ??… N
Q: can we neglect higher multi-particle effects?

States with the same FV quantum numbers mix

En, L⟩ Cππ(En, L) ππ, out⟩KLP*=

+ CKK(En, L) KK, out⟩KLP

+ C4π(En, L) ππππ, out⟩KLP

+ (ηη, 6π, …)

25
6 ⏟valid at low energies, eg  
we want to go beyond this!

E < 4mπ• QC2  

• QC3  

✓
∼✓

2

-matrix-like piece*K



Motivation

integral eqns
FV  

formalism
spectrum quantisation  

condition
K-matricesfit scattering 

amplitudes
unitarity

(QC)

• QC4, , QC  ??… N
Q: can we neglect higher multi-particle effects?
Q: how can we quantify higher multi-particle 
    effects without a non-perturbative QC ?N

States with the same FV quantum numbers mix

En, L⟩ Cππ(En, L) ππ, out⟩KLP*=

+ CKK(En, L) KK, out⟩KLP

+ C4π(En, L) ππππ, out⟩KLP

+ (ηη, 6π, …)

25
6 ⏟valid at low energies, eg  
we want to go beyond this!

E < 4mπ• QC2  

• QC3  

✓
∼✓

2

-matrix-like piece*K



Finite-volume two-point function: 

CL(E, P) = ∫
∞

0
dt eiEt−εt⟨0 | 𝒪̂P(t)𝒪̂†

P(0) |0⟩

-particle quantisation condition in PTN

3



Finite-volume two-point function: 

CL(E, P) = ∫
∞

0
dt eiEt−εt⟨0 | 𝒪̂P(t)𝒪̂†

P(0) |0⟩

    = i⟨0 | 𝒪̂P(0) Ĝ(E, P, L) 𝒪̂†
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 Ĥ(P, L) = Ĥ0(P, L) + ̂V(P, L) finite volume Hamiltonian

non-interacting 
Hamiltonian
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E − Ĥ(P, L) + iε
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̂V Ĝ0 + …

Finite-volume two-point function: 

 

    

CL(E, P) = ∫
∞

0
dt eiEt−εt⟨0 | 𝒪̂P(t)𝒪̂†

P(0) |0⟩

= i⟨0 | 𝒪̂P(0) Ĝ(E, P, L) 𝒪̂†
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= Ĝ0 + Ĝ0
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̂V Ĝ0 + …

Finite-volume two-point function: 

 

    

CL(E, P) = ∫
∞

0
dt eiEt−εt⟨0 | 𝒪̂P(t)𝒪̂†

P(0) |0⟩

= i⟨0 | 𝒪̂P(0) Ĝ(E, P, L) 𝒪̂†
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Identical spin-zero particles in a box:

Scalar field theory
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2 and 4-particle coupled channel system 
Proceedings from Lattice2025

2-ptc (free)

4-ptc (free)

E
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mL

det [SLO(E, P, L)−1 − B𝖼,LO(E, P, L)] = 0

 resultsN ≤ 4
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✴ -particle framework reproduces same result  
✴ simpler than previous approach, no  integral 
✴ simpler than Lüscher approach, no  integral

N
τ
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toy example
2 and 4-particle coupled channel system

mL

E
/m

[(
S−1

0,2 0

0 S−1
4 ) − (g2←2 g2←4

g4←2 g4←4)] [C2
C4] = 0

@ En(L)

✴ Main result: 
the eigenvector associated with the zero 
eigenvalue tells us how much each particle 
sector contributes to a finite-volume state 

Hansen & Sharpe (2012)  
Briceño, Hansen & Walker-Loud (2015)  
Hansen, Romero-Lopez & Sharpe (2021)

 resultsN ≤ 4

2-ptc-like

4-ptc-like
4-ptc-like
2-ptc-like

C4

C2
2 + C2

4

∼ 7.5 %

2 and 4-particle coupled channel system 
Proceedings from Lattice2025
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https://inspirehep.net/literature/1103067
https://inspirehep.net/literature/1302412
https://inspirehep.net/literature/1842618
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How to use this framework
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at the level of -matrices,  

this framework provides a systematic 

estimate for -particle effects
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unitarity, integral 
equations

decay amplitudes

 (err)  …𝒜2−ptc n−ptc
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3. Systematic: controlled expansion 
with known domain of validity
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Perturbative treatment breaks down near 

1. strongly coupled resonances 

2. kinematic thresholds  

where rescattering must be resummed to 
all orders

ρ

Hadronic processes: dynamics must 
be treated non-perturbatively!
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Proposal: a hybrid quantisation condition
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⋱
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Proposal: a hybrid quantisation condition

det

(SLO
2←2)−1 ⋯

⋱
⋮ (SLO

j←i)−1

⋱

−

B𝖼,LO
2←2 ⋯

⋱
⋮ B𝖼,LO

j←i

⋱

= 0

LO QC captures  effects in all sectors:O(gj←i)

Replace:

det

⋯
⋱

⋮ (SLO
j←i)−1

⋱

−

⋯
⋱

⋮ B𝖼,LO
j←i

⋱

= 0

Instead treat two-particle sector non-perturbatively

: (non-standard) 2-particle -matrix 

Lüscher zeta function

𝒦2 K
F2 ∼

all-orders resummed 
 & 𝒦BS R0𝒦2g2←2

LO 
interaction

F−1
2 𝒦2

12
Lüscher (1986)

https://inspirehep.net/literature/231480
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Q: can we neglect higher multi-particle effects? 
Q: how can we quantify higher multi-particle 
    effects without a non-perturbative QC ?N

Needs to be tested on lattice data! 

system non-perturbative channels perturbative channels
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Where did the hats go?
Finite-volume two-point function: 

 

  

CL(E, P) = Creg
L + iℒ

1
S−1 − B𝖼

ℛ†

= Creg
L + i∑

ψ,ψ′￼
⟨0 ℒ̂ ψ⟩ ⟨ψ

1
̂S−1 − B̂𝖼

ψ′￼⟩ ⟨ψ′￼ ℛ̂† 0⟩
complete sets of 
finite volume states

To-do: in a given theory 

1. Construct , a complete set of FV eigenstates of  
or even  with  

2. Fix kinematic range to  

3. Compute matrix elements of ,  and 

{ |ψ⟩} H0(P, L)
{ |ψ, Λ⟩} Λ ∈ Irrep(LG(P))

Emin < E < Emax

S0 V𝖼 V𝖽

backup


