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Introduction: spectral functions in Lattice QCD

▶ Spectral functions are key observables in

hadron physics and are related to Euclidean

correlators

C(an) =

∫ ∞

0

dω e−ωanρ(ω)

▶ In finite-volume lattice QCD spectral functions

are distributions and must be smeared

ρ(ω) =

∞∑
n=1

cnδ
(
ω − ωn

)

ρ[K] =

∫ ∞

0

dωK(ω)ρ(ω)

smearing with Gaussian kernel of width σ
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Introduction: methods

▶ The Hansen-Lupo-Tantalo (HLT) method is

designed to extract smeared spectral functions

from Euclidean correlators with controlled

systematic and statistical errors and in a

model-independent way

ρ[K] = lim
N→∞

N∑
n=1

gn · C(an)

A[g] =

∫ ∞

0
dω

∣∣∣∣K(ω)−
N∑

n=1

gne
−ωan

∣∣∣∣2

smeared R-ratio PRL 130 (2023) 24, 241901
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▶ F. Margari’s talk for update on R(E)

▶ A. De Santis’s talk for B̄s → Xs̄cℓν̄

▶ S. Hashimoto’s talk for a list of talks related to

spectral reconstruction

▶ We’re open to disclose correlators and algorithms

for benchmarks, talk to us!
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Introduction: methods

What about machine learning?

▶ In EPJC 84 (2024) 1, 32 together with

M. Buzzicotti and N. Tantalo I devised a

model-independent machine-learning method with

a solid estimate of systematic errors

▶ Same performance as HLT

▶ re-training for different σ and energies

ANN

▶ In Operator Learning the network learns a map between function spaces

▶ based on Deep Operator Network (DeepONet) introduced in Nature MI 3, 218–229 (2021)
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DeepONet architecure

RN 7→ Rp

R2 7→ Rp

Branch net

B1

B2

Bp

×

Trunk net

T1

T2

Tp

...

...

p∑

n=1

Bn[C] · Tn(E, σ) = ρ̂σ(E)

C(t1)

C(t2)

C(tN )

...

E

σ
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Comparison between methods

HLT

ρ̂σ(E) =
N∑

n=1

C(an) · gn(E, σ)

▶ N is limited by the number of time slices

▶ linear in the correlator

▶ basis of coefficients given by exponentials

▶ gn(E, σ)= O
(
10N

)
=⇒ explicit regulator

DeepONet

ρ̂σ(E) =

p∑
n=1

Bn[C] · Tn(E, σ)

▶ p can be arbitrarily large

▶ highly non-linear in the correlator

▶ basis of coefficients given by architecture

▶ Tn(E, σ)= O(1) =⇒ implicit regulator

valididation and benchmark in a controlled setting

5
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Training set incorporating prior physical knowledge

▶ benchmark model: equivalent of R-ratio for the

two-dimensional O(3) non-linear σ-model

▶ the model is exactly integrable

ρO(3)(E) = θ(E − 2m)ρ
O(3)
2 (E) +

∞∑
n=1

ρ
O(3)
2+2n(E)

▶ Gaussian Processes (GP) generalize the concept of

probability to space of functions

ρ(E) ∼ GP
(
ρ
O(3)
2 (E),K(E,E′)

)

▶ with covariance kernel

K(E,E′) = σ2
GP exp

(
−
(E − E′)2

2ℓ2

)

▶ correlation length ℓ determines the smoothness

▶ σ2
GP determines the GP variance
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▶ ℓ → 0 and σGP → ∞: model independence

(but not in this work)
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Training set incorporating prior physical knowledge

▶ Extract Nρ random functions ρ(E) from the GP

input C(t) =

∫ ∞

0
dω e−ωtρ(ω) + δnoise(t)

output ρtrueσ (E) =

∫ ∞

0
dωKσ(E − ω)ρ(ω)

▶ for fixed grid of times Ωt and random (E, σ)

▶ Supervised training using MSE

L =
1

Nρ

Nρ∑
n=1

(
ρ̂outputσ,n (E)− ρtrueσ,n (E)

)2

epochs
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lo
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minimum L(k)
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Ensembles of neural networks

12

Branch Net Trunk Net λ = 1 λ = 3.5

k Nρ × 10−5 p layers neurons layers neurons params L(k)
val × 106 w(k) L(k)

val × 106 w(k)

1 1 16 2 64 2 64 45216 3.8 0.072 7.2 0.070
2 1 32 2 64 2 64 47296 3.8 0.072 7.0 0.071
3 1 64 2 64 2 64 51456 3.7 0.073 6.8 0.073
4 1 128 2 64 2 64 59776 4.0 0.071 7.6 0.067

5 1 64 2 128 2 128 119168 4.8 0.065 7.4 0.068
6 1 64 2 256 2 256 303744 4.7 0.066 9.1 0.058

7 2 64 2 64 2 64 51456 3.3 0.076 5.8 0.080
8 4 64 2 64 2 64 51456 2.6 0.081 5.3 0.084
9 8 64 2 64 2 64 51456 2.3 0.083 4.9 0.087

10 1 16 3 64 3 64 53536 4.6 0.066 7.7 0.066
11 1 32 3 64 3 64 55616 4.3 0.069 8.0 0.064
12 1 64 3 64 3 64 59776 4.5 0.067 7.7 0.066
13 1 128 3 64 3 64 68096 4.2 0.069 7.5 0.067

14 1 64 1 64 1 64 43136 9.5 0.041 14.0 0.035
15 1 128 1 64 1 64 51456 12.1 0.031 12.2 0.042

TABLE II. Summary of the neural networks and their associated performance used in this work. The Branch and Trunk Nets
are stacks of standard fully-connected layers where the individual nodes also contain biases. The columns report, in order, the
neural network index k, the number of samples in the training set (in units of 105), the dimension of the latent space p, the
number of layers and neurons in the Branch and Trunk Nets, respectively, the total number of trainable parameters, and, for
noise levels λ = 1 and λ = 3.5, respectively, the minimum validation loss (in units of 10−6) and the corresponding normalized
weight. The validation set is fixed for each network and contains 0.5× 105 samples.

a learning-rate schedule of the form

η(x) = ηf +
ηi − ηf

1 + e(x−xη)/ση
, (34)

with ηi = 0.5 × 10−3, ηf = 0.5 × 10−4, ση = 50, and
xη = 100. The function η(x) is shown in the bottom
panel of Figure 3. During training, we monitor the loss
function at the end of each epoch, where one epoch cor-
responds to a complete pass through the entire training
set. The loss is evaluated on both the training and val-
idation datasets. The latter is not used to update the
network parameters and serves only to assess the ability
of the model to generalize to previously unseen data. The
network configuration ultimately used for prediction cor-
responds to the epoch at which the validation loss reaches
its minimum value, thereby preventing overfitting. The
minimum validation loss, reached by each network, is re-
ported in Table II. The top panel of Figure 3 shows a
representative example of the loss-function minimization
for the network with index k = 3 and noise level λ = 1.
As can be seen, the training proceeds smoothly and no
significant signs of overfitting are observed within the
training range considered. In general, the minimum of
the validation loss is reached after approximately 400 to
600 epochs.

We discuss the performance of the neural networks in
Section IVB, in connection with the procedure developed
to estimate the systematic uncertainty. Before doing so,
we present in Figure 4 the latent representations, after

training, for both the input correlator (the output of the
Branch Net) and the pair (E, σ) (the output of the Trunk
Net). Different networks are shown from left to right,
while different values of (E, σ) ∈ ΩE,σ are displayed from
top to bottom. As input correlator, we use CA4. In par-
ticular, the figure compares the outputs of the networks
labelled by k = 1, 2, and 3, which have the same number
of hidden layers, neurons, and training samples, but dif-
fer in the dimension of the latent space. The points have
been reordered according to the increasing absolute value
of the Branch Net output (red points). In general, there
is no way to predict a priori the behavior of the latent
representations, since it depends strongly on the neural-
network architecture, including the choice of activation
functions. Different architectures can therefore produce
substantially different latent spaces. What we observe is
that both the Branch and Trunk outputs are typically os-
cillatory in sign and do not exhibit any obvious pattern.
Their magnitude, however, remains very small and, for
all the examples shown in Figure 4, is always below one.
This is not the case with the HLT method, whose coef-
ficients in Eq. (14) can become very large in magnitude.
DeepONet therefore encodes the solution in a radically
different way and, through its non-linearity, appears to
provide an intrinsic regularization of the ill-posed nature
of the problem. A second observation is that many com-
ponents of the latent space are close to zero, particularly
when the latent-space dimension p is increased. This
suggests that, at least for the task and parameter ranges
considered in this work, increasing the dimension of the
latent space does not lead to a noticeable improvement

▶ Key idea: combine different predictions to estimate the neural network error

8



Systematic errors and closure test

▶ central value from weighted average

ρ̂σ(E) =

Nnets∑
k=1

w(k) ρ̂
(k)
σ (E)

▶ systematic error from weighted spread

∆net
σ (E) =

√√√√Nnets∑
k=1

w(k)
(
ρ̂
(k)
σ (E)− ρ̂σ(E)

)2

▶ total reconstruction error

∆rec
σ (E) =

√(
∆stat

σ (E)
)2

+
(
∆net

σ (E)
)2

▶ closure test with 1000 unseen mock data
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Benchmark on two-dimensional O(3) non-linear σ-model

Correlators from JHEP 07 (2022) 034
7

ID (L/a)× (T/a) β am mL mT

A1 640× 320 1.63 0.0447967(66) 29 14
A2 1280× 640 1.72 0.0257692(35) 33 17
A4 2880× 1440 1.85 0.0112591(21) 32 16

B1 5760× 1440 1.85 0.0112601(75) 65 16
B2 2880× 2880 1.85 0.0112463(82) 32 32

TABLE I. Action parameters of the ensembles used in this
work. Ensembles A1–A4 have approximately the same physi-
cal volume and are used to perform the continuum extrapola-
tion. Ensembles B1 and B2 are used to estimate finite-volume
effects. Note that Ref. [4] includes an additional ensemble, la-
beled A3 and with β = 1.78, whose data are currently unavail-
able. The scale setting has been recalculated by numerically
solving the condition m−1C(m−1) = 0.046615 on each ensem-
ble. Additional details on the simulations and the algorithmic
implementation can be found in Ref. [4].

A. Benchmark model

As a final benchmark for validating our strategy on lat-
tice correlators, we consider the inclusive rate in the 1+1-
dimensional O(3) non-linear σ model, which was used in
Ref. [4] as a benchmark to validate the HLT method. The
Euclidean correlators employed in this work are the same
as those generated in Ref. [4] and were kindly provided by
the authors upon request. We refer the reader to Ref. [4]
for a detailed discussion of both the model and the lat-
tice simulations, and keep the presentation here brief to
avoid unnecessary repetition.

The O(3) model is asymptotically free and exhibits a
dynamically generated mass gap m that we use as unit
to express all the dimensionful quantities in the follow-
ing sections. Most importantly, the O(3) model is inte-
grable. As a consequence, the exact inclusive spectral
density can be computed analytically without relying on
lattice simulations, thereby providing an ideal benchmark
for validating the reconstruction procedure in presence of
realistic data. The Euclidean action is

S[σ] =
1

2g2

∫
d2x ∂µσ(x) · ∂µσ(x) , (16)

where σa(x) is a three-component real field of unit length.
The model admits a conserved Noether current jµ(x),
which enters the spectral density

ρ(E) = 2π ⟨0| ĵa1 (0)δ2(P̂ − p)ĵa1 (0) |0⟩ . (17)

This spectral density is related to the current-current cor-

relator in the time-momentum representation through

C(t) =

∫
dx ⟨0| ĵa1 (0,x)e−Ĥtĵa1 (0) |0⟩ (18)

=

∫ ∞

0

dω e−ωtρ(ω) . (19)

The Euclidean correlator C(t) has been measured on the
lattice ensembles listed in Table I. The table contains five
ensembles: A1, A2, and A4, which have approximately
the same physical volume but different lattice spacings,
and B1 and B2, which have the same lattice spacing as
A4 but larger spatial and temporal extents, respectively.

Our goal is to employ the strategy presented in Sec-
tion IIC to reconstruct the smeared spectral density
for several values of σ from these correlators and sub-
sequently perform the infinite-volume, continuum, and
σ → 0 limits. This procedure yields the unsmeared spec-
tral density, which can then be compared with the an-
alytically known result. This is precisely the same pro-
gram carried out in Ref. [4] using the HLT method. The
exact spectral density can be written as a sum of contri-
butions labelled by the number n of asymptotic particles
propagating between the two currents,

ρO(3)(E) =
∑

even n≥2

ρO(3)
n (E) . (20)

The threshold of each multi-particle contribution is n ·m,
so that ρO(3)(E) = 0 for E ≤ 2m. Additional de-
tails on the determination of the analytic spectral den-
sity are provided in Appendix B. The spectral density in
Eq. (20) is associated with an inclusive scattering rate
analogous to the phenomenologically relevant R-ratio,
e+e− → hadrons, which corresponds to the spectral den-
sity of the vector-vector current in lattice QCD. The R-
ratio has already been studied using the HLT method in
Refs. [5, 44] and, as a future application, it can be probed
using the strategy presented in this work.

B. Dataset generation

We now describe how to generate a physics-informed
training set without relying on a specific parametric fam-
ily of spectral functions, as is commonly done when a
particular functional form, such as a Breit-Wigner distri-
bution, is assumed a priori. Neural networks trained on
datasets generated from a restricted class of models are,
by construction, biased toward that class. As a conse-
quence, there is generally no reason to expect reliable pre-
dictions when the true spectral function lies outside the
family of functions used to generate the training data. To
overcome this limitation while still restricting the space

▶ A1 and A2 correlators interpolated at Ωt (B.S.)

▶ B1 and B2 for finite-size effects (B.S.)

▶ A1, A2 and A4 for continuum limit
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Benchmark on two-dimensional O(3) non-linear σ-model

Correlators from JHEP 07 (2022) 034
7

ID (L/a)× (T/a) β am mL mT

A1 640× 320 1.63 0.0447967(66) 29 14
A2 1280× 640 1.72 0.0257692(35) 33 17
A4 2880× 1440 1.85 0.0112591(21) 32 16

B1 5760× 1440 1.85 0.0112601(75) 65 16
B2 2880× 2880 1.85 0.0112463(82) 32 32

TABLE I. Action parameters of the ensembles used in this
work. Ensembles A1–A4 have approximately the same physi-
cal volume and are used to perform the continuum extrapola-
tion. Ensembles B1 and B2 are used to estimate finite-volume
effects. Note that Ref. [4] includes an additional ensemble, la-
beled A3 and with β = 1.78, whose data are currently unavail-
able. The scale setting has been recalculated by numerically
solving the condition m−1C(m−1) = 0.046615 on each ensem-
ble. Additional details on the simulations and the algorithmic
implementation can be found in Ref. [4].

A. Benchmark model

As a final benchmark for validating our strategy on lat-
tice correlators, we consider the inclusive rate in the 1+1-
dimensional O(3) non-linear σ model, which was used in
Ref. [4] as a benchmark to validate the HLT method. The
Euclidean correlators employed in this work are the same
as those generated in Ref. [4] and were kindly provided by
the authors upon request. We refer the reader to Ref. [4]
for a detailed discussion of both the model and the lat-
tice simulations, and keep the presentation here brief to
avoid unnecessary repetition.

The O(3) model is asymptotically free and exhibits a
dynamically generated mass gap m that we use as unit
to express all the dimensionful quantities in the follow-
ing sections. Most importantly, the O(3) model is inte-
grable. As a consequence, the exact inclusive spectral
density can be computed analytically without relying on
lattice simulations, thereby providing an ideal benchmark
for validating the reconstruction procedure in presence of
realistic data. The Euclidean action is

S[σ] =
1

2g2

∫
d2x ∂µσ(x) · ∂µσ(x) , (16)

where σa(x) is a three-component real field of unit length.
The model admits a conserved Noether current jµ(x),
which enters the spectral density

ρ(E) = 2π ⟨0| ĵa1 (0)δ2(P̂ − p)ĵa1 (0) |0⟩ . (17)

This spectral density is related to the current-current cor-

relator in the time-momentum representation through

C(t) =

∫
dx ⟨0| ĵa1 (0,x)e−Ĥtĵa1 (0) |0⟩ (18)

=

∫ ∞

0

dω e−ωtρ(ω) . (19)

The Euclidean correlator C(t) has been measured on the
lattice ensembles listed in Table I. The table contains five
ensembles: A1, A2, and A4, which have approximately
the same physical volume but different lattice spacings,
and B1 and B2, which have the same lattice spacing as
A4 but larger spatial and temporal extents, respectively.

Our goal is to employ the strategy presented in Sec-
tion IIC to reconstruct the smeared spectral density
for several values of σ from these correlators and sub-
sequently perform the infinite-volume, continuum, and
σ → 0 limits. This procedure yields the unsmeared spec-
tral density, which can then be compared with the an-
alytically known result. This is precisely the same pro-
gram carried out in Ref. [4] using the HLT method. The
exact spectral density can be written as a sum of contri-
butions labelled by the number n of asymptotic particles
propagating between the two currents,

ρO(3)(E) =
∑

even n≥2

ρO(3)
n (E) . (20)

The threshold of each multi-particle contribution is n ·m,
so that ρO(3)(E) = 0 for E ≤ 2m. Additional de-
tails on the determination of the analytic spectral den-
sity are provided in Appendix B. The spectral density in
Eq. (20) is associated with an inclusive scattering rate
analogous to the phenomenologically relevant R-ratio,
e+e− → hadrons, which corresponds to the spectral den-
sity of the vector-vector current in lattice QCD. The R-
ratio has already been studied using the HLT method in
Refs. [5, 44] and, as a future application, it can be probed
using the strategy presented in this work.

B. Dataset generation

We now describe how to generate a physics-informed
training set without relying on a specific parametric fam-
ily of spectral functions, as is commonly done when a
particular functional form, such as a Breit-Wigner distri-
bution, is assumed a priori. Neural networks trained on
datasets generated from a restricted class of models are,
by construction, biased toward that class. As a conse-
quence, there is generally no reason to expect reliable pre-
dictions when the true spectral function lies outside the
family of functions used to generate the training data. To
overcome this limitation while still restricting the space

▶ A1 and A2 correlators interpolated at Ωt (B.S.)

▶ B1 and B2 for finite-size effects (B.S.)

▶ A1, A2 and A4 for continuum limit
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Removal of the smearing parameter
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Final results and comparison with HLT
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DeepONet

▶ perfect agreement with the theoretical result including two-,four- and six-particle states

▶ Much more precise than HLT → dependence on prior information to be assessed
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Outlook: the R-ratio
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The smeared R-ratio

▶ Phenomenologically important

R(E) =
σ(e+e− → X)

σ(e+e− → µ+µ−)

▶ Associated with C(t) = ⟨Vi(t)Vi(0)⟩

▶ physics-informed training set with

different levels of smoothness

▶ this is not a family of parametric

functions!
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The smeared R-ratio

▶ Simulations at physical point

▶ Two discretizations for Vµ(x) with the same

continuum limit

▶ Gaussian Negative Log Likelihood loss to

predict the error

L ≃ 1

2

[
(ρpredσ (E)− ρtrueσ (E))2

∆2
+ log∆2

]

ETMC ensembles (Mπ ∼ Mphys
π )

ID L× T a [fm] L [fm]

B48 48× 96 0.080 3.82

B64 64× 128 0.080 5.09

B96 96× 192 0.080 7.63

C80 80× 160 0.068 5.46

D96 96× 192 0.057 5.46

E112 112× 224 0.049 5.48

M. Garofalo and A. Evangelista’s talks
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The smeared R-ratio: continuum limits

preliminary
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▶ Independent trainings and correlators from independent Monte Carlo simulations

▶ Excellent controll over continuum limits
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The smeared R-ratio: confront experiments

preliminary
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▶ permille precision for σ ≥ 0.4 GeV

▶ More precise than HLT (see F. Margari’s talk on Friday)

▶ Large discrepancy from KNT19 but below one when replacing BaBar/KLOE with CMD3

▶ no free lunch: errors increase consistently when σ is reduced

16

https://indico.global/event/16565/contributions/161677/


Conclusions

▶ The operation of extracting smeared spectral functions from Euclidean correlators can be

successfully rephrased in the Operator Learning framework

▶ In practice this can be done using DeepONets and the systematic errors can be reliably estimated

using and ensemble of networks

▶ The method is benchmarked by reconstructing the spectral function in the two-dimensional O(3)

non-linear σ-model with final agreement with the theoretical result

▶ Preliminary studies reveals that the smeared R-ratio can be calcualted with unprecedented

precision

Thank you for the attention!

17



Conclusions

▶ The operation of extracting smeared spectral functions from Euclidean correlators can be

successfully rephrased in the Operator Learning framework

▶ In practice this can be done using DeepONets and the systematic errors can be reliably estimated

using and ensemble of networks

▶ The method is benchmarked by reconstructing the spectral function in the two-dimensional O(3)

non-linear σ-model with final agreement with the theoretical result

▶ Preliminary studies reveals that the smeared R-ratio can be calcualted with unprecedented

precision

Thank you for the attention!

17



Backup Slides (B.S.)
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Finite size effects

▶ Finite size effects for smeared quantities are exponentially

suppressed and expect to be, in general, small

▶ I checked for residual FSEs

Pσ,L(E) =
ρ̂O(3)
σ (E)[B1] − ρ̂O(3)

σ (E)[A4]√(
∆rec

σ (E)[B1]
)2 +

(
∆rec

σ (E)[A4]
)2

Pσ,T (E) =
ρ̂O(3)
σ (E)[B2] − ρ̂O(3)

σ (E)[A4]√(
∆rec

σ (E)[B2]
)2 +

(
∆rec

σ (E)[A4]
)2

▶ Treated as systematic errors
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Correlator interpolation

▶ Interpolation is needed to match the

grid of times used during training

▶ Cubic-spline ansatz to get a smooth

interpolation

▶ Discretizations effects are well present

in the data

▶ The interpolated correlator does not

contain more physical information than

the original one!
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Error budget

▶ Continuum limit σ → 0 limits with

small systematics

▶ All the other systematics are equally

important

▶ Increase of the error at large energies,

in accordance to more severe

reconstruction problem
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Latent spaces
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▶ Typical order of magnitude of latent representations is 1



Generalization to out-of-distribution data
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▶ Generalization to very out-of-distribution functions and even negative ones

▶ Learning properties of the operator independent of the training data!



FVE: DeepONet vs Model
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▶ Excellent agreement in Finite-volume Effects between DeepONet and prediction from

Gounaris-Sakurai model
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