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Motivation
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Introduction to LQCD and PDFs
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"Parton distributions and lattice QCD calculations
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Inverse problem

Fourier transform or Inverse Fourier transform?
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Reconstructing parton distribution functions from loffe time data:
from Bayesian methods to Neural Networks, JHEP 04 (2019) 057

There is plenty of discussion and details:

« LaMET's Asymptotic Extrapolation vs. Inverse Problem
J.-W. Chen et al., Phys. Rev. D 113, 014509 (2026),

 Inverse Problem in the LaMET Framework
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We must solve an inverse problem...



Inverse problem (Closure test)
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0.5
F d =E d
OTVAIE TR = =85 L (=) 0.4 | will work with discrete data:
/‘\ [ 4,10, and 25 data points
4 a, 0.3
20.2
i =
~ = 0.1
] —
>0 0.0
- 0 25 50 75 100
+1 v
> -1
~—_ 1 \
0L . . . . . B .
0.0 0.2 0.4 0.6 08 1.0 M(v) = / dre™" q(x)
—1
X




Re(M(v))

Lattice details: 2+1 flavors of clover
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Finite elements

Grids (from continuous to discrete)

uniform
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First degree finite elements (FE) My grid in x uses second degree FE



Gaussian processes!!!

= Stochastic Process...

TN

Machine Learning of Nonlinear Partial Differential Equations. arXiv: 1708.00588
Gaussian Processes for Machine Learning, E. Rasmussen and C. K. |. Williams
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Try to imagine an infinite
dimensional normal distribution



Gaussian processes

Parametric vs Non-Parametric

Parametric =)
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Bayesian, but still parametric
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If we do not parametrize q, what we do?
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Some Results on Tchebycheffian Spline Functions, George K., Grace Wahba, 1971
Gaussian Processes for Machine Learning, E. Rasmussen and C. K. |. Williams
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Non-Parametric
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Imposes additionally conditions
on the Hilbert space
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Remarkable result!!! Parametrization of the inner product of the H space (RKHS)
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Likelihood Prior
Evidence

Posterior =

A given B...

p(P\A) PLA)

P(A|B)-~ P(5 )




Likelihood Prior
Evidence

Posterior =

for nOn'parametriC methods { functions, Parameters, Hypothesis, Data} = {A,C, D, B}

P(A C,D)

p(A|BCD) = — P(BICP)




Levels of inference

{ functions, Parameters, Hypothesis, Data} = {q(z),0, H, M"}

3rd ( l ‘ ) ( ) Average/Selection of Models
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Marginal Likelihood or Evidence = Likelihood of the next level of inference
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Mean and Covariance
{ functions, Parameters, Hypothesis, Data} = {q(z),0, H, M"}

3rd .
r q(x) _ Z P(%i ‘ Ml)<q(a;'))z Average/Selection of Models

q(z)q(z’) = Z P(H: | MY [{g@)a(@))i + ((a(@)): — a(@))({a(@)): — (@)

Solved Numerically (sample parameters)

Parametric Models
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1st Solved analytically (path integrals)
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Once you have the posterior, integrate over it...
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KL Divergence

Information gained globally
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KL Divergence

Information gaiHEd |Oca||y Valentine & Sambridge, GJI 220, 1632 (2020)
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P(MYH;)P(H,;)

3rd |evel of inference

Selection ~ Averaging
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3rd Level of inference

. P(H;|M") =
Results for Closure test (25 points)
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Lattice data
6 data points

P(H;|M") =
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Conclusions yal

Key points

GP provides a systematic and flexible way to regulate the inverse
problem.

Synthetic data evaluate the reconstructed uncertainty bands.

Results remain stable under changes in kernels, mean functions, and
hyperparameters through model averaging.

Global and local KL divergence help us to measure the information
gained.

We learned how beautiful it is to work with just normal distributions.
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Thank you!

Email: yacahuanamedra@wm.edu
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Lattice data

KL divergence (local definition)

A PDF, Fixed gippr Im(M (v, z°))
K f;;i'%nﬂ F Vinaz=13.9
55 s K E-;E???EF Vimazr=1.1
%2 K}, > Rpr Vmar=10.6
:: I
> 3
- =
1 o £ I
TR A Dyer ~ 10%

00 02 04 06 08 10 10 60 0 100

25



1st level of inference

— Likelihood Prior

Posterior = _
Gaussian processes a la Feynman Evidence
3 =y
P(Mq(z),0,H)P(q(x)|0, H Everything is "gaussian"
P(q(a:)\Ml,H,H) — ( |Q( ) ] ) (Q( )| ) in this level of
\ P(M |97 %) y inference(lt’s like solving a

free field theory).
My prior and likelihood have an analytic expression:

Likelihood  p(Aflq(x), 8, H) = Nisketinooge 2 i~ Evia(@)Ciy (M =Ly a())

Prior P(q(2)]0, 1) = Nprior Poongre™ 2 d2dz’(a(@)—appr (@) K= (z.2") (a(2") —appr (@)

P = ([ dzq(z)—1)?— 53— ([, dzq(z)5(1—x))? Normalization and g(x=1)=0
const — € “

dence P(MY0,H) = / Dlq(x)|P(M|q(x), 0. H) Pq(z)|0. )
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1st Level of inference

Fix parameters (4 data points)
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1st Level of inference

Fix parameters (10 data points)
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1st Level of inference

Fix parameters (25 data points)

[mM (v, 1°)

0.6

0.91

0.4

0.3

0.2

0.1

0.0

_D'l

— Fixed geppr

linear

K
K

o=17.00
log—RBF
o="7.00
log— RBF

25

§

0.00 025

29

0.50 0.75 1.00
xX

— Fixed JdPDF K E;E’%OB F Fixed Gflat K ;?E%UBF
: li =7.00 * li =17.00
— Fixed 9,50 F Kby RrBF Fixed gfifeor Kg=T%,
10
— Input
=
5.
—
-
o
+—~
S
z U
C
)
2}
QO _5]
O
—10

0.00 0.25 0.50 0.75 1.00



2"d | evel of inference

[ _
Prior = exponential beta POIM", H) = P(M'|H)
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HMC -> Importance Sampling
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ImM (v, pi?)

2"d | evel of inference

Sampled results
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Sampled results
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2"d | evel of inference
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P(M"'|H;)P(H;)

Information criteria P(H;|M') P(M)

1

Nmodels

P(H;) =

(BAIC = —1og(P(M"\6,,5,. H)P(6in|H)) + 2k
—210g(P(Ml\H7;)) ~3 < BTIC = —1og(P(M"0min, H)P(Omin|H)) + 2T7(J " (Omin) I (Omin))

(PAIC = — < log(P(M'|0, H)P(6]H)) > +2Tr(J " (Ormin) I (Omin))

models

gz) = Y P(Hi|M') < qlx) >; q(z)q(z) = > P(Hi|M)[< q(x) >i —q()]?
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P(MYH;)P(H,;)

3rd |evel of inference

Selection ~ Averaging
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Models
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Inverse problem

Complex = Real + i Imaginary

/M(V) - /11 dze™ ) - q(x) = /_ 01 dre'™ q(x) + /01 dre® ¢(z) \

:/o dx[e’™ q(x) + e g(—a)] = / dae’™ q(a) — e g(x)

Re(M(v)) = /0 drcos(xv) - (g(z) — qg(x)) Im(M(v)) = /0 dx sin(zv) - (q(x) + q(x))

y

q—(z) = (q(z) — q(x)) q+(x) = (q(z) + q(x))




Kernels and Models

Some equations...

|f(z) — f(@)]I°
)

Kf—RBF(;B::B;; 0 = {J:ZQ}) — 0 €Xp (

Kﬁlag—l(g;:gf) — 52(1 o 53)”(1 o '(—Uf)n — ‘71 SI(I f):g(z f?v.r) '

n=1

X

Kpiog—2(z,2') =0 Z (1= 33)111 —z)" _ —olog(l—(1—=z)(1—12')).

n=1

Kcambined (33: :LJ; 0 = {91: 92: S, 330}) — O'(ill‘; S, HJO)KI (33: :Bf; 91) J(ﬂjf; S, :EU)_'_
(1 —o(z;s,20)) K> (.’L', T 92) (1—-o0(x';s,20))

gﬂat(:r:; 0 = {N}) =N , ngF(:B; 0 = {N,a,ﬁ}) = N:L‘a(l — fﬂ)ﬁ
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Constraints in the 1st level

_%(fol dxq(x)—1)4 _zilc(fol dxq(x)6(1-x))*

Pconst

1 1 ~1 2
Py = P e 2 An(f ,dxq(x)x™"1=by)

The equivalence of data points in

In this case... lelattice = b, + 6b,, the x space has been already
implemented before, we just have
1 to generalize it.
An

:%

40



Important results Plg(2)| M0, 1) = PWM(?&?@)Z%%MM

a(x; 6) — fC[(X)P(C[(X)lMl, H,j'[)D[C[(X)] Mean of the Posterior

q(x;0) = qppr(x) + K - BX*[C + BKBY]|(M"' — B" - qppr)

q(x)q(x) = J q(x)q(x)P(q(x)IM",6,7)D[q(x)]

Covariance of the Posterior

H(O) =q(x)q(x") = K(x,x") — KB*[C + BKB+]71BK

Effective evidence

1 1 N
E(6) = —log(P(M'|6,H)) = E (M; — Bqppr)*(C + BKBY)™Y(M; — Bqppr) + Elog[det(C + BKBY)] 1 Zx log(2m)
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P(M'16,H)P(O|H)

_ z _
Kernel and Mean functions POIM, H) = P(M!|7)
Where does this hyperparameter come from?
_ + _lx=x"|?

qPDF(x) — N'xa(]‘ R x)'B K‘I‘bf(x'x,) — O'ze 212 0 = {N; a, ﬁ) o, l}
How should we define the prior? P(O|H) = {Normal(0),lognormal(0), expbeta(0)}

015 - shift : .

- /4— . o — 0 — shift

scale

o.os-P(H‘H) ;" —log(expbeta(0)) = 8%(1 — 6)F + log(Normallzatlon) \

0.00 \
BE - 0 5

We use HMC/Important P(MY ) = [ doP(MY6, H)P(O|H)
Sampling to obtain the posterior

No functional variables anymore, we have to integrate over hyperparameters.
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P(M'16,H)P(O|H)

P(O|M!, H) =

Important results P(M!|H)
Mean of the Posterior —
< q(x) >= [ P(OIMY H)q(x; 0)dO _ - J e FOq(x; 0)d6
QX)) >=——F—Fr a0
| eE®)do

Covariance of the Posterior

< q(x)q(x) >= | (q(x;0) =< q(x) >)*P(6,|M", F)do

J e POH®O) + (q(x; 0) —< q(x) >)?*]P(0]|H)do

<q(x)q(x) >= [ e"E@P(9|H)de
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Hybrid Monte Carlo

Kernel and Mean functions

How does hyper parameters sampling looks like? /oo Neamp = 100000

Sampling chains

- - _,-'-Fi---l-# o
L]

10 A

10




P(M'16,H)P(O|H)
P(M'|FH)

P(O|M", ) =
Kernel and Mean functions

How does <q(x)>, <q(x)q(x’)> sampling looks like < q(x) > J doP(8|M', 3)q(x)

<g(x=1.1353195339077614e—-08) =

150
100 1
50
0 - A F E—— . ‘-— i - e T T — - L PR l..l.u.ﬁ_ﬂJ-I-.uI.— -
I I I I 1 I I I
0 10000 20000 30000 40000 50000 60000 J0000
=<=g(x=0.1) =
3_
2 =
l I I I I 1 I I I
0 10000 20000 30000 40000 50000 20000 J0000
le—7 < g(x =0.999999499) >
l_
D_

1 I 1 1 1 1 1 1
0 10000 20000 30000 40000 50000 60000 JO000

45



Kernel and Mean functions

How does <q(x)>, <q(x)q(x’)> sampling looks like?

<gq(x=1.1353195339077614e — 08) =

P(O|M!,H) =

P(M'16,H)P(O|H)
P(M!|H)

30 -

20 1

10 (

D_ I I I I I I I I
0 10000 20000 30000 40000 0000 60000 70000

<qq(x=0.1) =

4 4

0- FIv - o —dea - ot N T T U W T ! u
I I I I I I I I
0 10000 20000 30000 40000 50000 60000 70000

le—9 < gq(x =0.99999999) >
l_
- e R o -

1 I
0 10000

1
20000

1 1 1
30000 40000 50000
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2nd level of inference

Model averaged results

P(M'16,H)P(O|H)
P(M!|H)

P(O|M!, H) =

How does <q(x)>, <q(x)q(x’)> sampling looks like"?

q(x) M(v,z = 6a)
6
HMC samples Tog HMC samples
I Min ' 0 Min
| Model Averaged q(x) 2nd level | Model Averaged M(v) 2nd level
5 -
0.8 A
4 -
0.6 -
3 -t
X 2
T = 0.4-
2 -t
0.2:7
1 -t
0.0 -
0 -t
-1 T T T T T —0.2 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 5 10 15 20 25
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P(M*'|H)P ()

1Ml =
Important results P (3| M) P(MY
Mean of the Posterior
B models , VModels AéC |
a0 =X POGIMY <q@) >y o ZPTe 2 <q() >,
l o AIC
Models
Covariance of the Posterior Zi e ?
a(x)a(x) = XP(H;IMO)[< q(x) >; —q(x)]?
AIC
Y e 2 [< q()q(x) >; +(< q(x) >; —q(x))?]
q(x)a(x) = — AIC

Zli\40dels e 2
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Hybrid Monte Carlo

Sampling procedure

Skip 20 trajectories, 12 hours / 1
(5 iIndependent chains) —> T = 100 — 500 ~ 1000

Sampling chains Ngamp = 100000

e e N e g Aoy ¢

I T T :
17500
ﬁ =]




Bayes’ Theorem (not that easy) P(B|A)P(4)
P(A|B) = ——F <
P(B)

* How can we work with multiple conditions?

P(A|B,C,D) =? P(A|B,C) =7

* For now we can work with 2 conditions instead of 3
P(A,B|C) = P(A|B,C)P(B|C) ™  P(A B) = P(B,A)

- P(4,B|C) P(B,A|C) P(B|A,C)P(A|C)
P(AlB, () = P(B|C)  P(B|C) P(B|C)
P(B|A,C,D)P(A|C,D)
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