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Background and Motivation
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Review of Isotensor 3t Analysis ‘ .

Isotensor 777 scattering with a p resonant subsystem from QCD
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e [ matrix factorizes across
channels (isospin, total angular
momentum, parity, ...)

e Different 3n channels correlated
through 2n sub-channels
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Correlations Between 3n Channels

e /G matrix factorizes across This Talk

channels (isospin, total angular 1S JPC ([ 7).

momentum, parity, ...) g fi~* ( 7)s [2009.04931]

2= 1= (.’/T) p, (&mlp r)s, (lazlp ) p [2510.24894]

e Different 3n channels correlated

through 2n sub-channels
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FV Lattice Spectra




Data Summary ‘ .

m, ~ 400 MeV

2000 w =2 m N |
aym, = 0.06906(13) iy
¢ = ay/a, = 3.444(6) o .
Y [2009.04931]
e 96 levels (66 27+30 3n) included in fits = égq(;fm R eV
A 110 o B
e Shape: Isospin Channel *lll-*"
o m.l,=2,5wave 2n o 011} & Qv v
o ®:L=1P-wave 2n
o V:I=3, S-wave 3n 100 | . - u
o A:L=2,3nandpn P - = oV
e Sizeocn, X Meotgs ™ stat power
e Color: R/G/B for 1/2/3 irreps wf =« A ®mevaA HeVA
e Oiriginal papers in legend 16 22/ 21
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Spectrum Systematics ‘ .

FV Pion Masses Ton = 2,JF = 1+, L/a, — 24°

e Added (in quadrature) to all E levels | - ———
(L) = 1 (00)] | ]
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e Previous analyses use conservative <
systematic for GEVP variations
e Reanalysis with model averaging eyl ] -
(AIC) to marginalize over oM. Trefiminar o Treliminar
hyperparameter choices underway t/ay t/ay

e Significant changes unlikely
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Error Analysis and Fitting Strategy




QC, = det [Fy (B, L, P) + Kao(En2)]  QCy = det [Fy'(E, L, Plin) + Ks(Elns)]




Analysis Workflow and Error Propagation ‘ .

QC, = det [Fy'(E, L, P) + Ka(Elnp)] QC; = det [F3" (B, L, Plnz) + K3(E|ns)]

Analysis Workflow
1. Compute QC's as a function of £

each volumes, irreps, etc. for given
parameters 72,13

2. Find zeros of the QC’s (FV E levels)

3. Minimize the x? function between the
QC and lattice spectra w.r.t. 12,
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Analysis Workflow and Error Propagation ‘ .

QC, =det [Fy'(E, L, P) + Ka(Eln:)]  QCy = det [F3'(E, L, Plnz) + Ks(Elns)]

Sm : IskSm
Analysis Workflow Error Propagation
1. Compute QC'’s as a function of E e Linear approx of derived quantities f
each volumes, irreps, etc. for given w.r.t. primary sources of uncertainty p

parameters 72,13 —
s~ g+ (5L) wi-n
i\P) ~ Ji 8]7 i Pj Pj

= Ny JEpJT

2. Find the zeros of the QC’s

3. Minimize the y? function between the e (Good approx in the limit of small
QC and lattice spectra w.r.t. 72,13 errors or Gaussian distributions
X2 _ Tizi_jlrj e Cross-checks suggest good approx

s (see backup)
ri(n) = B — B2 (n)




e Global fits are more expensive
e To minimize computation in each fit, pre-compute “QC Building Blocks”
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Global fits are more expensive
e To minimize computation in each fit, pre-compute “QC Building Blocks”
Building Blocks

Kyt = 3 e Ky = 3 i a

—
e Fixed Fit Params

e \Variable 7::
QC3 e det

IbkSm

e Similar idea for QC:



Building Blocks
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[K2 ]Iék'S’m’,ngSm qu x COt(SS(q]:)

2=

" Fit Params

e Kinematic factors, cutoff functions,

phase space shifts, etc. not shown e

for simplicity (m—) cot &g - (qr) = . i - =
e S-wave: Effective range expansion 5

P-wave: Breit Wigner (q_) cot 6BV () = (- -)
e Others parameterizations ongoing
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Building Blocks

Ko = 3 RS &

m Fit Params

e 3n analog of threshold expansion E,J”

e Sub-channel momenta dependence k- Spectator momentum
: . gy, - Momentum of n in pair rest frame
included in I = 2

[K3]I’ k'S'm! IakSm ]C3 ST ZS(klv k) hf’S’(k,)ICB ST, ZS( )hgs(k‘)
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Building Blocks Isotropic Approximation

K3 = Z- e Neglect dependence on sub-channel

™ Fit Params momenta
e (Good approx for I: = 3 (S-wave)

e K:rank-1 = Project Fs to subspace

e 3n analog of threshold expansion
e Sub-channel momenta dependence
neglected in I = 3

[K3]I’ k'S'm! IakSm IC3 ST ZS(k'J7 k) hf’S’(k,)ICB ST, ZS( )hgs(k))

Hansen,Sharpe PRD [1408.5933]



Bayesian Model Averaging

e Asymptotically unbiased model probabilities
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Preliminary K-Matrix Fits




030 ¥ o035 e Average of 60 models with 2r and 3 fit

Al Models}' +——+ { variations
e E.g., Scattering length ao (I = 2, S-wave)
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Preliminary Model Average Results ‘ .

o D g e Average of 60 models with 2r and 3n fit
All Models | -+—»—+- | 1 variations
- e E.g., Scattering length ao (I = 2, S-wave)
ERElL[ f o
[on =2 S i e Can fix one model choice (e.g., ERE
MOdeI ERE3 —_——

s ERE4}  $——to—ri | order) and average over other models
Variations : o
e 15 fits per subset in this example
e Spread of subsets corresponds to
Subset Probabilities systematic (according to subset
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'. probabilities)
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3n parameters depend Iy =2 I3 =3  I3; = 2 Parameters
on 2n parameterization
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Preliminary Scattering Amplitudes




IC Integral M 5;? 50000 L
3 Egns 3 <
=
| | I
Scheme Scheme —
Dep Indep 0915000_
e Single example fit w/ params cg;
me = {ao,mr1,91}, 3 =0a(Si’51) 3
e Comparison of fixing or fitting K- =
e Similar conclusions about E*_H
correlations, etc. as for K-matrices é’_; 20T
g 01.9 210 2i1 2t2 2:3 2.4
Mr /My
Bricefio,Costa,Jackura PRD [2409.15577] * Unsymmetrized amplitudes



Summary




Summary ‘ .

e For precision multi-particle physics, all statistical and systematic effects must
be understand

e Generalization of previous 3n analyses in I = 3 and I = 2 channels presented

e Correlations between several 2n and 3r isospin channels considered,
propagating statistical uncertainties and quantifying fit systematics

e Preliminary analysis shows correlations important between 2n and 3n
channels and between different 3 channels

e Additional parameterizations and amplitude analysis ongoing




Backup




e Not all parameterizations are linear combos, e.g, Adler zero
q- AZ ([, * 1
— | cot p E
(”Lﬂ') 0 (Qk) ]. . _ n -

e (Generalized ansatze

K I > R <~ N >
o Fixed n:: QC, = Igc%t;n [- +-Z-]

e \Variable 7::

JakeSitson | 2randan=32 [




Building Block Interpolation \ .

e Building-block approach requires Steffen Spline
interpolation in QC root finding e Monotonic between knots

Steffen cubic

Spline vs Linear

e Spline has smaller interpolation error
o Allows coarser E spacing
o Faster and/or more accurate

e Spline gives better estimate of Lr

derivatives
o More accurate Jacobians in
linear error propagation

Natural cubic

(W]
T

@ Knots

0.0 0.2 0.4 0.6 0.8 1.0
e Monotonicity mitigates spurious

o Faster convergence of zeros in QC'’s
Levenberg-Marquardt—type e Cross-checked with linear
minimizers in fits (better interpolation

adaptive step size)




Gaussian Error Propagation Implementation ‘ .

Linear Approx Implementation
Jij e Auto-differentiation (gvar) tracks
B of jacobians
filp)~ fi+ (a_p>ij(pj ~Pi) on 1 . fipe) = Vp2logpy

= Y JEpJT
Cross-Checks

e Sampling-based error propagation through o Faster than symbolic
QC'’s agree o More accurate than finite difference
e Hessian corrections to linalg operations e \Wrapper written to extend to complex
small numbers
e Two-sided fit errors match symmetric o Needed for subduction to definite FV
irreps

. o Cross-checked with pyerrors
= Linear approx seems reasonable so far




Other Example of Bias in Separate Fits
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Strong Data Correlations: Joint vs Separate Fits R Bl I Joint
e Strong correlations between different 0.09 fmdisc C() o I SCI)E\ rate
flavors and currents within each ensemble correlation matrix E - . 5
\ 02 02 =2
e x*does not factorize with these (effectively 0 > 0 0 0 s 09 [) . 1-2 0 . 1'-)
long-range) correlations a 2(1'2 ( f1112 }
Yaata(Pit: Pud) = Xii(Pu) + Xaa(Pud) + 2Xut,ud (Pl Pud) 9 ’
# Xt (Pu) + Xiia(Pua) - e R
= Fits must be done jointly £ o 5 £ e Independent fits can over- or
e Added complications }]i ) -'j'm' , Under-eStlmate Uncertalntles Or
o Numerical stability of covariance matrix =3 ¥ Separate "
o Increased BMA combinatorics = 0.00 0.09 :,’3,1;_?((“,-’\ 0.15? // | ntrod u Ce b | aS

ST o e Difficult to predict behavior a priori




