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• Longitudinal spin structure


• Transverse spin structure

• Structure function:


• Genuine twist-3 moment: 


“Average Lorentz force” on the struck quark.

Proton spin structure
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• Proton quark helicity PDF:

• C. Alexandrou et al. (ETMC), PRL 121 (2018), 112001;


• H.-W. Lin et al. (LP3), PRL 121 (2018), 242003;


• C. Alexandrou et al. (ETMC), PRL 126 (2021), 102003;


• C. Alexandrou et al. (ETMC), PRD 104 (2021), 054503;


• C. Alexandrou et al. (ETMC), PRD 104 (2021), 054503;


• R. Edwards et al. (HadStruc), JHEP 03 (2023) 086;


• J. Holligan and H.-W. Lin, PLB 854 (2024) 138731.


•  and  moment:

• S. Bhattacharya, et al., PRD 102 (2020), 111501;


• M. Gockeler, et al., PRD 72 (2005), 054507;


• S. Bürger et al., (RQCD), PRD 105 (2022), 054504;


• J. Crawford et al., (QCDSF), PRL 134 (2025), 071901.

gT(x) d̃2

Status of lattice calculations

3

First calculations: isovector, single a, physical 
, Pzmax=1.38 GeV (ETMC) and 3 GeV (LP3); 

LaMET + RI/MOM at NLO.
mπ

First flavor separation: single a, =260 MeV, 
Pzmax=1.24 GeV; LaMET + RI/MOM at NLO.

mπ

Isovector, single a, =358 MeV, Pzmax=2.5 GeV; 
Pseudo distribution + double ratio at NLO.

mπ

Isovector, =315 MeV, Pzmax=1.7 GeV, continuum 
limit; LaMET + hybrid LRR +RGR+ NLO.

mπ

First and only : isovector, single a, =260 MeV, 
Pzmax=1.67 GeV; LaMET + RI/MOM at NLO.

gT(x) mπ

: continuum and/or chiral extrapolation; local 
operator; nonzero u-d contribution reported by 

RQCD and QCDSF.

d̃2

Isovector, =370 MeV, Pzmax=1.9 GeV, continuum 
limit; LaMET + RI/MOM at NLO.
mπ
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Large-Momentum Effective Theory (LaMET)
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• X. Ji, PRL 110 (2013); SCPMA 57 (2014).  
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

• Power expansion in parton momentum 

• Valid for a moderate range of x at finite Pz 

• No parameterization from global analyses 

• Matching kernel available at N3LO now 

• Leading renormalon resummation (LRR) 
which improves power accuracy 

• DGLAP (x→0) and threshold (x→1) 
resummations (RGR and TR)

NNLO 
• Chen, Zhu and Wang, PRL. 126 (2021); 
• Li, Ma and Qiu, PRL 126 (2021); 
N3LO 
• Cheng, Huang, Li, Li and Ma, PRL 134 (2025).

• X. Gao, K. Lee, S. Mukherjee, C. Shugert and YZ, PRD 103 (2021); 
• Y. Su, X. Ji, and J. Holligan et al., NPB 991 (2023); 
• X. Ji, Y. Liu and Y. Su, JHEP 08 (2023) 037; 
• Y. Liu and Y. Su, JHEP 2024 (2024) 204; 
• X. Ji, Y. Liu, Y. Su and R. Zhang, JHEP 03 (2025). 
• J. Holligan, H.-W. Lin, R. Zhang and YZ, JHEP 207 (2025).

• Holligan, Ji, Lin, Su and Zhang, NPB 993 (2023); 
• Zhang, Ji, Holligan and Su, PLB 844 (2023).
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• Nf=2+1 HISQ (HotQCD), physical 
pion mass


• Wilson-Clover valence fermion, 1 step 
HYP smeared fields


• Valence  MeV


• 


•  (12 only for gA)


• AMA (exact + sloppy solvers), 
multigrid QUDA, Coulomb-gauge 
momentum smearing.

mπ ≈ 140

Pz =
2π
L

{0,1,4,6} = {0,0.25,1.02,1.53}GeV

tsep/a = 6,8,10,12

Lattice setup

5

3

mentum and tsep, we generate multiple sources, including
both exact and sloppy ones, to improve the signal-to-
noise ratio. Since solving propagators at physical quark
mass is computationally demanding, we use the multi-
grid solver in QUDA [103, 104] to speed up convergence.
For the same reason, only a small portion of the propa-
gators is calculated using a very small residual (10→10) to
guarantee the convergence. These are the “exact solves”.
We then calculate many more propagators using a larger
residual (10→4), called “sloppy” solves. The exact and
sloppy solves calculated from the same sources are used
to estimate the di!erences between them. Adding the
di!erences to the other sloppy solves, we reproduce cor-
rect results with significantly improved e”ciently. This
technique is called all mode averaging (AMA) [105]. In
addition, we use Coulomb-gauge momentum smearing of
the quark fields [106] to improve the signal-to-noise ra-
tio of boosted hadrons. The lattice setup is summarized
in Table I. More details can be found in our previous
works [66, 70].

ω a [fm] mω [GeV] Nε Nϑ # conf.

7.13 0.076 0.14 64 64 350

TABLE I. Parameters of the lattice ensembles used in this
work, including the inverse gauge coupling ω, the lattice spac-
ing, the valence pion mass, the spatial and temporal lattice
extent Nε and Nϑ , and the number of configurations.

Extraction of the bare matrix elements

Spin-dependent quark quasi-PDFs are accessed
through equal-time, spatially separated nonlocal quark
bilinears connected by a straight Wilson line. On the
lattice, we compute nucleon matrix elements of

O!(z) → ω̄(zẑ)#W (zẑ, 0)ω(0), (1)

where z is the spatial separation along the ẑ direction
and W (zẑ, 0) is a straight Wilson line (implemented as
a product of gauge links) that renders the bilinear gauge
invariant.

For the twist-2 helicity channel, we take # = iε5εz and
define the bare matrix element

h̃
B
1
(z, Pz, a) →

1

2E
↑P, S|ω̄(z)#W (z, 0)ω(0)|P, S↓, (2)

where Pµ = (E, 0, 0, Pz) is the nucleon four-momentum
and Sµ denotes the corresponding spin polarization.

The normalization factor 1/(2E) is fixed by Lorentz
symmetry and the standard covariant decomposition of
the axial-vector matrix element. Using relativistically
normalized nucleon states and Dirac spinors, one has

ū(P, S) εµ
ε5 u(P, S) = 2mN s

µ
, (3)

where s
µ is the covariant spin four-vector satisfying

s · P = 0 and s
2 = ↔1. For a nucleon boosted along

ẑ, P
µ = (E, 0, 0, Pz), the explicit form of s

µ depends
on the polarization choice. For longitudinal polariza-
tion (helicity) along the momentum direction, s

µ
↑ =

( Pz
mN

, 0, 0, E
mN

), we have,

ū(P, S) εz
ε5 u(P, S) = 2mNs

z
↑ ↗ 2E. (4)

Therefore the factor 1/(2E) in Eq. (2) removes the trivial
boost factor carried by the external nucleon spinors.
For the transverse twist-3 channel relevant to g̃T (x),

we use

h̃
B
T (z, Pz, a) →

1

2mN
↑P, S|ω̄(z)#W (z, 0)ω(0)|P, S↓,

(5)

with # = iε5εx. For a nucleon moving along ẑ but polar-
ized transversely along x̂, a convenient covariant choice
is sµ↓ = (0, 1, 0, 0) and gives

ū(P, S) εx
ε5 u(P, S) = 2mNs

x
↓ ↗ 2mN , (6)

which again follows from Eq. (3) and the orthogonality
condition s · P = 0. With this polarization, dividing
by 2mN removes the trivial kinematic factor from the
external spinors.
These matrix elements are obtained from nucleon

three-point functions,

C
!

3pt
(ϑP , tsep, ϖ, z) =

∑

ωy,ωz0

e
→iωP ·(ωy→ωx0) P3pt (7)

↘
〈
N(ϑy, tsep + t0)O!(ϑz0 + zẑ, ϖ + t0) N̄(ϑx0, t0)

〉

where (ϑx0, t0), (ϑy, tsep+t0), and (ϑz0+zẑ, ϖ+t0) denote the
source, sink, and operator-insertion coordinates, respec-
tively. Here zẑ is the spatial separation of the nonlocal
operator along the ẑ direction. The inserted operator
has the same nonlocal structure as in Eqs. (2) and (5).
The nucleon interpolating operatorN is constructed from
momentum-smeared quark fields with ϑk ≃ 0.5ϑP [106],

N(x) = ϱabc(d
T
ωk
(x)Cε5uωk(x))uωk(x), (8)

where the smeared quark fields uωk and dωk are obtained
from the convolution with a Gaussian kernel G(ϑx, ϑy) in
the Coulomb gauge [107],

qk(ϑx, t) =
∑

ωy

G(ϑx, ϑy)ei
ωk·(ωy→ωx)

q(ϑy, t). (9)

In this work we focus on the isovector combination to
avoid disconnected contributions,

O!(ϑz0 + zẑ, ϖ) = ū(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ)u(ϑz0, ϖ)

↔ d̄(ϑz0 + zẑ, ϖ)#W (ϑz0 + zẑ, ϖ ; ϑz0, ϖ) d(ϑz0, ϖ). (10)

The projector P3pt is chosen to isolate the desired parity
and polarization structure. For the helicity channel we
take

P3pt =
1

2
(1 + εt)(iε5εz), # = iε5εz, (11)

Highlight: physical point on a fine lattice 
(a=0.076 fm)


Caveat: largest momentum  GeV 
(kinematically enhanced interpolator NOT 
used)


Workflow (for LaMET):

1. Bare matrix elements 
2. Hybrid renormalization + LRR 
3. Asymptotic extrapolation and Fourier 

transform (FT) 
4. Perturbative matching + RGR + TR @ NNLO 
5. Constraining the end-point regions with 

short-distance expansion 
6. Continuum and infinite momentum limits 

 obtained from the OPE of nonlocal matrix 
elements.

Pz = 1.53

d̃2
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• Isovector channel

• Energy levels from 2-state fits, used 

as prior for ratio analyses


• Omit 2 times slices in  near the 
source-sink to suppress excited-
state contamination


• Uncorrelated fits with bootstrap 
resampling.

τ

Bare matrix elements

6

hΓ(z, Pz, a) = ⟨PS | ψ̄(z)W(z,0)Γψ(0) |⟩ = R = lim
tsep≫τ≫a

C3pt(tsep, τ)
C2pt(tsep)

4

FIG. 1. The fit of the three-point function to two-point function ratio R1(ω, tsep, Pz; z) at the largest momentum Pz = 1.53
GeV with z = 4a (upper panels) and z = 8a (lower panels). Left: the real part. Right: the imaginary part. The colored bands
are reconstructed from two-state fit while the gray band denotes the extracted bare matrix element.

while for the twist-3 transverse channel we use

P3pt =
1

2
(1 + ωt)(iω5ωx), ! = iω5ωx. (12)

The corresponding nucleon two-point correlator is

C2pt(εp,tsep) =
∑

ωy

e
→iωp·(ωy→ωx0) P2pt

→
〈
N(εy, tsep + t0) N̄(εx0, t0)

〉
,

(13)

with the rest-frame positive-parity projector

P2pt =
1

2
(1 + ωt). (14)

The correlation functions admit the spectral decompo-
sition

C
!

3pt
(εp, tsep, ϑ, z) =

∑

m,n

↑”|N |n↓ ↑n|O!(z)|m↓ ↑m|N̄ |”↓

→ e
→Emε

e
→En(tsep→ε)

, (15)

C2pt(εp, tsep) =
∑

n

|↑”|N |n↓|
2
e
→Entsep , (16)

where |”↓ denote the vacuum state and n = 0, 1, ... de-
note the ground and excited states. The desired ground-
state matrix element is ↑0|O!(z)|0↓.

To exploit correlations, we form the ratio of three-point
to two-point correlators,

R(ϑ, tsep, Pz; z) ↔
C

!
3pt

(εp, tsep, ϑ, z)

C2pt(εp, tsep)
. (17)

We denote R1(ϑ, tsep, Pz; z) and RT (ϑ, tsep, Pz; z) for the
helicity and twist-3 channels, respectively. In the asymp-
totic limit tsep ↗ ϑ ↗ 0, one has

lim
tsep↑ε↑0

R1(ϑ, tsep, Pz; z) = h̃
B
1
(z, Pz, a),

lim
tsep↑ε↑0

RT (ϑ, tsep, Pz; z) =
mN

E
h̃
B
T (z, Pz, a),

(18)

where the factor mN/E reflects the 1/(2mN ) normal-
ization used in Eq. (5) which suggests that the matrix
elements of higher momentum are suppressed by the nu-
cleon energy.
To determine the excited-state contributions, we first

extract the energies En and overlap amplitudes An =
|↑”|N |n↓|

2 from two-state fits to the two-point correlator,
and then use them as inputs in the three-point analysis,
following the strategy of Refs. [66, 70]. In our calcula-
tions we consider Wilson-line separations in the range
↘32a ≃ z ≃ 32a. Exploiting the symmetry properties
under z ⇐ ↘z (real part even, imaginary part odd), we
average data at ±z and restrict the analysis to z ⇒ 0,
which reduces statistical fluctuations and suppresses po-
tential systematic e#ects.
We find that data at di#erent ϑ and tsep are strongly

correlated, leading to large condition numbers for the
estimated covariance matrices and numerically unstable
fully correlated fits. We therefore perform uncorrelated
fits, with statistical uncertainties estimated using boot-
strap resampling.

5

FIG. 2. Similar to Fig. 1 but for RT (ω, tsep, Pz; z) at momentum Pz = 1.02 GeV with z = 2a (upper panels) and z = 4a (lower
panels).

As an illustration, Fig. 1 shows representative two-
state fits to R1(ω, tsep, Pz; z) at our largest boost, Pz =
1.53 GeV, for z = 4a and 8a. Figure 2 shows analogous
examples for RT (ω, tsep, Pz; z) at Pz = 1.02 GeV with
z = 2a and 4a. When the operator insertion is close
to the source or sink, the ratio exhibits sizable excited-
state contamination. To mitigate this e!ect, we omit two
time slices near each end (i.e., near ω → 0 and ω → tsep)
from the fit range. The fit results shown as the colored
bands are consistent with the data across the available
tsep, indicating that the data can be well described by
the two-state ansatz. The gray bands are our extracted
bare matrix elements.

The extracted bare matrix elements h̃
B
1

(upper pan-
els) and h̃

B
T (lower panels) are summarized in Fig. 3. At

z = 0, the matrix elements from di!erent boosts and
from both channels are consistent, as the nonlocal oper-
ator reduces to the local axial current; after renormaliza-
tion this yields the axial charge, gA = ZA h̃

B
1
(0, Pz, a) =

ZA h̃
B
T (0, Pz, a). Details of our gA determination are pre-

sented in Appendix A. For the twist-3 channel, the signal
quality typically degrades at larger boosts. This is con-
sistent with an additional kinematic suppression of order
mN/E in the reduced transverse amplitudes. We also ob-
serve a clear momentum dependence in the z behavior:
the magnitude of h̃

B
1,T (z, Pz, a) decreases more rapidly

with z as Pz increases, as expected for boosted nonlocal
matrix elements.

III. MOMENTS OF THE HELICITY PDF

Although the bare matrix elements contain linear
and logarithmic UV divergences, they are proven to be
multiplicatively renormalizable [22–24], with renormal-
ization constant Z

R(z, a) independent of the external
state. Thus one can form the following RG-invariant ra-
tio [49, 77] to cancel the UV divergences,

M1(ε, z
2) ↑

h̃
B
1
(z, Pz)

h̃
B
1
(z, P 0

z )

h̃
B
1
(0, P 0

z )

h̃
B
1
(0, Pz)

=
h̃
MS
1

(ε, z2µ2)

h̃
MS
1

(ε0, z2µ2)
,

(19)
where the matrix elements h̃

B
1
(0, Pz) at z = 0 are in-

cluded for normalization M1(ε, z2) = 1. In this work,
we choose P

0
z = 0, and the data are shown in Fig. 4.

The ratio M1(ε, z2) is renormalization scheme inde-
pendent, thus can be expressed in the MS scheme with
OPE,

M1(ε, z
2) =

∑
n=0

Cn(µ2
z
2) (→izPz)

n

n! ↓x
n
↔(µ)

∑
n=0

Cn(µ2z2) (→izP 0
z )

n

n! ↓xn↔(µ)

+O(”2

QCD
z
2), (20)

where ↓x
n
↔ are the moments of the helicity PDF, and

in particular, ↓x
0
↔ = gA is the axial charge, Cn(µ2

z
2)

are the Wilson coe#cients for the helicity quasi-PDF. At

Γ = iγ5γz, iγ5γx
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Bare matrix elements

7

6

FIG. 3. Isovector bare matrix elements as functions of z for the helicity channel (top row, h̃B
1 ) and the transverse twist-3

channel (bottom row, h̃B
T ), shown at several nucleon boosts Pz (see legends). Left (right) panels show the real (imaginary)

parts.

FIG. 4. The real (left panel) and imaginary (right panel) part of the RG-invariant ratios M1(ω, z
2) are shown for z → [a, 5a].

NLO we have [31],

Cn(µ
2
z
2) = 1 +

ωsCF

2ε

[(
3 + 2n

2 + 3n+ n2
+ 2Hn

)
Lz

+
7 + 2n

2 + 3n+ n2
+ 2(1→Hn)Hn → 2H(2)

n

]
+O(ω2

s) (21)

where Lz = ln µ2z2e2ωE
4

, Hn =
∑n

i=1
1/i and H

(2)

n =∑n
i=1

1/i2. At NNLO we can use the results for unpolar-
ized case for ϑz [32] to obtain the corresponding Wilson
coe!cient. Since the Wilson coe!cients and the mo-
ments ↑x

n
↓ are all real, when taking P

0
z = 0, the real

part of M1(z2, P ) in Eq. (20) only depends on the nor-

malized even Mellin moments of the PDF ↑x
2k
↓/gA, while

the imaginary parts only depends on the normalized odd
Mellin moments ↑x2k+1

↓/gA. The value of gA is obtained
as gu→d

A = 1.211(12) through independent analysis of the
local matrix elements, as demonstrated in Appendix A.

Although Eq. (20) is RG invariant, the perturbative
convergence of the Wilson coe!cients in Eq. (21) could
still depend on the scale choice with fixed-order trunca-
tion, especially when the logarithm becomes large. It is
thus more accurate to first extract the moments ↑xn(µ0)↓

near the physical scale µ0 ↔
2ωe→ωE

z with scale variation

ϖ ↗ [1/
↘
2,
↘
2], which is perturbatively related to the

At z=0, the local matrix elements agree,  
Axial charge 

gA = ZAh̃1(0)
gA = 1.211(12)
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Hybrid renormalization
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10

renormalization can be split into two parts

h̃
R
1
(z, Pz) =






h̃B
1 (z,Pz,a)

h̃B
1 (z,0,a)

|z| → zs

h̃B
1 (z,Pz,a)

h̃B
1 (zs,0,a)

e
(ωm+m0)(z→zs) |z| ↑ zs

. (33)

At small distances, it is can be renormalized in a ratio-
type scheme [49, 116]. At large distances, it subtracts
the linear divergence in the Wilson line as well as the
logarithmic UV divergences. The hybrid scheme renor-
malization constants include no nonperturbative scales
at any z value, thus is perturbatively convertible to the
MS scheme, where the factorization has been rigorously
proven. The overall logarithmic divergence in a is can-
celed by the zero-momentum bare matrix elements, and
the linear divergence is eliminated by a mass countert-
erm ωm. For the ensemble used in this work, we have
aωm = 0.1597(16) determined from the static quark-
antiquark potential [100, 117–119]. Note, however, that
ωm is scheme dependent and contains an infrared am-
biguity of ↓ O(!QCD) known as the renormalon [29].
To avoid introducing such ambiguity into the final light-
cone PDF, it is proposed to define a renormalon regular-
ization scheme ε and apply the coordinate-space renor-
malization and momentum-space perturbative matching
consistently in the same ε scheme [36, 37]. In this ap-

proach, one defines a reasonable regularization for the
renormalon in the perturbative coe”cients as scheme ε ,
then introduce a nonperturbative parameter m0(ε) to
convert ωm into the same ε -scheme. Since such scheme
definition works for all hadron momentum, it can also
be applied to the renormalized P = 0 matrix elements
which should be identical to the perturbative Wilson co-
e”cient C0 in the same scheme. Once regularized, m0 is
determined by [36],

h̃
B
1
(z, 0, a)

h̃
B
1
(z↑, 0, a)

e
|z→z→|(ωm(a)+m0) =

C0(z, µ0)e→I(µ0)

C0(z↑, µ↑
0
)e→I(µ→

0)
, (34)

where µ0 = 2ϑe→εE/z and µ
↑
0
= 2ϑe→εE/z

↑ are the phys-

ical scales of the system, I(µ) =
∫
dϖ

ε(ϑ)
ϖ(ϑ) |ϑ=ϑs(µ) is the

renormalization group evolution factor of C0 that relates
the quantity at two di#erent physical scales, and ϑ can be
varied to examine the scale variations uncertainty. It is
suggested in Ref. [36] to define the regularization scheme
of the renormalon series through a leading renormalon re-
summation (LRR) of its asymptotic form with principal
value (PV) prescription, which improves the perturbative
convergence of the Wilson coe”cients. In this scheme,
the Wilson coe”cients are corrected as

C
↑
0,PV

(ϖs(µ0)) = C
LRR

0,PV
(ϖs(µ0)) +

[
C0 (ϖs(µ0))↔ C

LRR,NNLO

0,PV
(ϖs(µ0))

]

= C0 (ϖs(µ0)) + 2Nm
↔2ϱe→

2ω
εsϑ0

ς0

↗

[
Eb+1

(
2ϱ

ς0

)
+ c1Eb

(
2ϱ

ς0

)
+ c2Eb→1

(
2ϱ

ς0

)]

↔ 2ϖsϑe
→εENm(1 + c1 + c2)↔ 2ϖ2

sϑe
→εENm

2ς2
0
(1↔ c2) + ς1(1 + c1 + c2)

4ϱς0

,

(35)

where ς0 = 9, ς1 = 64, ς2 = 643.83 are coe”cients of
the QCD beta functions, the constants are numerically
b = 0.395, c1 = ↔0.164, c2 = 0.237 and Nm = 0.575
for nf = 3 [120], with more detailed definition in Ap-
pendix C. En(z) =

∫↓
1

e
→zt

/t
n is the generalized expo-

nential integral function [36, 121]. Note that the above
equations is defined at the physical scale µ0 because the
renormalon lives in the constant terms of the perturba-
tive series. It should be regularized at the system’s phys-
ical scale to avoid being introduced into the logarithms
through the RG evolution.

We extract the m0 from the h̃B
1 (z,0,a)

h̃B
1 (z→,0,a)

ratio with

{z, z
↑
} = {a, 2a} and {z, z

↑
} = {2a, 3a}, as shown in

Fig. 9. The size of z-dependence and perturbative con-
vergence is small, consistent with the observation in pre-
vious works [36]. The statistical error in the fitting is
negligible, and the error bar shown is the systematic un-
certainty by varying ϑ ↘ [ 1↔

2
,
≃
2].

Asymptotic extrapolation and Fourier
transformation

The x-dependent quasi PDFs are obtained from a
Fourier transform of the renormalized matrix elements
h̃
R
1
(φ, Pz), which requires its knowledge in the entire z

space. However, on the lattice the z-range is limited and
the statistical errors on the matrix element grow expo-
nentially at large z. The unphysical fluctuations at large
z could introduce unnecessary noise to the x-dependence,
which has raised the question of how the Fourier trans-
form uncertainty can be quantified [122]. Since the spa-
tial correlation functions decay exponentially at large
|z|, an extrapolation based on their asymptotic expan-
sion can be performed to enable the Fourier transform
and estimate the associated uncertainties [29, 123, 124].
The uncertainty from such an extrapolation is proven to
be bounded from above, with the bound inversely pro-
portional to x [123] and systematically improvable. The
first proposed functional form is inspired by the disper-

•  from the static 
potential 

• Renormalon ambiguity in  removed 
by , which is fitted from the 
short-distance  matrix elements 
with LRR Wilson coefficient 

aδm(a) = 0.1597(16)

δm(a)
m0(τ) ∼ ΛQCD

Pz = 0
C0(z2μ2)
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FIG. 9. The m0 parameter in the renormalization extracted
at di!erent z and perturbative order. The error bar is the
systematic uncertainty by varying ω → [ 1→

2
,
↑
2].

sive analysis and Regge behavior [29, 123] (labeled “form
1”),

h̃
asy

1
(ω, Pz) =

Ae
→meffω/Pz

|ω|d
, (36)

where A, d and me! are fit parameters, determined from
joint fits of the real and imaginary part of h̃R

1
(ω, Pz). The

fit results suggest me! → 0.77(60) GeV with ε
2
/d.o.f =

1.47(1.39), corresponding to the e!ective mass related to
the intermediate state.

Recently, there has been a rigorous derivation of large-
z behavior, suggesting the following form up to next-to-
leading asymptotics (labeled “Form 2”) [125],

h̃
asy

1
(z, Pz) =

(
Ae

iεsgn(z) +
A

↑
e
iε→

sgn(z)

|z|

)
e
→|z|”

, (37)

where A,A↑
,ϑ,ϑ

↑
,” are fit parameters. The leading term

proportional to A is equivalent to “Form 1”. “Form 2”
has been demonstrated to describe the lattice data well
beyond z > ”→1, and ” ↑ 0.5 GeV estimated from the
binding energy of a heavy-light pseudoscalar meson [125].
Our fit results suggest ” → 0.47(11) GeV with ε

2
/d.o.f =

0.78(0.68), consistent with the estimation.
With these extrapolations, we then obtain the x depen-

dence by including the Fourier transformation of interpo-
lated lattice data in [↓ω0,ω0] plus the long-tail contribu-
tion from the extrapolation. An example of the extrap-
olation and the corresponding Fourier transformation is
shown in Fig. 10. In most regions of interest, the two
extrapolations are consistent. We will include the dis-
crepancy between the two extrapolations as a systematic
error into the final results.

Perturbative matching

The perturbative matching Eq. (31) is applied to ex-
tract the light-cone PDF from the quasidistributions.

The matching kernel can be expanded perturbatively in
ϖs,

C

(
x

y
, µ, zs, Pz

)
= ϱ

(
x

y
↓ 1

)
+

↓∑

n=1

ϖ
n
s C

(n)

(
x

y
, µ, zs, Pz

)
.

(38)
which has been calculated to NNLO in MS scheme [32,
33]. The NNLO hybrid scheme correction has been de-
rived for the unpolarized iso-vector PDF in Ref. [39], thus
we follow a similar procedure for the helicity PDF, with
more details provided in Appendix C.
The higher-order logarithms in the matching kernel are

non-negligible when any of the physical scales in the sys-
tem becomes small, thus require a resummation. The
RGR is needed for the region x ↔ 0 when the phys-
ical scale 2xPz related to the parton’s momentum be-
comes soft [39], and the threshold resummation (TR) is
needed for the region x ↔ 1 when the physical scale
2(1↓x)Pz related to the spectator’s momentum becomes
small [40, 42].
To resum these logarithms, the matching kernel is

evolved from the initial scale µh = 2xPz [39],

C(x, y, µ, Pz) = PC(µ, µh)↗ C(µh, Pz), (39)

where PC↑1(µh, µ) is the same as the evolution kernel of
the helicity PDF [109], and a further threshold factoriza-
tion is applied to the matching kernel in the threshold
limit x ↔ y [42],

C(x, y, µh, Pz)
x↔y
↓↓↓↔ S(µh)↗H(µh), (40)

with resummed the soft function S(µh) (also used as the
jet function J) from the semihard scale µi = 2(1↓ x)Pz,

S(µh) = PS(µh, µi)S(µi), (41)

where PS(µh, µi) is the evolution kernel of the soft func-
tion S(µ) [126].
In this work, we include both resummations to improve

the matching kernel, with the LRR implicitly applied to
cancel the linear power correction. The x-dependence
before and after matching are shown in Fig. 11. Mean-
while, we also show the g

+

1
(x) ↘ g1(x) + g1(↓x) results

from the real part of the matrix elements in Fig. 12. The
error band in the NLL and NNLL matching includes both
statistical error and theoretical uncertainties, the latter
is estimated from scale variation of the initial scale of
resummation by a factor of ς = {

1↗
2
,
≃
2} and the dis-

crepancy between the two di!erent asymptotic extrapo-
lation. The results with di!erent perturbative accuracy
are consistent, but the NNLO matching has reduced scale
variation in the perturbative region, which is expected
because the uncertainty comes from higher order terms.
After resummation, we obtain the x-dependence for a
region around x ⇐ [0.25, 0.75] where the theoretical un-
certainty from scale variations remains small. This range
is mostly determined by where the physical scales 2xPz

and 2(1 ↓ x)Pz are both nonperturbative, such that the

m0(τ) ≲ 0.1 GeV
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• Target form (form 2), rigorously derived from 
dispersion relation


• Reference form (form 1), used in earlier analyses

Asymptotic extrapolation & FT

9

lim
|z|→∞

h̃1(z, Pz) = [A(Pz)eiϕsgn(z) +
A′￼(Pz)eiϕ′￼sgn(z)

|z | ] e−Λ|z|

Ae−meff|z|

|zPz |d

Λ ≈ 0.47(11) GeV , χ2/dof = 0.78

meff ≈ 0.77(60) GeV , χ2/dof = 1.47

• Complete the FT using smoothness & asymptotic behavior of correlation 
functions: essentially the same requirements for numerical integrations. 

• Is the asymptotic region reached yet? The bare matrix elements can tell. 
• Can be combined with methods to estimate the other systematics, such as 

excited-state contamination.
Asymptotic extrapolation & Fourier transform

Form 1 (Regge / dispersive)

h̃asy
1 (‰, Pz) = A e≠me�fi/Pz

|‰|d

me� È 0.77(60) GeV, —2/dof = 1.47.

Form 2 (rigorous large-z)

h̃asy
1 =

⁄
Ae i· sgnz + AÕei‡Õsgnz

|z|

1
e≠|z|�

� È 0.47(11) GeV, —2/dof = 0.78.

Extrapolation uncertainty bounded, Í 1/x .
Discrepancy between Form 1 & 2 kept as systematic.
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R. Zhang et al. (ANL/BNL) Helicity PDF & d̃2 from Lattice QCD LaMET 2026 Workshop 15 / 20

• Ji, Liu, Su, arXiv: 2601.12189.

• Ji, Liu, Schäfer, et al., NPB 
964 (2021) 115311; 

• X. Gao, YZ et al., PRL 128 (2002), 
142003.
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RGR+TR+LRR at NNLO:

Perturbative matching with resummations

10

12

FIG. 10. Left: The asymptotic extrapolation for the real (blue) and imaginary (red) part of the isovector matrix elements
obtained from the Pz = 1.53 GeV data. The gray vertical grid lines labels where the extrapolation starts. Right: The
corresponding Fourier transform to x-space quasi-PDFs. There is very little di!erence between renormalized quasi-PDF with
NLL and NNLL accuracy from the slightly di!erent m0.

FIG. 11. The isovector helicity PDFs at µ = 2 GeV, matched
at di!erent perturbative orders, compared with the global fits
(hatched bands) from JAM22 [4] and BDSSV24 [5].

perturbative matching is still reliable, so it is inverse pro-
portional to the hadron’s momentum Pz. Our results
suggest a more elevated distribution in the mid-x region,
x → [0.4, 0.7], compared to the global fitting results. To
understand the discrepancy requires more future studies
on the lattice systematics and with higher hadron mo-
mentum.

Comparing our results with the recent helicity PDF
calculation in Coulomb gauge without a Wilson link at
3.04 GeV [127], we observe a good consistency for x <

0.6, but noticeable discrepancies for x > 0.6, as shown in
Fig. 13. Although there are many other lattice artifacts
not being well controlled, the discrepancy for x > 0.6
could potentially come from the power corrections as we
calculate at a much lower momentum Pz ↑ 1.5 GeV.

To extend the LaMET’s applicable range and reduce
the power corrections, we need to access higher Pz in
future calculations, which could be improved with the

FIG. 12. The g1 + ḡ1 isovector helicity PDFs at µ = 2 GeV,
normalized by gA and matched at di!erent perturbative order,
compared with the global fitting PDF from JAM22 [4] and
BDSSV24 [5].

help of the kinematically enhanced interpolators [128].

Constraining the end point regions using SDF

Since the LaMET expansion does not work for the end
point regions x ↓ {0, 1}, it has been proposed to compli-
ment the x-dependence through model fitting of the end
point regions with SDF or OPE [37, 129]. In SDF anal-
ysis, the x-dependence of the PDFs are usually modeled
by a functional form,

g1(x) = x
a(1↔ x)b ↗ (some continuous functions),

(42)

where the x
a and (1 ↔ x)b components come from the

Regge behavior and power counting rules, while it is chal-
lenging to make the continuous function flexible enough
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help of the kinematically enhanced interpolators [128].

Constraining the end point regions using SDF

Since the LaMET expansion does not work for the end
point regions x ↓ {0, 1}, it has been proposed to compli-
ment the x-dependence through model fitting of the end
point regions with SDF or OPE [37, 129]. In SDF anal-
ysis, the x-dependence of the PDFs are usually modeled
by a functional form,

g1(x) = x
a(1↔ x)b ↗ (some continuous functions),

(42)

where the x
a and (1 ↔ x)b components come from the

Regge behavior and power counting rules, while it is chal-
lenging to make the continuous function flexible enough

Real part of the matrix elements: q(x) + q̄(x) Full matrix element: q(x) + q̄(−x)

After resummations, the window for perturbation theory to converge is 
 with . Here  by requiring scale 

variation uncertainty (  in ) to remain finite.
[x0,1 − x0] x0 ∼ ΛQCD/(2Pz) x0 ≈ 0.25

κ ∈ [1/ 2, 2] μ0 = 2κxPz
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Results from the Coulomb-gauge method

11

Figure 8. Unpolarized quark PDFs of the nucleon at momenta P
z = 2.43 and P

z = 3.04 GeV. The
lattice results are shown together with the NNLO phenomenological determination from NNPDF4.0
for comparison.

charges gA, while the valence (q → q̄)/2 components of the lattice results are normalized

using the gA value from JAMpol25 [115].

Figure 9. Helicity quark PDFs of the nucleon at momenta P
z = 2.43 and P

z = 3.04 GeV,
compared with phenomenological determinations. The left and right panels show the full (q + q̄)/2
and valence (q → q̄)/2 components, respectively. The lattice results are presented at NLL accuracy,
while the phenomenological bands include the NLO NNPDFpol1.1 [112], NNLO NNPDFpol2.0 [5],
BDSSV24 [113], MAPPDFpol1.0 [114], and JAMpol25 [115] analyses.

From the plots in Fig. 9, we find that our results at P
z = 3.04 GeV are consistent

with the phenomenological ones within one standard deviation for both the full and valence

parts. Moreover, as in the unpolarized case, the discrepancy between the two momenta

is more pronounced in the contribution from the imaginary part of the matrix elements.

Combining the full and valence parts, the helicity nucleon PDFs are presented in Fig. 10.

5.3 Transversity PDF

In analogy with the unpolarized and helicity cases, we also present our results for the

transversity PDFs. The valence (q → q̄)/2 and full (q + q̄)/2 contributions are shown in

the left and right panels of Fig. 11, respectively. The transversity nucleon PDFs at hadron

momenta P
z = 2.43 and 3.04 GeV are compared with the phenomenological extraction

from JAM3D-22 [116] at leading order (LO). The JAM3D-22 distributions are normalized

– 18 –

• HotQCD ensemble,  fm, ,  MeV, 
 GeV, Hybrid scheme + RGR + NLO.


• Caveat: did not normalize the matrix elements by .

a = 0.06 Vs × T = 483 × 64 mπ = 300
Pz = {2.43, 3.04}

h̃1(0,Pz, a)/h̃1(0,0,a)

X. Gao, J. He, J. Lin, et al., arXiv: 2602.11283.
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Comparison with the Coulomb-gauge results

12
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FIG. 13. Comparison with the helicity PDF calculation from
the Coulomb gauge method [127].

to cover the actual x-dependence in the mid-x region.
The parameters {a, b} and the continuous function model
are all fitted to coordinate space lattice data h(z2, z · P )
at z → !→1

QCD
, which is related to the x-dependent PDF

through [48, 50, 130],

h(z2, z · P ) =

∫
1

→1

K(xω, z2, µ)g1(x, µ)dx, (43)

where the matching kernel K(xω, z2, µ) is calculated to
three loops [32–34] in MS, and are numerically evaluated
up to NNLO for our work. Since we are fitting to the
short-distance data, it is convenient to actually fit to the
RG-invariant ratio M1(z2, P, P 0), which is obtained by
converting

K(xw, z2, µ) ↑
K(xw, z2, µ = 2e→ωE

z )

C0(z2, µ = 2e→ωE

z )
, (44)

both at NNLO accuracy.
Although the behaviors of PDF in the end point re-

gions are constrained by physics, it is di”cult to al-
low enough flexibility for the mid-x regions with only
a few degree of freedom constrained by the lattice data
in the perturbative region. However, as the LaMET cal-
culations already provide local predictions of the mid-
x region with well-understood systematic uncertainty,
the modeling of the PDF can now be simplified to the
end point regions only, where simple power laws xa and
(1 ↓ x)b are physically motivated approximations. La-
beling the PDFs we calculated from LaMET as f(x) for
x ↔ [x0, 1↓ x0], we can model the PDF as

g1(x) =






f(x0)
xa

xa
0
, x < x0

f(x), x0 < x < 1↓ x0

f(1↓ x0)
(1→x)b

(1→x0)
b , x > 1↓ x0

, (45)

which can have more parameters if more short-distance
lattice data are available. The model is fitted to the

FIG. 14. Fits of the PDF model to the lattice matrix elements
using SDF.

RG-invariant ratios at z = {0.076, 0.152, 0.228} fm with
x0 = 0.3 to constrain the values of a and b. For simplicity,
we fit the following two degrees of freedom independently
to the real and imaginary part of the matrix elements,

↗[h(z, Pz)] =

∫
K(xw, z2, µ)g+

1
(x, µ),

↘[h(z, Pz)] =

∫
K(xw, z2, µ)g→

1
(x, µ), (46)

with four parameters a± and b± in total, where

g
+

1
(x) = g1(x) + g1(↓x),

g
→
1
(x) = g1(x)↓ g1(↓x), (47)

representing the full and valence distributions. The
model fits to our data well, as shown in Fig. 14. The
fit results suggest a→ = ↓0.38(9) and b→ = 1.68(87) for
g
+

1
with ε

2
/d.o.f = 0.16(11), and a→ = ↓0.10(83) and

b→ = 0.15(22) for g→
1

with ε
2
/d.o.f = 1.21(31). Notably,

there are large uncertainties in the fitted parameters for
the g

→
1

to the imaginary part.
Combining the fitted end point regions with the

LaMET calculation, we provide a full x-dependent helic-
ity PDF in Fig. 15. The disagreement with global fitting
PDF in mid-x region remains the same as Fig. 11, thus
the resulting b parameter is much smaller than global
fitting results. Note that the end point regions in blue
are still subject to model uncertainties due to the finite
cuto# x0 and the nonsmoothness there, which have not
been quantified in this work. Also, because of the limited
amount of data points at short distance, we can only fit to
the simplest power-law form, and the connection between
LaMET calculation and SDF fits are naively enforced by
the continuity condition in Eq. (45) at the connecting
points x = x0 and x = 1↓x0. In principle, these artifacts

Current GI calculation vs Coulomb-gauge (CG)

Calculations at higher momenta tend to be closer to the global analyses at x>0.5. 
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• Model end-point regions:


• Fit parameters a, b from short-distance matrix elements.

• Fit double ratio at z={1,2,3}a;


• ;


• : a=-0.38(9), b=1.68(87), 


• : a=-0.10(83), b=0.15(22), 

x0 = 0.3

gq+q̄
1 χ2/dof = 0.16

gq−q̄
1 χ2/dof = 1.21

Complementarity
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13

FIG. 13. Comparison with the helicity PDF calculation from
the Coulomb gauge method [127].
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up to NNLO for our work. Since we are fitting to the
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a few degree of freedom constrained by the lattice data
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culations already provide local predictions of the mid-
x region with well-understood systematic uncertainty,
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x0 = 0.3 to constrain the values of a and b. For simplicity,
we fit the following two degrees of freedom independently
to the real and imaginary part of the matrix elements,

↗[h(z, Pz)] =

∫
K(xw, z2, µ)g+

1
(x, µ),

↘[h(z, Pz)] =

∫
K(xw, z2, µ)g→

1
(x, µ), (46)

with four parameters a± and b± in total, where

g
+

1
(x) = g1(x) + g1(↓x),

g
→
1
(x) = g1(x)↓ g1(↓x), (47)

representing the full and valence distributions. The
model fits to our data well, as shown in Fig. 14. The
fit results suggest a→ = ↓0.38(9) and b→ = 1.68(87) for
g
+

1
with ε

2
/d.o.f = 0.16(11), and a→ = ↓0.10(83) and

b→ = 0.15(22) for g→
1

with ε
2
/d.o.f = 1.21(31). Notably,

there are large uncertainties in the fitted parameters for
the g

→
1

to the imaginary part.
Combining the fitted end point regions with the

LaMET calculation, we provide a full x-dependent helic-
ity PDF in Fig. 15. The disagreement with global fitting
PDF in mid-x region remains the same as Fig. 11, thus
the resulting b parameter is much smaller than global
fitting results. Note that the end point regions in blue
are still subject to model uncertainties due to the finite
cuto# x0 and the nonsmoothness there, which have not
been quantified in this work. Also, because of the limited
amount of data points at short distance, we can only fit to
the simplest power-law form, and the connection between
LaMET calculation and SDF fits are naively enforced by
the continuity condition in Eq. (45) at the connecting
points x = x0 and x = 1↓x0. In principle, these artifacts
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FIG. 15. The LaMET calculation in mid-x region compli-
mented with end point modeling from SDF, compared with
global fits.

can be improved in the future at finer lattice spacing, and
the model dependence can be examine by comparing the
fits to various more flexible functional forms.

VI. CONCLUSION

In this work we present a physical-point lattice-QCD
study of the proton spin-dependent quark structure on
a fine lattice, combining short-distance information from
coordinate-space matrix elements with an x-dependent
analysis in the LaMET framework. Our results provide
a consistent picture for the leading-twist helicity PDF at
NNLO and, in addition, a direct constraint on the lowest
chiral-even twist-3 moment d̃2 in the MS scheme for the
first time.

We first extract Mellin moments of the helicity PDF
using the OPE of RG-invariant ratios of the quasi-PDF
matrix elements. In this approach, the small-z expan-
sion relates Euclidean equal-time quark bilinear matrix
elements to the PDF moments in the MS scheme, allow-
ing a controlled determination of the lowest ones. Ex-
tending the same strategy beyond leading twist, we im-
plement the NLO OPE for the transverse axial-vector

correlator and constructed an improved subtraction that
isolates the genuine twist-3 contribution. This enabled
us to extract the twist-3 moment d̃2 directly in MS,
from the ω dependence of the short-distance matrix ele-
ments. Our result, d̃u→d

2
= 0.0024(46) at µ = 2 GeV,

is numerical small. This behavior is compatible with
phenomenological constraints and polarized-DIS extrac-
tions of d̃2 [85, 88, 89], and recent model-based stud-
ies [131]. While a full quantification of systematic un-
certainties remains for future work, the present analysis
demonstrates the feasibility of the SDF approach that
isolates a genuine twist-3 moment from nonlocal correla-
tors directly in MS, thereby complementing earlier lattice
determinations based on local twist-3 operator matrix el-
ements that are often quoted in momentum subtraction
schemes [95–97].

We then determine the x-dependence of the isovec-
tor helicity PDF using LaMET together with a hybrid
renormalization scheme. The renormlization of linear
divergence in the Wilson line self-energy is done with
leading renormalon resummation, which regularizes the
leading renormalon ambiguity, thus ensuring the leading
power accuracy as the perturbative matching kernel is
regularized in the same way. We perform an asymptotic
expansion of the large z data by implementing physi-
cal constraints of an exponential decaying mode at long
distance, and Fourier transform the quasi-PDF matrix
elements to momentum space. The x-dependent helic-
ity PDFs are then obtained from the quasi-PDFs by a
perturbative matching. To improve perturbative accu-
racy and better control the theoretical uncertainties, we
improve the NNLO fixed-order matching with renormal-
ization group and threshold resummations, correspond-
ing to the large logarithm contributions when the par-
ton’s and spectator’s momenta become small. The re-
summations manifest the applicable region of perturba-
tive matching in the large momentum expansion, which
only works when both physical scales remain perturba-
tive. With this condition, we obtain the LaMET predic-
tion of x-dependent helicity PDF in a range of [x0, 1→x0],

where x0 ↑
!QCD

2Pz
around 0.25 in this calculation, which

can be improved with larger hadron momentum in the fu-
ture. Although the end point regions x ↓ {0, 1} are not
directly calculable, we model them with the asymptotic
behaviors and fit the parameters with the SDF of coordi-
nate space matrix elements, complementing the LaMET
calculation.

Further progress will require tighter control of lattice
systematics. Simulations at multiple lattice spacings, to-
gether with increased statistics and improved excited-
state control, will sharpen the d̃2 extraction by tight-
ening the short-distance window and reducing residual
contamination. It will also expand the reliable LaMET
window in x by enabling higher Pz with reduced power
corrections and cuto! e!ects.

• X. Ji, Research 8 (2025) 0695.



YONG ZHAO, 07/29/2026

• RG-invariant double ratio:


• OPE at NLO:


•  are moments of the helicity PDF;


• RGR not included for this exploratory calculation.

a0, a1, a2

Operator product expansion

14

7

FIG. 5. Helicity PDF moments →xn↑(µ = 2 GeV) fitted from the OPE of isovector (left) and isoscalar (right) RG-invariant
ratios. The consistency between NLL and NNLL accuracy suggest good perturbative convergence. The leading order (LO)
results with Cn = 1 have been included to demonstrate the importance of perturbative corrections. The combined correlated
fit among di!erent z values are shown separately as filled squares on the left, which are consistent with individual fits for lower
moments. For comparison, we integrate the quark helicity PDFs from JAM22 [4, 108] to get the moments and plot as bands.

commonly used fixed scale result at µ = 2 GeV through
the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) per-
turbative accuracy, we use one-loop Wilson coe!-
cient [31] with two-loop anomalous dimensions and two-
loop QCD beta functions; for next-to-next-to-leading-
log (NNLL) perturbative accuracy, we use two-loop Wil-
son coe!cient [32] with three-loop anomalous dimen-
sions [109] and three-loop QCD beta functions. Because
ϑs(

↓
2e→εE/z) ↔ 1.04 becomes too large at z = 4a

in the NNLL Wilson coe!cients, we perform indepen-
dent fits at di”erent z-values in the perturbative re-
gion z ↗ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108]. The uncertainties in-
clude both the statistical error and the scale variations
in the range ϱ ↗ [1/

↓
2,
↓
2].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-
lator relevant for gT ,

MT (ς, z
2) ↘

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ς, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ς, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factoriza-
tion kernels. In practice, MT (ς, z2) provides a stable
observable for implementing the short-distance expan-
sion in z

2 and for isolating the twist-3 physics through
its ς-dependence. Our numerical results on M(ς, z2) as
function of ς for di”erent Pz are shown in Fig. 6.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ≃ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↘ 2dn and introduce

d̃2 ↘

∫
1

→1

dx x
2 [3gT (x)≃ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 φ(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .

8

FIG. 6. Real (left) and imaginary (right) parts of the RG-invariant ratios MT (ω, z
2) for z → [a, 5a].

The central ingredient is the short-distance factoriza-
tion derived in Ref. [94], which relates the transverse cor-
relator to the longitudinal one and makes the appearance

of d̃2 at O(ω2) explicit, with more details presented in
Appendix App. B. In the MS scheme, we have the NLO
matching [94],

h̃
MS

T (ω, z2µ2) =

∫
1

0

dε h̃
MS

1
(εω, z2µ2)→

εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

+
ω
2

3

{
d̃2 +

7εsCF

24ϑ
a2 +

εs

4ϑ
d̃2

[(43CF

12
+

9

4Nc
+

3Nc

4

)
Lz →

13CF

4
+

3

4Nc
→

3Nc

4

]}
+O(ω3),

(27)

where Lz = ln
(
z
2
µ
2
/(4e→2ωE )

)
. Equation Eq. (27) ex-

hibits two important features: (i) the naive WW sub-
traction does not remove twist-2 e!ects at NLO, yielding
the O(εs) an terms, and (ii) the genuine twist-3 matrix
element d̃2 enters for the first time at O(ω2) with a per-
turbatively calculable coe”cient. This provides a clean
lever arm for extracting d̃2 from the ω-dependence at
fixed short distances.

At zero momentum, Eq. (27) reduces to,

h̃
MS

T (0, z2µ2) = h̃
MS

1
(0, z2µ2)→

εsCF

ϑ
a0, (28)

where h̃
MS
1

(0, z2µ2) = C0(z2µ2)a0 with C0 from Eq. (21)
and a0 = gA derived in Appendix App. A. To imple-
ment the short-distance factorization above, we insert
them into the RG-invariant ratios Eq. (19) and Eq. (24).
Working consistently to NLO, we define the subtracted
combination

M
tw3

T (ω, z2µ2) ↑ MT (ω, z
2
µ
2)→

h̃
MS
1

(0, z2µ2)

h̃
MS

T (0, z2µ2)

∫
1

0

dεM1(εω, z
2
µ
2)→

1

h̃
MS

T (0, z2µ2)

(
→
εsCF

ϑ
a0 + iω

εsCF

3ϑ
a1

)

=
ω
2

3

{
d̃2 +

7εsCF
24ϑ a2 +

εs
4ϑ d̃2

[(
43CF
12

+ 9

4Nc
+ 3Nc

4

)
Lz →

13CF
4

+ 3

4Nc
→

3Nc
4

]}

C0(z2µ2)a0 →
εsCF

ϑ a0

+O(ω3)

(29)

The formula makes explicit that, after the NLO-improved twist-2 subtraction, the real part of Mtw3

T scales as ω2 at

Wandzura-Wilczek approximation

V. Braun, Y. Ji, A. Vladimirov, JHEP 05 (2021), 086

K. Orginos, A. Radyushkin, J. Karpie, S. Zafeiropoulos, PRD 96 (2017), 094503
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small ω, with the leading coe!cient controlled by d̃2 (and
a residual calculable twist-2 contamination proportional
to a2). In the numerical analysis we use the helicity mo-
ments an determined in Sec. III as external inputs. For
each fixed z, the ε integral is evaluated numerically by
interpolating M1(εω, z2µ2) as a function of εω.

Our strategy is as follows. For each fixed z in the short-
distance window, we construct M

tw3

T (ω, z2µ2) from the
lattice data according to Eq. (29) and fit its ω depen-
dence to the expected small-ω behavior. This yields an
estimate of d̃2 at each z. The resulting subtracted ratios
are shown in Fig. 7. We find that M

tw3

T (ω, z2µ2) re-
mains close to zero within uncertainties over the range of
ω shown, already indicating a very small genuine twist–3
contribution and hence a d̃2 close to zero. Correspond-
ingly, the extracted d̃

u→d
2

values from fixed-z fits, dis-
played in Fig. 8, are all statistically consistent with zero
for z → [2a, 4a].

To obtain our final result, we perform a combined fit
over z → [2a, 4a], using the full NLO kernel in Eq. (29)
and a common d̃2 parameter. We find

d̃
u→d
2

(µ = 2 GeV) = 0.0024(46), (30)

where the quoted uncertainty is statistical, and addi-
tional systematic e”ects remain to be studied. The re-
sult of the combined fit is shown as the gray band in
Fig. 8, while the corresponding colored bands in Fig. 7
are reconstructed from the same fit. This combined-fit
result is likewise consistent with zero and thus supports
the same conclusion suggested by the near-vanishing sub-
tracted ratios. Physically, a small d̃u→d

2
implies that the

lowest moment of the genuine chiral-even twist-3 quark-
gluon correlation in the isovector channel is strongly sup-
pressed at the scale considered. Equivalently, the x

2-
weighted moment that isolates the genuine twist-3 part
of gT (x) (or, in DIS language, of g2(x) beyond the WW
contribution) is small, indicating that quark-gluon cor-
relation e”ects in this particular moment are suppressed
relative to the leading-twist structure.

FIG. 7. The subtracted ratio Mtw3
T (ω, z2µ2) defined in

Eq. (29). The colored bands are reconstructed from the com-
bined fit over z → [2a, 4a].

FIG. 8. The extracted NLO d̃u→d
2 from fixed-z fits as a func-

tion of z for z → [2a, 4a] at µ = 2 GeV.

V. QUARK HELICITY PDFS FROM LAMET

The x-dependence of the helicity PDFs can be calcu-
lated through the LaMET approach [19–21], based on the
expansion [112],

g1(x, µ) =

∫
C(x, y, µ, Pz)g̃1(x, Pz, µ)

+O

(
#2

QCD

(2xPz)2
,

#2

QCD

(2(1↑ x)Pz)2

)
, (31)

where C(x, y, µ, Pz) is the perturbative matching known
to 3-loop order [32–34], g̃1 is the x-dependent quasi-PDF
obtained from the matrix elements h̃R

1
(z, Pz, µ),

g̃1(x, Pz, µ) =

∫ ↑

↑

Pzdz

2ϑ
e
→ixPzz h̃

R
1
(z, Pz, µ), (32)

renormalized in a scheme perturbatively convertible to
MS.
The analysis thus includes the following steps: renor-

malization of the bare matrix elements in a scheme per-
turbatively convertible to MS; asymptotic extrapolation
of the exponentially decaying long tail followed by a
Fourier transformation to momentum space quasi-PDF;
perturbative matching to light-cone PDF.

Hybrid renormalization

Due to the self energy of the Wilson line and the ver-
tices involving Wilson line and light quark, the bare ma-
trix element calculated in the light-front frame on the
lattice, h̃B

1
(z, Pz), contains both linear and logarithmic

ultraviolet (UV) divergences. These divergences can be
regularized in various ways multiplicatively [22–24, 113–
115]. Recently, it was proposed to renormalize the lattice
data in the hybrid scheme [29]. Structurally, the hybrid
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The x-dependence of the helicity PDFs can be calcu-
lated through the LaMET approach [19–21], based on the
expansion [112],
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Fourier transformation to momentum space quasi-PDF;
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Due to the self energy of the Wilson line and the ver-
tices involving Wilson line and light quark, the bare ma-
trix element calculated in the light-front frame on the
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Subtracted twist-3 matrix elements d̃2

d̃u−d
2 (μ = 2 GeV) = 0.0024(46)
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• OPE at NNLL with RGR.

Moments of the helicity PDF
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FIG. 5. Helicity PDF moments →xn↑(µ = 2 GeV) fitted from the OPE of isovector (left) and isoscalar (right) RG-invariant
ratios. The consistency between NLL and NNLL accuracy suggest good perturbative convergence. The leading order (LO)
results with Cn = 1 have been included to demonstrate the importance of perturbative corrections. The combined correlated
fit among di!erent z values are shown separately as filled squares on the left, which are consistent with individual fits for lower
moments. For comparison, we integrate the quark helicity PDFs from JAM22 [4, 108] to get the moments and plot as bands.

commonly used fixed scale result at µ = 2 GeV through
the RG equations,

ω

ω lnµ2
→x

n(µ)↑ = εn(ϑs(µ))→x
n(µ)↑, (22)

where the anomalous dimensions εn(ϑ) of the helicity
PDF moments are known up to 3-loop order [109] and
has been partially calculated at 4-loop order [110]. The
solution to the RG equation is

→x
n(µ)↑ = e

∫ ωs(µ)
ωs(µ0)

εn(ω)
ϑ(ω) dω

→x
n(µ0)↑, (23)

with the QCD beta functions ϖ(ϑ) known up to five
loop order [111]. For next-to-leading-log (NLL) per-
turbative accuracy, we use one-loop Wilson coe!-
cient [31] with two-loop anomalous dimensions and two-
loop QCD beta functions; for next-to-next-to-leading-
log (NNLL) perturbative accuracy, we use two-loop Wil-
son coe!cient [32] with three-loop anomalous dimen-
sions [109] and three-loop QCD beta functions. Because
ϑs(

↓
2e→εE/z) ↔ 1.04 becomes too large at z = 4a

in the NNLL Wilson coe!cients, we perform indepen-
dent fits at di”erent z-values in the perturbative re-
gion z ↗ [1, 3]a which satisfies z < 0.3 fm, as well as
a correlated combined fit for all these z values. Com-
bined with the gA values above, we show the results
in Fig. 5. The combined correlated fit among di”er-
ent z values are consistent with individual fits, except
for the higher moments that the data are insensitive to.
The moments fitted from our short-distance matrix el-
ements are →x↑u→d = 0.291(7), →x

2
↑u→d = 0.101(10),

→x↑u+d = 0.183(6), →x2
↑u+d = 0.073(3) at µ = 2 GeV,

higher than those obtained from integrating the global
fitting PDF by JAM22 [4, 108]. The uncertainties in-
clude both the statistical error and the scale variations
in the range ϱ ↗ [1/

↓
2,
↓
2].

IV. THE d̃2 MOMENT

In analogy with the RG invariant ratio introduced in
Eq. (19), we construct an ratio for the transverse corre-
lator relevant for gT ,

MT (ς, z
2) ↘

h̃
B
T (z, Pz)

h̃
B
T (z, 0)

h̃
B
T (0, 0)

h̃
B
T (0, Pz)

=
h̃
MS

T (ς, z2µ2)

h̃
MS

T (0, z2µ2)
.

(24)
By construction, MT (ς, z2) cancels the multiplicative
renormalization associated with the Wilson line as well
as the leading UV-sensitive factors common to numera-
tor and denominator, so that the residual µ dependence
is governed by short-distance logarithms in the factoriza-
tion kernels. In practice, MT (ς, z2) provides a stable
observable for implementing the short-distance expan-
sion in z

2 and for isolating the twist-3 physics through
its ς-dependence. Our numerical results on M(ς, z2) as
function of ς for di”erent Pz are shown in Fig. 6.
We adopt the standard moment conventions

∫
1

→1

dx x
n
g1(x) = an,

∫
1

→1

dx x
n
g2(x) =

n

n+ 1

(
dn ≃ an

)
, (25)

with gT (x) = g1(x) + g2(x). Following the convention
used in Ref. [85], we define d̃n ↘ 2dn and introduce

d̃2 ↘

∫
1

→1

dx x
2 [3gT (x)≃ g1(x)] =

∫
[dx] S→(x1, x2, x3),

(26)

where
∫
[dx] =

∫
1

→1
dx1 dx2 dx3 φ(x1 + x2 + x3) and

S
→(x1, x2, x3) is the quark-antiquark-gluon correlator en-

tering the genuine twist-3 contribution. This matrix ele-
ment is the lowest-dimension chiral-even twist-3 reduced
matrix element and is the quantity we extract from the
short-distance behavior of MT .

Both <x> and <x2> are higher than those from JAM22 (bands), which 
corresponds to the deviation at moderate x in momentum space.
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• The proton isovector helicity PDF has been calculated with up-
to-date LaMET analysis at physical quark masses and 
momentum Pz=1.53 GeV;


• The GI approach shows consistency with the CG approach at 
moderate x, while the CG results at larger Pz tend to have better 
agreement with global analyses.


• We also extracted the twist-three moment , which is 
consistent with zero.


• More work need to be done in the future to quantify the power 
correction, discretization artifacts, and also reduce the excited-
state contamination. Note the lesson from the calculation of gA. 

d̃2

Summary
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