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c Generalized Parton Distributions

PDF GPD TMD
% GPDs additional information on q(x) H, E(x,§,t) f(x, kr)
. How much longitudinal Adds momentum transfer and Resolves intrinsic transverse
pal‘tOnlC structure comp ared to PDEFs momentum does a parton carry? spatial information — the basis motion in addition to x.
of hadron tomography.
% Along with TMDs give access to L@ A R p_, e
Q | X
tomography of hadrons proton P aev: e e
» Z (beam) / i bi T ” » Z (beam)
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c Generalized Parton Distributions

PDF GPD TMD
% GPDs additional information on q(x) H, E(x,§,t) f(x, kr)
. How much longitudinal Adds momentum transfer and Resolves intrinsic transverse
pal‘tOnlC structure Compared to PDFs momentum does a parton carry? spatial information — the basis motion in addition to x.
of hadron tomography.
A fad
* Along with TMDs give access to ® AW T ----+--> 2.5 g G
Q | X
tomography of hadrons proton P aev: e e
"l \ X, y (transverse
» Z (beam) / .- b. T » Z (beam)
% GPDs are not well-constrained
experimentally:
S : - U H(x, &,1)
- Xx-dependence extraction is not direct. DVCS amplitude: H = J e
1 X — L€

(SDHEP gives access to X )

- independent measurements to disentangle GPDs

- GPDs phenomenology more complicated than PDFs (multi-dimensionality)

- and more challenges ...
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% GPDs are not well-constrained
experimentally:
S - - *H(x, &,1)
- Xx-dependence extraction is not direct. DVCS amplitude: H = J e
1 X — L€

(SDHEP gives access to X )

- independent measurements to disentangle GPDs

- GPDs phenomenology more complicated than PDFs (multi-dimensionality)

- and more challenges ...

-

Essential to complement the knowledge on GPD from lattice QCD
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G Generalized Parton Distributions within LaMET

Matrix elements of nonlocal operators C B X Ji. PRL 110 (2013) 262002; Sci. China M.A. 57 (2014) 14@

1w’ A,
sz

— ~ AH -
U(P) {25 H(a,&,1) + B¢, ) }U(P) + b,

(N(P)|O}(@)|N(P) B(z,€,0)} U(P) + Rt

(N(P)|0%(x)|N(P))

U(P {'y“’H(x, £,t) +

M(P;, P,y 2) = (N(P) | B(2) T W (2,0)¥(0) | N(P)),

—u]~

_ Y] PHAY y=
Nonlocal operator with Wilson line NP0 @)IN(P) =U(F) {z‘a“"HT(x,f,t) + T Er(a,6,0) + o Hr(@, 6,0 + T ET(x,g,t)}U(P) + bt

A number of non-trivial steps

hadronic Matching to

matrix elements | light-cone GPDs

Matching between
quasi-PDFs and
standard PDFs:
length increased by
the boost factor vy,

_ quasi \
goes to o in IMF Identification of distribution x-dependence
ground state / approach reconstructionj

Renormalizati%‘ gd“ forT facl:tors” .
" isentang emen/

Spatial (z) direction for
high-momentum hadron

2 2 2,p2 . p2
Light-cone direction Difference o (AQCD/P3 LOELEEE )

for hadron at rest reduced as Ps increases
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Lorentz-invariant parametrization of nonlocal matrix elements

* Historically, calculations of GPDs in symmetric frame p, = Py, + A2, p.=Pg, . — A/2
F[7’+] A1) = 1 (p’. N | +H i0+ﬂAﬂE _ J)
(.X, > 7Yy ) — 2P+ I/l(p > ) _}/ (xa 5’ t) + 2M (xa 59 t)_ M(p, )

==) highly impractical - computationally costly
( ﬁ ETM Collaboration PRD 105 (2022) 3, 034501 ) C ﬁ ETM Collaboration PRL 125 (2020) 26, 262001 )
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==) highly impractical - computationally costly
( ﬁ ETM Collaboration PRD 105 (2022) 3, 034501 ) C ﬁ ETM Collaboration PRL 125 (2020) 26, 262001 )

% Development of parametrization in terms of LI amplitudes that relate to quasi-GPDs

—_ E

==) Frame-independent - computational efficiency: pr= Py . P=Pg,  —A

- PH A¥ it PFic®® 7Hic? AFig®
F. =up, 1) VAI + 7# MA, + VA:* + ioc"* MA, + v, As + Ag + A+ Aglu(p, 1)

M M M
| ﬁ S. Bhattacharya et al., PRD 106 (2022) 11,114519
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==) Frame-independent - computational efficiency: pr= Py . P=Pg,  —A

- PH AH Tolatm PHigA HiceA AHioA
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[ Key idea: extract A; from asymmetric frame — reconstruct H and £ GPDs ]
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Lorentz-invariant parametrization of nonlocal matrix elements

— —

* Historically, calculations of GPDs in symmetric frame p, = Py, +A2, p=Py  — AJ2

icTHA

1 - _
TR P H
2p MW 1 THO & D + B 80 u(p, 2

FUrx, A2, 0) =

==) highly impractical - computationally costly
( ﬁ ETM Collaboration PRD 105 (2022) 3, 034501 ) C ﬁ ETM Collaboration PRL 125 (2020) 26, 262001 )

% Development of parametrization in terms of LI amplitudes that relate to quasi-GPDs

—_ E

==) Frame-independent - computational efficiency: pr= Py . P=Pg,  —A

- PH AH Tolatm PHigA HiceA AHioA
FY = 0P\ 2) | T- Ay + 2 MA, + = Ay + 0% MA + ——As + A+ A+ Ag|u(p, 2)

M M M
| ﬁ S. Bhattacharya et al., PRD 106 (2022) 11,114519

[ Key idea: extract A; from asymmetric frame — reconstruct H and £ GPDs ]

) As/a z

=) A.relate to H and E quasi-GPDs, e.g., #Y =4+ PR
Z
(Definition not unique; here LI) A/

B = Ay = S Ay + 245+ 2P ZAg + 209 . 7Ag
Iqpl '
1L
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Calculation Setu

* Nf=2+1+1 twisted-mass fermions with a clover term

Ensemble a [fm] L3 xT m, [(MeV]

¢B211.072.64 0.0801(4) 643 x 128 139.3(7)

* Zero skewness calculation, A; = 0

P, [GeV] Neonf Ngro N —t range [GeV?]
0.00 652 16 12 0.058-1.114
0.48 762 2 12 0.058-1.163
0.72 762 4 12 0.058-1.207
0.96 762 6 12 0.058-1.251
1.21 762 12 12 0.058-1.289
1.45 762 24 12 0.058-1.320
1.69 762 48 12 0.058—-1.345

% Tsink = 10a

T
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Calculation Setu

* Nf=2+1+1 twisted-mass fermions with a clover term

% Connected diagram

Ensemble a [fm] L3 xT m, [(MeV]
cB211.072.64  0.0801(4) 643 x 128 139.3(7) W(z)
N(P,0) NP1
* Zero skewness calculation, A; = 0 |
P, [GeV]  Neont Nire Na  —t range [GeV?] % Asymmetric frame calculation:
0.00 652 16 12 0.058-1.114 R . N
0.48 762 2 12 0.058-1.163 Pr= Ppoosr Pi = P pooss — A
0.72 762 4 12 0.058-1.207
0.96 762 6 12 0.058-1.251 Y
P = (0,0,P
1.21 762 12 12 0.058-1.289 Boos: = (0,0,P3)
1.45 762 24 12 0.058-1.320
1.69 762 43 12 0.058-1.345 % Several values of momentum transfer
1 — _ 2 ) = 2 | 22
* Tsink = 10a —t=A2— (E, - Ef) Ey=\/m’+ 5

T
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Matrix elements - kinematic dependence

* I1*Y™ do not have definite symmetries

. P3=121GeV Es, (12,00 :
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. Hor i
08 : ol S i (+5, (0,-2,0)} , ,
= i = s i . I (=5, (+2,0,0)} A= 2T 115 (o) 2(Ef — E;)Pym®  1I§(T2) n 2(E; — Ef)Psm 11§ (I'2)
500-6‘ : "'@ E{; 0.0 zxgéggggug, ) _ﬂ_;gg“%ﬁﬁﬁﬁ } {-5, (-2,0,0)} Ef(E'i + ’m) K Ef(Ef + m) (E + m)A K Ef(Ef + Ez)(Ef + m)(Ez + m) K
o) . ' = s i T —
2 0.4] E 3 s i i_z Egigﬁ 1 2(B: = E)m? 11} (Io) 2(E; — Ef)Pym? Me(T1)  2(E; — E;)m? I%(Ts)
. g:.: 02 I S . Ef(E;+m)A K Ep(Ef+E)(Ef+m)(E;+m) K Eif(E;+m)A K
0.2 L z - i L .
ﬁ : o I;““E§
ag ﬁ:;j.——, kN 2 a 2 a
0.0{ szzzzzzss gg' Iﬁg L I"fl - m P3 H2 (Fl) (Ef + Ez)m H2 (Fg)
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Zla zla
12 i Py=145GeV E06.(200) 2 2
i 0.41 1 b +6,(-2,0,0)) Aq — Pym I§(To) | . (Ef — E; — 2m)m? TI§(T's) L (Eim E;)Psm?  TI{(I)
1.0/ f? e I 1; £+6, (0,+2,0)} EJ%(Ef-I—m)(Ei—I—m)z K EJ%(EZ'-I—m)Az K Ef(Ef+m)(E +m)Az K
0.2 E R ; +6, (0,-2,0
08 R — et (~Ef + B+ 2mym? T5(Ty)  2(m—Ejm?  TI,) | 2Pym?  TI3(Ty)
= = I3 105 AT E%2(E;+ E)(E;+m)z K E2(E; + E)(E;+m)z K E2(E;+m)Az K
EOO6 o= H Eo 0.0 ﬁﬂﬁ?‘f*****“fi; *; §%£§§§ﬁ§5ﬁ§§ﬁ { {_6, (_2,0,0)} ( f )( ) f( f )( ) _f( )
EO‘I- é _ai E EE ::---:é %E_ {_67 (09+230)}
| : 1 02 4 i B {6, (0,-2,0)}
] i 3 . TESE. - It !
02 b T * Symmetries of A;
i8 ' et
0.0 ﬁﬁﬁﬁﬁﬁﬁﬂﬁﬁﬁgggﬁg ésmﬁggé%ﬁﬁm“ —0.41 [
| | | | | , | | | | 2 2 2 2
-20 -10 0 10 20 -20 -10 0 10 20 A’{(—z-P,z-A,A,z)=A1(z~P,z-A,A,z)
7la Zla
0.6
2 _2 2 2
1.21 1% P, = 1.69GeV 14 % {+7, (g%gn Az (—z-Pz- A, A% 2°) = As(z- Pz - A, A% 27)
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. 08 EII: r_| 02 -.H. :¥:: ¥ {+79 (09_290)}
E 06 *%I- I‘I E ".- ;ﬁ ¥% } {_79 (+29090)}
= 0] 5 = 0.0/ Wuﬁm-@ teteafaanidiig =7, (=2,0,0 1ot " Qe
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1.4

) 0.01 - jititess
s 5 ﬁ%ii
1.2 . , ¥§§
:! 0.1 * E%i
LOop = ES SUEE RS
. S 02 ii;}p%
s SEEEE
Nf—|0.8 [] L) %iE5§§
IR Ul Py =121Gev
$ = ¢ —
0.6 L i1yl 1
- Iig‘l 5 10 15 20
0.4 igfg Ja
g
0.2 3 s
3§
Iii
OO -;i.!.‘.....‘...
0 5 10 15 20
Zla

% Statistical errors controlled

for all kinematics

% Standard and LI definition
(for H quasi-GPD): similar

Coordinate-space quasi-GPDs

1.4 s 0.0/ - STLEIRERRRRL
& ;Q
1.21 %1, —0.1- { !
[) t
- = :T—OZ 7 ‘
1.0 ;oo % %i % ;
S E-03 t%
—0.8{ & ° = m
:i i (I I ~04
506 i, s P; = 1.69GeV
e t $ t . 3 0 5 10 15 20
0.4 N 7
; ; e
0.2 P r
; g H
0.0 g!;!!!!!gg.oooooo
0 5 10 15 20
Zla

o o |- o |-+ o o |-

o— o o< —o—

—t=0.058 GeV?
—t=0.116 GeV?
—t=0.231 GeV?
—1t=0.288 GeV?
—1t=0.455 GeV?
—t=0.510 GeV?
—t=0.565 GeV?
—t=0.727 GeV?
—1t=0.889 GeV?
—1t=0.938 GeV?
—1t=0.990 GeV?
—t=1.093 GeV?
—t=1.345 GeV?
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1.4

[ ) 0.01 - iiijfiilils
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¥¥: 02 ”i%ii%
—08 « . S
= 3§§: —0.3 Fii3
=06l P10 1 Py=121GeV
- EI $ s . . 0 5 10 5 20
04 iii: Zla
$ =
t i
0.2 T E
Ili
Iii
OO -;i.!.‘.....‘...
0 5 10 15 20
Zla

% Statistical errors controlled

for all kinematics

% Standard and LI definition
(for H quasi-GPD): similar

LI:

Coordinate-space quasi-GPDs

* Possible definitions:

Standard:

HG(Af;2) =1

2m2 (Ef — Ez)

2m2 HS (Fo)

K

1% (T
KP;A(E; +m) 0(l'2) +

Z(Ef - Ei)P3m2

2m?(Es + E; + 2m)

I15(T'2)

K(Ef + Ez)(Ef + m)(Ez + m)

Z(Ez — Ef)P3m2

115 (To)

I1{(T'2)

"Ef(E; +m)(Bi +m)A K
2B, — By)m? I13(T)

115(I')

Ef(Ef+ E;)(Ef +m)(E; +m)

+1

1.4 f 0.0 gﬁﬂgg;;uu
1.21 5 . 0.1 !;
' : [ ) ——0.2 { 4‘ )\
1O} 4 " X o ; !
FTR NI T ;
t—10.8 o * !
:]: ; ; / % ~0.4 H; t
506 Pi, s P, = 1.69GeV *
v i § t
$ t ; 0 5 1'0/ 15 20 )
4 L ad
0 % % : I
0.2 P r i
0.0 g ! : S gae® g & & & & & & & o I
0 5 10 15 20
zla

n Z(Ef - Ez)mz Hg’(rg,)

—t=0.058 GeV?
—t=0.116 GeV?
—t=0.231 GeV?
—1t=0.288 GeV?
—1t=0.455 GeV?
—t=0.510 GeV?
—t=0.565 GeV?
—t=0.727 GeV?
—1t=0.889 GeV?
—1t=0.938 GeV?
—1t=0.990 GeV?
—t=1.093 GeV?
—t=1.345 GeV?
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Coordinate-space quasi-GPDs
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Coordinate-space quasi-GPDs
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Coordinate-space quasi-GPDs
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C ﬁ S. Bhattacharya et al., PRD 106 (2022) 11, 11459
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Coordinate-space quasi-GPDs
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Coordinate-space quasi-GPDs
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- WWM
P, = 1.69GeV

7la

!éhiiu”“”..-

0.0/ i 5 !

. ¥¥ ;!!”H EEE. 55 |

—0.1 '
| | | o

1.0 i%i coz ] 2.0 {1

= :

08 |1 E-03 ‘W } = 1
R * B9
5061 1 i o t 2 %
N § i i s ;= 1.69GeV 101}

0.4 t s § 0 5 10 15 20 } %

I § . 7la 05

0.2 3 § ; ’

0.0 iiiiil'.I......'.‘ ()()

. . . . . 0
0 5 10 15 20
Zla
i i P3=1.21GeV
09/ ! i [ P;=145GeV
% Sanity check: o 1 ; o P=la0Ge
0.7
Form factors = iy, é
from local case il |
it
(Z:O) 0.4 Iﬂ
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
1 [GeV?]

o
5 10 15 20
zla
_ I P3=121GeV
2:00 { P3=145GeV
1.75 i P3=1.70GeV
1.50] % %
§ 1.25] f 5
[
1.00] ? 1 }{
[)
0.75 I{ LK ; {
®
0.50 £t
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
—1 [GeV?]

—1t=0.058 GeV?
—1t=0.116 GeV?
—1=0.231 GeV?
—1=0.288 GeV?
—1t=0.455 GeV?
—1t=0.510 GeV?
—1t=0.565 GeV?
—1t=0.727 GeV?
—1=0.889 GeV?
—1=0.938 GeV?
—1=0.990 GeV?
—1t=1.093 GeV?
—t=1.345 GeV?

—e— o+ o o+ o o+ o+ o e

o o e o

% Can be compared
with rest-frame
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e Hybrid renormalization (HR) Cﬁ X. Ji et al., NPB 964 (2021) 115311 )

% RI-type/ratio scheme is natural at short distances; C B M. Constantinou et al., PRD 96 (2017) 5,0545(@

non-perturbative effects in long distances == treat Wilson-line divergence with self-energy subtraction

* Calculating om, m, not unique. Here: ratio scheme | Self-energy subtraction
: 0 Z Z
= Large z (non-perturbative):
L : F(z,P:) 7 <z,
no renormalon ambiguity, thus extraction of om, FR(5 P,) = 7(z0)
__ Al 0mz AL (6m+mg)(z—zg) F(2,Pz)
f(z,0) = A'e e eI TS 124

= Short z: m, relevant along om

e

1-loop at 2 GeV
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e Hybrid renormalization (HR) (ﬁ X. Ji et al., NPB 964 (2021) 115311)

% RI-type/ratio scheme is natural at short distances; C B M. Constantinou et al., PRD 96 (2017) 5,054509

non-perturbative effects in long distances == treat Wilson-line divergence with self-energy subtraction

* Calculating 5m, My DOt unique. Here: ratio scheme Self-energy subtraction
: 0 Z Z
= Large z (non-perturbative):
L : F(z,P:) 7 <z,
no renormalon ambiguity, thus extraction of om, FR(5. P,) = f(z,0)
Al —O0mz e (6m~+mo)(z—zs5) F(2,F%)
f(z,0) = A'e e o) 2%
= Short z: m relevant along om S fopwe | 00
N | s ¢ % 3 I MM_S. 02! : s
6(5'rn,—|—mo)z f(Z, O) 1-loop at 2 GeV E t Hybrid ; E . { }
- 0.5 :og ——0.4 s 3 ] }
z : z ;
0 BN a5m=0.38(3) S ! £ 06 1 pog o d }
. . . amo=—0.153) 0.0 Por oo {
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= J zla 7la
- e Effect of HR essential in large-z region
-1.2 1
1 2 3 4 5 6 . .~
— e Matching specific to HR scheme
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x-dependence reconstruction C C. Alexandrou et al., PRD 102, 094508 (202@

* Gaussian-process regression and Fourier transform M ini

P; =1.21GeV P; = 1.45GeV P; =1.69GeV
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Light-cone GPDs

P3 = 1.45GeV e —t=0.058 GeV?
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—t=0.560 GeV2 =
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* Next step: -t parametrization for impact-parameter space distributions

T
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https://qggtcollab.github.io/ * Multi-front progress:
- Lattice Calculations

- Theoretical frameworks
- Advances
- Lattice within global analysis
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Phy. Rev. D 108 (Jul 2023),
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G Conclusions

% The Lorentz-invariant amplitude parametrization enables the use of the computationally efficient

asymmetric frame and allows symmetry-related kinematics to be combined consistently

% Unpolarized GPDs obtained over a broad range of momentum transfers and momentum boosts.
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G Conclusions

% The Lorentz-invariant amplitude parametrization enables the use of the computationally efficient
asymmetric frame and allows symmetry-related kinematics to be combined consistently

% Unpolarized GPDs obtained over a broad range of momentum transfers and momentum boosts.

Future work

% Neural networks (x-dependence, -t parametrization) C BB M.-H. Chuet al.. JHEP 05 (2026) 210)

% Short-distance factorization (pseudo-GPDs) C Bl S. Bhattacharya et al., PRD 110 (2024) 5,054502)

% Helicity and Transversity GPDs. LI parametrization completed:

C B S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ) C BB S. Bhattacharya et al., PRD 112 (2025) 11, 114504)

% Non-zero skewness calculations C BB s. Bhattacharya et al., PRD 112 (2025) 9,094510)

% Mellin moments through short-distance OPE on nonlocal operators C B ) Milleretal., arXiv: 2606.28102 )
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