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−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

Vc†
j cjc†

j+1cj+1

H2

What is our goal?

Quartic interactions 
No gauge field coupling

Hubbard-Stratonovich transformation:

exp (Vc†
j cjc†

j+1cj+1) ∼ exp ( V
2 [c†

j cj + c†
j+1cj+1]

2
−

V
2 [c†

j cj + c†
j+1cj+1]) ∼ ∫ dϕj exp (−

ϕ2
j

2V ) exp (ϕj [c†
j cj + c†

j+1cj+1])

L : # fermionic sites

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model:
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−Seff /β =
L−1

∑
j=1

[−tc†
j cj+1 + H . c . ] − (μ +

V
2 )

L

∑
j=1

nj

H1

+
L−1

∑
j=1

−ϕ2
j

2V
+ ϕj [c†

j cj + c†
j+1cj+1]

H2

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model:

Now we also need to 
integrate over the 
auxiliary fields  

Z = Tr {e−βS}

≈ ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) Tr {
Nt

∏
t=1

exp (− ⃗c†A ⃗c) exp (− ⃗c†B [ϕt] ⃗c)}
= ∫ 𝒟 (ϕ) exp (−

ϕ2

2m ) det I + e−Ae−B[ϕ1]e−Ae−B[ϕ2] . . . e−Ae−B̃[ϕNt]

:=M[ϕ]

Nt :

L : # fermionic sites

M : L × L

 matrix multiplications2Nt

𝒪 (NtL3)

July 2026

# time slices
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−Seff = −
ϕ2

2V
+ log (det [M])

What is our goal?

L : # fermionic sites

M : L × L

 matrix multiplications2Nt

𝒪 (NtL3)

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model:

July 2026

Nt : # time slices
Z = Tr {e−βS}

≈ ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) Tr {
Nt

∏
t=1

exp (− ⃗c†A ⃗c) exp (− ⃗c†B [ϕt] ⃗c)}
= ∫ 𝒟 (ϕ) exp (−

ϕ2

2m ) det I + e−Ae−B[ϕ1]e−Ae−B[ϕ2] . . . e−Ae−B̃[ϕNt]

:=M[ϕ]

Now we also need to 
integrate over the 
auxiliary fields  
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Z = ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) det (M[ϕ])

Via HMC sample from:

Force term:

Correlator/Measurements

INGREDIENTS FOR DETERMINANT QMC

5

M[ϕ] = I + e−A
⏟
:=𝒦

e−B[ϕ1]

:=Φ1

e−Ae−B[ϕ2] . . . e−Ae−B[ϕNt]

Ra...b = 𝒦Φa𝒦Φa+t . . . 𝒦Φb−1𝒦Φb

∂Seff

∂ϕt
x

∝ [Rt+1...Nt
M−1R1...t]xx

Cij(t) = ⟨ci(t)c†
j ⟩ ∝ [M−1R1...t]ij

July 2026
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Z = ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) det (M[ϕ])

Via HMC sample from:

Force term:

Correlator/Measurements

INGREDIENTS FOR DETERMINANT QMC

6

M[ϕ] = I + e−A
⏟
:=𝒦

e−B[ϕ1]

:=Φ1

e−Ae−B[ϕ2] . . . e−Ae−B[ϕNt]

Ra...b = 𝒦Φa𝒦Φa+t . . . 𝒦Φb−1𝒦Φb

When evaluating force terms 
correlators come for free

∂Seff

∂ϕt
x

∝ [Rt+1...Nt
M−1R1...t]xx

Cij(t) = ⟨ci(t)c†
j ⟩ ∝ [M−1R1...t]ij

July 2026

Luu, Ostmeyer, Sinilkov & Temmen, "Stable Determinant Monte Carlo Simulations", arXiv:2604.00815 (2026) 
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MOTIVATION FOR PFAFFIAN QMC
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Han, Wan & Yao, “Pfaffian quantum Monte Carlo,” arXiv:2408.10311 (2024)

• From 2024 
• By Han, Wan, Yao 
• Generalization of DQMC 
• No HMC implementation



Member of the Helmholtz-Association

MOTIVATION FOR PFAFFIAN QMC

8

−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

Vc†
j cjc†

j+1cj+1

H2

Non-particle-number-conserving terms?
PfQMC advantages:

July 2026
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−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + Δc†

j+1c
†
j + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

Vc†
j cjc†

j+1cj+1

H2

Z = ≈ ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) Tr {
Nt

∏
t=1

exp (− ⃗c†A ⃗c) exp (− ⃗c†B [ϕt] ⃗c)}

Interacting Kitaev Chain:

DQMC Kernels cannot support these:

PfQMC advantages: 
1. Can handle non-particle-number-

conserving systems

July 2026
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Hubbard-Stratonovich transfomation is not unique:

PfQMC advantages: 
1. Can handle non-particle-number-

conserving systems 
2. Allows additional decoupling 

channels

H2 ∼ Vc†
j cjc†

j+1cj+1 ∼
V
2 [c†

j cj + c†
j+1cj+1]

2
∼ −

V
2 [c†

j cj − c†
j+1cj+1]

2
∼

V
2 [c†

j+1c
†
j + cjcj+1]

2
∼ −

V
2 [c†

j+1c
†
j − cjcj+1]

2

Z = ≈ ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) Tr {
Nt

∏
t=1

exp (− ⃗c†A ⃗c) exp (− ⃗c†B [ϕt] ⃗c)}
DQMC Kernels cannot support these either:

−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + Δc†

j+1c
†
j + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

Vc†
j cjc†

j+1cj+1

H2

Interacting Kitaev Chain:

July 2026
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The non-interacting model supports Majorana edge states

PfQMC advantages: 
1. Can handle non-particle-number-

conserving systems 
2. Allows additional decoupling 

channels 
3. Natural formalism to treat   

Majorana-physics

−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + Δc†

j+1c
†
j + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

Vc†
j cjc†

j+1cj+1

H2

Interacting Kitaev Chain:

In some regions the interacting model does too

PfQMC Access to Majorana correlators

Microsoft press release July 2nd 2026

July 2026
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PfQMC advantages: 
1. Can handle non-particle-number-

conserving systems 
2. Allows additional decoupling 

channels 
3. Natural formalism to treat   

Majorana-physics

HMC advantages: 
1. Global updates 
2. Control over acceptance rate 
3. Combination with pseudo 

fermions gives very good scaling 

July 2026
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PFAFFIAN QMC LEAP
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𝒦 = exp (− ⃗c†A ⃗c) → 𝒦 = exp (−
1
2 [ ⃗c†

⃗c ]
T

A [ ⃗c
⃗c†])

Φt = exp (− ⃗c†B[ϕt] ⃗c) → (Φt) = exp (−
1
2 [ ⃗c†

⃗c ]
T

B[ϕt][ ⃗c
⃗c†])

Dirac basis Bogoliubov - de Gennes basis

Double the Hilbert space:

Determinant QMC Pfaffian QMC

−Seff =
ϕ2

2V
− log (det (M)) −Seff = ?

July 2026
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𝒦 = exp (− ⃗c†A ⃗c) → 𝒦 = exp (−
1
2 [ ⃗c†

⃗c ]
T

A [ ⃗c
⃗c†])

Φt = exp (− ⃗c†B[ϕt] ⃗c) → (Φt) = exp (−
1
2 [ ⃗c†

⃗c ]
T

B[ϕt][ ⃗c
⃗c†])

Bogoliubov - de Gennes basis

Pfaffian QMC

−Seff = ?

Similarity transform:

𝒦 = exp −
1
2 [ ⃗γ(1)

⃗γ(2)]
T

A [ ⃗γ(1)

⃗γ(2)]
(Φt) = exp −

1
2 [ ⃗γ(1)

⃗γ(2)]
T

B[ϕt][ ⃗γ(1)

⃗γ(2)]

Pfaffian QMC

Majorana basis

−Seff = ?

→

→

{γa
i , γb

j } = 2δabδij

γa
i = (γa

i )†

Properties: 

• Hermitian 

• Clifford algebra

Majorana representation

cj =
1
2 (γ(1)

j + iγ(2)
j )

c†
j =

1
2 (γ(1)

j − iγ(2)
j )

⇒ [ ⃗c
⃗c†] =

1

2 [I +iI
I −iI]

:=U

[ ⃗γ(1)

⃗γ(2)]

Transformation:

July 2026
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η(X) = Pf
2sinh ( X

4 ) −I

I 2sinh ( X
4 )

, G(X) = tanh ( X
2 )

Pfaffian Weight

Seff ∼ log Tr {
Nt

∏
t=1

e− 1
4 ⃗γTA ⃗γe− 1

4 ⃗γTB[ϕt] ⃗γ} + gaussian part

∝ log [
Nt

∏
t=1

η(B[ϕt)]
Nt−1

∏
t=1

Pf [
G (AB[ϕ1]⋯AB[ϕt]) −I

I G (AB[ϕt+1])] + gaussian part

Han, Wan & Yao, “Pfaffian quantum Monte Carlo,” arXiv:2408.10311 (2024)

∼ 𝒪 (NtL3)

July 2026

After reducing the fermion matrix



Member of the Helmholtz-Association

PROMOTING DQMC TO PFQMC

16

Pfaffian Gradient

Seff ∼ log Tr {
Nt

∏
t=1

e− 1
4 ⃗γTA ⃗γe− 1

4 ⃗γTB[ϕt] ⃗γ} + gaussian part

∝ log [
Nt

∏
t=1

η(B[ϕt)]
Nt−1

∏
t=1

Pf [
G (AB[ϕ1]⋯AB[ϕt]) −I

I G (AB[ϕt+1])] + gaussian part ∼ 𝒪 (NtL3)

Force terms:

Re ( ∂
∂ϕt

x
Seff(ϕ)) ∝ −

∂
∂ϕt

x
log Tr {

Nt

∏
t=1

e− 1
4 ⃗γTA ⃗γe− 1

4 ⃗γTB[ϕt] ⃗γ}
det (M)

July 2026

|Seff | ∼ log ( det (M))

After reducing the fermion matrix
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Pfaffian Gradient

Seff ∝ log [
Nt

∏
t=1

η(B[ϕt)]
Nt−1

∏
t=1

Pf [
G (AB[ϕ1]⋯AB[ϕt]) −I

I G (AB[ϕt+1])] + gaussian part

Force terms:

Re ( ∂
∂ϕt

x
Seff(ϕ)) ∝

1
2

Re ([Rt+1...Nt
M−1R1...t]xx)

Cij(t) = ⟨γi(t)γj⟩ ∝ [M−1R1...t]ij

Correlators:

Action: 

∼ 𝒪 (NtL3)

∼ 𝒪 (NtL3)

July 2026
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THE INTERACTING SPINLESS KITAEV CHAIN

H =
L−1

∑
j=1

[−tc†
j cj+1 + Δc†

j+1c
†
j + H . c . ] − μ

L

∑
j=1

nj +
L−1

∑
j=1

V (nj −
1
2 ) (nj+1 −

1
2 )

• System is gapped i.g. 
• Low energy sector can support 

Majorana zero modes 
• Localization at edges 
• Robust with respect to local 

perturbations

Non-interacting System:

July 2026 18
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PROOF OF CONCEPT

Spinless Kitaev Chain with density-density 
interactions:

H =
L−1

∑
j=1

[−tc†
j cj+1 + Δc†

j+1c
†
j + H . c . ] − μ

L

∑
j=1

nj

+
L−1

∑
j=1

V (nj −
1
2 ) (nj+1 −

1
2 )

 ⟨c
i(τ

)c
† j(0

)⟩

τ

t = 1.0
Δ = 1.0
V = 1.0
μ = 0.0

July 2026

Spatial out of time Dirac correlators

19
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EXTRACTING MAJORANA EXCITATION ENERGIES

• Momentum projected Majorana 
correlators 

• Exponential decay gives 
information on excitation 
energies 

• Flat correlators hint at low 
energy excitations 

20

Momentum projected Majorana correlators

C α
α(

τ)
=

⟨γ
α (τ

)γ
α ⟩
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LOCALITY PROFILES
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μ = 0 μ = 1.0 μ = 1.5

μ = 2.5μ = 2.0 • Under open boundary conditions: 
- Edgemodes at  
- Trivial for  
- Seems to still hold for small 

μ < 2t
μ > 2t

V

21
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SUMMARY AND OUTLOOK
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• Ergodicity 
• Stability 
• Non-diagonal interactions 

• Improve scaling with pseudo fermions 
• Identify systems with no or mild sign problem

Remaining problems: 

Future Work: 

Summary: 
DQMC           PfQMC handle pairing terms, more decoupling channels, Majorana physics

Retained advantages same time complexity, correlators are calculated from force terms

Preliminary results matching ED for small systems, found low energy modes, localization

July 2026
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THE MAJORANA HOPPING CHANNEL
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H =
L−1

∑
j=1

( i
2 [(−1)j t − Δ] ηjηj+1 +

i
2 [(−1)j t + Δ] γjγj+1 +

V
4

ηjηj+1γjγj+1) −
i
2

μ
L

∑
j=1

ηjγj

ηjηj+1γjγj+1 = −
1
2 (ηjγj + ηj+1γj+1)

2
+ const

= +
1
2 (ηjγj − ηj+1γj+1)

2
+ const

= +
1
2 (ηjηj+1 + γjγj+1)

2
+ const

Charge Channel

Spin Channel

Majorana Hopping Channel

cj =
1
2 (ηj − iγj), cj =

1
2 (ηj + iγj), nj ∼ iηjγj
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THE MAJORANA HOPPING CHANNEL
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B[ϕt] =
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TREATING NON-DIAGONAL INTERACTIONS

00. Monat 2017 26

∂
∂ϕt

i
Φ[ϕ] =

∂
∂ϕt

i
exp (−Bt) ≈

ncut

∑
n=1

(−1)n

n!

n−1

∑
k=0

Bk
t

∂Bt

∂ϕt
i
Bn−1−k

t

Gradient:

Re ( ∂
∂ϕt

x
U(ϕ)) ∼ Re

ncut

∑
n=1

(−1)n

n!

n−1

∑
k=0

Bn−1−k
t Rt+1...Nt

M−1𝒦R1...t−1

=C(t−1)

𝒦 Bk
t

i,i+1

𝒪 (ncutNtL3)Computational Complexity:
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TREATING NON-DIAGONAL INTERACTIONS
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Gradient:

Re ( ∂
∂ϕt

x
U(ϕ)) ∼ Re

ncut

∑
n=1

(−1)n

n!

n−1

∑
k=0

Bn−1−k
t Rt+1...Nt

M−1𝒦R1...t−1

=C(t−1)

𝒦 Bk
t

i,i+1
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−S/β =
L−1

∑
j=1

[−tc†
j cj+1 + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

V (c†
j cj −

1
2 ) (c†

j+1cj+1 −
1
2 )

H2

What is our goal?

Quartic interactions 
no gauge field coupling

Hubbard-Stratonovich Transformation:

exp (V (c†
j cj −

1
2 ) (c†

j+1cj+1 −
1
2 )) ∝ exp (−

V
2 [c†

j cj − c†
j+1cj+1]

2) ∝ ∫ dϕj exp (−
ϕ2

j

2V ) exp (iϕj [c†
j cj − c†

j+1cj+1])

L : # fermionic sites

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model:
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−Seff /β =
L−1

∑
j=1

[−tc†
j cj+1 + H . c . ] − μ

L

∑
j=1

nj

H1

+
L−1

∑
j=1

−ϕ2
j

2V
+ iϕj [c†

j cj + c†
j+1cj+1]

H2

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model:

Now we also need to 
integrate over the 
auxiliary fields  

Z = ∫ 𝒟 (ϕ) Tr {e−βSeff}

≈ ∫ 𝒟 (ϕ) exp (−
ϕ2

2m ) Tr {
Nt

∏
t=1

exp (− ⃗c†A ⃗c) exp (− ⃗c†B [ϕt] ⃗c)}
= ∫ 𝒟 (ϕ) exp (−

ϕ2

2m ) det I + e−Ae−B[ϕ1]e−Ae−B[ϕ2] . . . e−Ae−B̃[ϕNt]

:=M[ϕ]

Nt :

L : # fermionic sites

M : L × L

 matrix multiplications2Nt

𝒪 (NtL3)

July 2026

# time slices
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