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Motivation : State Preparation Challenges

1. Dimension Scaling

• Hilbert space grows exponentially with the system size N, exponential Dimension Scaling 𝑑𝑁.

2. Non-Unitary Operation

• Physical quantum gates are unitary. However, algorithms like Imaginary Time Evolution (ITE), operator 𝑒−𝐻τ is not unitary.

➢Tensor Network is used as a Solution.

𝑈†𝑈 = 𝐼
𝑈(𝜏) = 𝑒−𝐻𝜏

𝑈†(𝜏) = 𝑒−𝐻𝜏
𝑈 𝜏 †𝑈 𝜏 = 𝑒−2𝐻𝜏 ≠ 𝐼ITE:Unitary Matrix:



Matrix Product State

• Quantum many-body system of N particles Ψ = ෍

𝑠1,𝑠2,…,𝑠𝑁

Ψ𝑠1,𝑠2…,𝑠𝑁 𝑠1, 𝑠2, … , 𝑠𝑁

• Matrix Product State (MPS) Ψ𝑠1𝑠2…𝑠𝑁 = ෍

𝛼1,𝛼2,…,𝛼𝑁−1

𝐴𝛼1
1 𝑠1𝐴𝛼1𝛼2

2 𝑠2 …𝐴𝛼𝑁−1

𝑁 𝑠𝑁

Total Dimension : 𝑑𝑁

Total Dimension : 𝑁 × 𝑑 × 𝜒2

𝐴1 𝐴2 𝐴𝑁…
χ χ χ
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Hastings, Matthew B. Journal of statistical mechanics: theory 

and experiment 2007.08 (2007): P08024-P08024.

Ground state H

• good approximation for ground state

• area laws of entanglement entropy

𝑆1 𝑆2 𝑆𝑁…

Ψ

MPS



Ω 𝜒′

…
χ′ 𝜒′ χ′

𝜒′: large number

Ground State Representation (MPS) :

Ω 𝜒=2

…
2 2 2

◆We want to prepare the ground state on quantum device, but the dimension of qubit is 2.

Ground State Preparation

High Bond Dimension MPS

• can represent exact ground state

• cannot directly implement on quantum device 

MPS Bond Dimension = 2

• has same dimension as qubit

• single layer is not enough to capture 

full ground state entanglement

➢ Increasing circuit depth (with χ = 2) to represent the high bond dimension ground state . 



Research Steps Flowchart 0 ∶ 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑆𝑡𝑎𝑡𝑒 Ω ∶ 𝐶𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑 𝑡𝑜 𝐺𝑟𝑜𝑢𝑛𝑑 𝑆𝑡𝑎𝑡𝑒

|0⟩

|0⟩

|0⟩

|0⟩

𝐸 = 𝜓 𝐻 𝜓 𝜒=2 |Ω⟩ = 𝐺|0⟩Ω 𝜒=2 Ω 𝐻 Ω = 0 𝐺†HG|0 = ⟨0|𝐻′|0⟩ 𝐻 → 𝐻′

𝐷𝑀𝑅𝐺
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𝐴[1]

𝐴[4]

𝐴[3]

𝐴[2]

G[1]

G[4]

G[3]

G[2]

〈0|

〈0|

〈0|

〈0|

𝑀𝑃𝑆 (|𝜓⟩) 𝑀𝑃𝐷 𝐺

G[4]

G[3]

G[2]

G[1]

〈0|

〈0|

〈0|

〈0|

Quantum Circuit

= =

𝜓 = 𝐺|0⟩ G† 𝜓 = 0

• Apply G N with inputs set to 0 ,we reconstruct the original tensor A N .

• MPD disentangle the target MPS into product state 0 .

How to prepare MPS on quantum device?

0 : 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑆𝑡𝑎𝑡𝑒

𝜒 = 2

𝜒 = 2

𝜒 = 2



𝐴[1] 𝐴[2] 𝐴[3] 𝐴[4]

MPS (orthogonalized):

For the last tensor ( N=4 ) :

For tensor 1 < n < N :

For tensor n = 1 :

𝐴j𝑘
4
= 𝐺j𝑘

4

𝐴𝑗𝑘𝑙
𝑛
= 𝐺0𝑗𝑘𝑙

𝑛

𝐴𝑗𝑙
1
= 𝐺00𝑗𝑙

1

G[4]

j

k
𝐴[4]

j

k

𝐴[n]

j

k l 𝐺[n]

j

k l

𝐴[1]
l

𝐺[1] l

〈0|

〈0|

〈0|

jj

𝐺[1] 𝐺[2] 𝐺[3] 𝐺[4]

〈0|

〈0|

〈0| 〈0|

MPD:
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Variational Energy Optimization – Optimize Hamiltonian

𝐸0 = Ω0 𝐻0 Ω0 𝜒=2 = 0 𝐺†
0𝐻0𝐺0 0 ⇒ ⟨0 𝐻1 0⟩
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0 ∶ 𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑆𝑡𝑎𝑡𝑒Ω ∶ 𝐶𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑 𝑡𝑜 𝐺𝑟𝑜𝑢𝑛𝑑 𝑆𝑡𝑎𝑡𝑒

G[4]

G[3]

G[2]

G[1]

G†[4]

G†[3]

G†[2]

G†[1]

𝐻0
𝐻1

⇒

𝐺0𝐺†
0

G†MPOG
Combine

G† G

MPO

d

d d

d
d

d

d

d
𝜒2 𝜒2

𝜒0

𝜒1

𝜒0

New MPO

SVD

d d

d d

𝜒2

𝜒0

𝜒1 ∗ = 𝑚𝑖𝑛 (𝜒0 ⋅ 𝑑
2, 𝜒2 ⋅ 𝑑

2)



G[4]

G[3]

G[2]

G[1]

G[4]

G[3]

G[2]

G[1]

G[4]

G[3]

G[2]

G[1]

G[4]

G[3]

G[2]

G[1]

〈0|

〈0|

〈0|

〈0|

…

…

…

…

E𝑛 = 0 𝐺†
𝑛…𝐺†

3𝐺
†
2𝐺

†
1𝐺

†
0 𝐻0 𝐺0𝐺1𝐺2𝐺3…𝐺𝑛 0
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𝐺†
2 𝐺†

1
𝐺†

0𝐺†
𝑛
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MPO Bond Dimension Scaling – Taking N=6 as an example

1 2 3 4 5 6

1 2 3 4 5 6 1 2 3 4 5 6
11

1

11

1

d d d d d d

d d d d d d d d d d d d

1 2 3 4 5 61 1

d d d d d d

d d d d d d

𝜒 𝜒 𝜒 𝜒 𝜒 𝑑2 𝜒𝑑2 𝑑2𝜒𝑑2 𝜒𝑑2

𝑑2 𝑑2𝑑2 𝑑2𝑑4 𝑑4𝜒𝑑4 𝑑4 𝑑6 𝑑4

n = 0
d d d d d dn = 1

d d d d d d d d d d d d

n = 2 n = 3

1 2 3 4 5 6
11

d d d d d d

𝑑2 𝑑2𝑑4 𝑑6 𝑑4

d d d d d d
n = 4

When n <
N

2
, the maximum bond dimension grows d2n.

n ≥
N

2
, the maximum bond dimension frozen at dN.

N : system size, n : number of iteration
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• 𝐺𝑟𝑜𝑤𝑡ℎ 𝑜𝑓 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑏𝑜𝑛𝑑 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛 𝜒𝑚𝑎𝑥 𝑎𝑐𝑟𝑜𝑠𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑖𝑡𝑒𝑠 𝑁 . • Singular values spectrum - TFIM : N=20 iteration=5 number of singular values=3072

• The maximum bond dimension grows exponentially 

until it reaches the system limit of 2N.

• Singular values decay very slowly.

• Keep all elements to next iteration.
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Result

1. Transverse Field Ising Model

2. Heisenberg Model

3. XY Model

Ran, Shi-Ju. Physical Review A 101.3 (2020): 032310.

• Relative Energy Error (Δ𝐸)

• Infidelity (𝐹𝑛,𝜒)

• Comparison

Δ𝐸 =
|𝐸 − 𝐸𝜒=64|

|𝐸𝜒=64|

𝐹𝑛,𝜒 = −
𝑙𝑛⟨𝜓𝜒|𝐺𝑛 …𝐺0|0⟩

𝑁
𝜓𝑛 𝜒 → ෨𝜓𝑛 𝜒=2

෨𝜓𝑛 → 𝐺𝑛

𝜓𝑛+1 = 𝐺𝑛|𝜓𝑛⟩

• Truncate the current state to 𝜒 = 2 .

• Transform into MPD layer.

• Apply MPD to the current state to disentangle it 

for next iteration.



Transverse Field Ising Model
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• 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 ∶ ℎ𝑥 = 1

Relative Energy Error
Infidelity
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• In the first 5 iterations, our algorithm has achieved better results.

Number of layers



Heisenberg Model
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• 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 ∶ ℎ𝑧 = 0

Relative Energy Error

Infidelity
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• Even though his results decrease very fast, at the 9th iteration they are still not as good as our results.

Number of layers



XY Model
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• 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 ∶ ℎ𝑥 = 0

Relative Energy Error

Infidelity
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Number of layers



Summary and Future Work
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• Previous Study : Optimize the state, Our Study : Optimize the Hamiltonian.

• Our algorithm achieves better results without requiring a large number of layers.

• The variational energy approaches the ground state with each layer, and the 

infidelity decreases.

• Use other methods to increase the number of iterations after our algorithm.
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