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Particularities of fitting and solving the inverse problemé
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VMotivation

VPDFs on Euclidean Lattice

VGaussian processes

üBayesian approach

üLevels of inference (3 ways to write Bayes)

VResults

VConclusion

Joeôs talk about GPs for GPDs



PDF      LQCD

3

Motivation

Introduction to LQCD and PDFs

Parton distributions for the LHC run II

10.1007/jhep04(2015)040

`Parton distributions and lattice QCD calculations

arXiv:1711.07916v3 3



Pseudo -PDFs

PDFs on a Euclidean Lattice

Pseudo-PDFPDF

J. Collins, PARTON DISTRIBUTION AND DECAY FUNCTIONS*

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)
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X. Ji, Phys. Rev. Lett. 110, 262002 (2013).



Fourier transform or Inverse Fourier transform?

Inverse problem
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We may need to make assumptions about the behavior of ITD at large v

or

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

We must solve an inverse problemé

There is plenty of discussion and details:

ÅLaMET's Asymptotic Extrapolation vs. Inverse Problem

J.-W. Chen et al., Phys. Rev. D 113, 014509 (2026), 

Å Inverse Problem in the LaMET Framework

H. Dutrieux, et al., Phys.Rev.D 113 (2026) 7, 074524

Reconstructing parton distribution functions from Ioffe time data: 

from Bayesian methods to Neural Networks, JHEP 04 (2019) 057



NNPDF 4.0 (imaginary component)

Inverse problem (Closure test)
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Forward map = Easy

-1

NNPDF Collaboration, The Path to Proton Structure at One-Percent Accuracy

I will work with discrete data: 

4, 10, and 25 data points



Unpolarized isovector ITD of the nucleon

Lattice data
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Colin Egerer, Forward and Off-Forward Parton Distributions from Lattice QCD

Lattice details: 2+1 flavors of clover 

improved Wilson quarks with a lattice 

spacing a = 0.094(1) fm and a pion 

mass of 358(3) MeV



Grids (from continuous to discrete)

Finite elements
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First degree finite elements (FE) My grid in x uses second degree FE

We can represent any 

function in x in this basis

uniform

Log-uniform & uniform



Try to imagine an infinite 

dimensional normal distribution

Normal 

Distribution

= Stochastic Proces sé

Gaussian process es!!!

Gaussian Processes for Machine Learning, E. Rasmussen and C. K. I. Williams 9

Machine Learning of Nonlinear Partial Differential Equations. arXiv: 1708.00588



Parametric vs Non -Parametric

Gaussian proces ses

If we do not parametrize q, what we do?

Bayesian, but still parametric

Imposes additionally conditions 
on the Hilbert space

We can recover a parametric feature 

Parametric Non-Parametric

|                  }
continuous? 
smooth?
square-integrable
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Gaussian Processes for Machine Learning, E. Rasmussen and C. K. I. Williams

Remarkable result!!! Parametrization of the inner product of the H space (RKHS)

1)

2)

3)

1)

2)

3)

Some Results on Tchebycheffian Spline Functions, George K., Grace Wahba, 1971



A given B...

Bayes theorem
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PriorLikelihood

Evidence
Posterior =



for non -parametric methods 

Bayes theorem (update)
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PriorLikelihood

Evidence
Posterior =



Levels of inference

Non-parametric B ayesian Approac h

Solved analytically (path integrals) 

Solved Numerically (sample parameters)

Average/Selection of Models

1st 

2nd

3rd

Marginal Likelihood or Evidence Likelihood of the next level of inference=
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Mean and Covariance

Non-parametric B ayesian Approac h

1st 

2nd

3rd
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Solved analytically (path integrals) 

Solved Numerically (sample parameters)

Average/Selection of Models

Once you have the posterior, integrate over ité 



Information gained globally

KL Divergence
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Information gained locally

KL Divergence
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Valentine & Sambridge, GJI 220, 1632 (2020)



Selection ~ Averaging 

3rd Level of inference
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Bayesian model averaging for analysis of lattice field theory results, William I. Jay, Ethan T. Neil



Results for Closure test (4 points)

3rd Level of Inference

18

4 data points



Results for Closure test (10 points)

3rd Level of Inference
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10 data points



Results for Closure test (25 points)

3rd Level of inference
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25 data points



6 data points

Lattice data
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Key points

Conclusions
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ÅGP provides a systematic and flexible way to regulate the inverse 
problem.

Å Synthetic data evaluate the reconstructed uncertainty bands.

ÅResults remain stable under changes in kernels, mean functions, and 
hyperparameters through model averaging.

ÅGlobal and local KL divergence help us to measure the information 
gained.

ÅWe learned how beautiful it is to work with just normal distributions.
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Thank you!
Email: yacahuanamedra@wm.edu



Back -up slides
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KL divergence (local definition)

Lattice data
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Gaussian processes à la Feynman 

1st level of inference

Everything is "gaussian "  

in this level of 

inference (Itôs like solving a 

free field theory) .

My prior and likelihood have an analytic expression:

PriorLikelihood

Evidence
Posterior =

Likelihood

Prior

Evidence

Normalization and q(x=1)=0
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Fix parameters (4 data points)

1st Level of inference
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