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BRIDGING QCD AND CONDENSED MATTER

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model.

L L—1 . . .
—S/p = Z [ tc ¢ +H.c. ] —//tZIflj—l— VCJ-TCJCJ-LCJH Quartic interactions
j=1 j=1 No gauge field coupling
H, H,
L : # fermionic sites
Hubbard-Stratonovich transformation:

% 2y " b7
CXP (VC] CJCJT { ]+1> ~ €Xp <5 [C]TC] + C]:-lcj+1] — E [ ]TC + C]T | ]_l_l]) ~ d¢] cXp (—2—V> CXP <¢] [C]TC] + lelcjﬂ])

JULICH

Forschungszentrum

Member of the Helmholtz-Association July 2026 2 J




BRIDGING QCD AND CONDENSED MATTER

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model.

/ - % S ¢]2 T Now we also need to
—Sefi/ P = Z[ tc G T H.C. ] Ht 3 Z”j+ oV [ GGt € j+1] integrate over the

=1 =1 auxiliary fields

.

N~ N~

H, H,
L : # fermionic sites
/="Tr {e‘ﬁs}
: N N, - # time slices
~ |2 (¢> CXPp ( ) {Hexp _)TAC exp < ¢'B [gb’] Z) }
) t=1
M:LXL
i 2 o : T :
= |2 (¢) exp( f >det ]+ o—Ap—Bl9 1 ,=Ap,—BI#?)  ,—A,—Blp"] 2N, matrix multiplications
m - -~ by
=M[g] = 0 (NL)
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BRIDGING QCD AND CONDENSED MATTER: DQMC

What is our goal?
Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model.

2
— S = ¢ - log (det [M]) Now we also need to

2V integrate over the
auxiliary fields

L : # fermionic sites

/Z ="Tr {e‘ﬁs}

N, N; : # time slices
~ J@ (¢> CXp ( ) {Hexp _)TAC exp < ¢'B [gb’] Z) }

=1

| M. LXL
) J 2 ( 7 ) det| 7+ e=Ae=B10"1,=Ap=Bld*]  ,—A,—Blp™ 2N, matrix multiplications

2 - . )
" —M[] = O (NL’)
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INGREDIENTS FOR DETERMINANT QMC

Via HMC sample from:

2 — -A ,—Bl¢"] ,~A,—BIp*]  ,—A,—Blp"]
Z:J9(¢)exp( ¢ )det(M[gb]) Migl=1+e" ¢ e ...e e
2m Z=% :=(I)1
Force term:
OS¢ »
a¢)lé X I:RH_l"'NtM Rl---t]xx Rab — %¢a‘%¢a+t° .« o %¢b—1%®b

Correlator/Measurements

Cl'j(f) = <Ci(l‘)C;> X [M_IRIHJ] ;
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INGREDIENTS FOR DETERMINANT QMC

Via HMC sample from:

2 — —A ,—Bl¢'] ,~A,—BI$*]  ,—A,—Blp"]
Z=J§Z(¢)exp< ;b )det(M[qb]) M[¢]—I+_~? i 16 e ...e ‘e
& ZZ% :=(I)1
Force term:
0S¢t
oL = [RH_I'"N’-] P Ry py=FP,FED,,... XD, | KD,

Correlator/Measurements

Luu, Ostmeyer, Sinilkov & Temmen, "Stable Determinant Monte Carlo Simulations”, arXiv:2604.00815 (2026)
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MOTIVATION FOR PFAFFIAN QMC

Pfaffian quantum Monte Carlo: solution to Majorana sign ambiguity and applications

Ze-Yao Han,* Zhou-Quan Wan,* and Hong Yao!
Institute for Advanced Study, Tsinghua University, Beijing 100084, China
(Dated: August 21, 2024)

Determinant quantum Monte Carlo (DQMC), formulated in complex-fermion representation, has ° From 2024
played a key role in studying strongly-correlated fermion systems. However, its applicability is °
limited due to the requirement of particle-number conservation after Hubbard-Stratonovich trans- By Han ) _Wa_n’ Yao
formation. In going beyond the conventional DQMC, one encouraging development occurred when o General|zat|0n Of DQMC
Majorana fermions were introduced for QMC [1, 2]. But in previous Majorana-based QMC, Boltz- : :
mann weight is determined often with a sign ambiguity. Here we successfully resolved this ambiguity ¢ N O H M C Im plementat|0n

by deriving a closed-form Pfaffian formula for the weight, enabling efficient calculation of the weight
with its sign in polynomial time. We call it “Pfaffian quantum Monte Carlo” (PfQMC), which can
be applied to generic interacting fermion models. We have successfully employed PIQMC to explore
how robust Majorana edge modes in Kitaev chain are against strong interactions. By offering greater
flexibility, PfQMC can potentially enhance existing sign-mitigating and approximation methods and
help address challenging issues such as the ground-state properties of the doped Hubbard model.

Han, Wan & Yao, "Pfaffian quantum Monte Carlo,” arXiv:2408.10311 (2024)
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MOTIVATION FOR PFAFFIAN QMC

| | PfQMC advantages:
Non-particle-number-conserving terms?
L—1 L—1
j=1 j=1 j=1
| H, - H
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MOTIVATION FOR PFAFFIAN QMC

. _ _ PfQMC advantages:
Interacting Kitaev Chain: 1. Can handle non-particle-number-
L1 I conserving systems
—S/p = Z [—l‘CjTCj+1 + AC’J:_leT +H.c. ] — U Z n; + Vc;cjcjilch
J=1 j=1 j=1

4 ~
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MOTIVATION FOR PFAFFIAN QMC

| | | PfQMC advantages:
Interacting Kitaev Chain: 1. Can handle non-particle-number-
conserving systems
O X 2. Allows additional decoupling
—SIp = Z[ feicpy + Ac, T+H.c.] /,thJ+ ZVCJTJJLCJH Allows a
j=1 j=1
H, H,

Hubbard-Stratonovich transfomation is not unique:

vV 2 vV 2
H, ~Vcice! 1~3[ Tc +c ¢ ] ~——[CTC-—C.TIC]-+1] ~

j o j+lTT j j+1 Cj+1 LT
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MOTIVATION FOR PFAFFIAN QMC

PfQMC advantages:
1. Can handle non-particle-number-
conserving systems

Interacting Kitaev Chain:

_g/ Z _s +Act o+ H B i n Lz_l Veteot 2. Allows additional decoupling
p= C N C TR G i channels
g o 3 J 3. Natural formalism to treat
H, H, Majorana-physics

The non-interacting model supports Majorana edge states

In some regions the interacting model does too

PfQMC * Access to Majorana correlators

Microsoft press release July 2nd 2026
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MOTIVATION FOR PFAFFIAN QMC WITH HMC

HMC advantages: PfQMC advantages:
1. Global updates 1. Can handle non-particle-number-
2. Control over acceptance rate conserving systems
3. Combination with pseudo 2. Allows additional decoupling
fermions gives very good scaling channels

3. Natural formalism to treat
Majorana-physics
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PFAFFIAN QMC LEAP

Double the Hilbert space:

Determinant QMC Pfaffian QMC
Dirac basis Bogoliubov - de Gennes basis

L[] [z

K = exp (—¢TAC) - F=exp|l ——= || A
2 [c al
L[] ¢

d’ = exp (—Z"TB[gbt]Z) - @) =exp| —— || Blo|°
2 |c ¢l

— S = )’ log (det (M)) —Seff = !
- 2V
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PFAFFIAN QMC LEAP

Majorana representation Similarity transform:
Transformation: Pfaffian QMC Pfaffian QMC
1 1 - (2
G775 (7’]'( '+ Wj( )) Bogoliubov - de Gennes basis Majorana basis
1
T:_<(1)_°(2)> __ : - 1T .
C. V. ly. 1 [=t > 1 (1) (1)
o2 ’ K =exp| —— i A [iw“ S K =exp|—— }—i(z) A Z(z)
- Ty 21cl e 2 |7 Y
o €] = L [ +il [7 . i i
i I —ill |z@ 1 [zF c - T -
Properties: ) )
a a T —S — 7 —S — 7
 Hermitian Vi = (Vi) eft eff

» Clifford algebra {Via’ 7’1'17} = 2040;

@) JULICH
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PROMOTING DQMC TO PFQMC

After reducing the fermion matrix

Nl‘
Setf ™~ log [Tr { He_zlt}/TA}’e_zlt}/TB[qbf]}’}] + gaussian part /
=1

N N1 |G (ABIg'1-+-ABLg! ~1
x log Hn(B[qbt)] [HPf( ( ] & ]) ]] gaussian part ~ O (NtL3)
=1 =1 L

I G(AB[¢p"™"])

2sinh (%) -1/ X
nXx)="Pt ,  G(X) =tanh (E)

Han, Wan & Yao, "Pfaffian quantum Monte Carlo,” arXiv:2408.10311 (2024)
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PROMOTING DQMC TO PFQMC

After reducing the fermion matrix

Nl‘
Setf ™~ log [Tr { He_zlt}/TA}’e_zlt}/TB[qbf]}’}] + gaussian part /
=1

B Y (|G (ABIg']--ABI#")  —1
log n(Bl¢") Pt gaussian part ~ O (NL>
) g ] [H ( I G(AB[¢"™) ]] (VL)

Force terms:

t=1

N
0 0 T _1-Ta= _ 1=TRiits
Re ( a¢;S€ﬁ(¢)) X 5 log | | Tr { I I e~ 7 Are~3Y B[ﬁb]y} | S| ~ log (\/det (M))

\/det )

@) JULICH
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PROMOTING DQMC TO PFQMC
Pfaffian Gradient

I  G(AB[¢"™])

Nl‘
Sese x log [H n(B[gbf)] [H Pf ] ]] + gaussian part ~ 0 (NtL3)
=1 .

N [’G (ABp")--ABIg"T)  —I

=1

0
Re ( agb}c Seff(¢)>

Cy(0) = (o) o (SR
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THE INTERACTING SPINLESS KITAEV CHAIN

L— 1
j=1

» System is gapped I.Q.
* Low energy sector can support
Majorana zero modes

» Localization at edges

* Robust with respect to local
perturbations

p-wave pairing A
chemical potential u

density interaction V
n n; n3 Na Ns Neg

July 2026 18 J
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PROOF OF CONCEPT

Spinless Kitaev Chain with density-density

Interactions:

L—1

H = Z[ teiciyy + Al T+H.c.]—

) o

J=1

i
J=1

Member of the Helmholtz-Association

L-1
+ V(n — —

t=1.0
A=1.0
V=1.0
u = 0.0

July 2026

Spatial out of time Dirac correlators
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EXTRACTING MAJORANA EXCITATION ENERGIES

Momentum projected Majorana correlators u=0.00,A=1.00,t=1.00,v=1.00,L=4

G

—4— Coo
—— Cn1
—4— Cx

—4— Css3

—+— Cus
—+ Css

- X C66

—4— Cz7

+——3

 Momentum projected Majorana

correlators

* Exponential decay gives

iInformation on excitation
energies

 Flat correlators hint at low

energy excitations
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LOCALITY PROFILES
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Locality Measure
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» Under open boundary conditions:

- Edgemodes at u < 2t
- Trivial for u > 2t
- Seems to still hold for small V

21



SUMMARY AND OUTLOOK

summary:
handle pairing terms, more decoupling channels, Majorana physics

DQMC == PfQMC
Retained advantages

Preliminary results

same time complexity, correlators are calculated from force terms

matching ED for small systems, found low energy modes, localization

L=14,u=15 A= 08,V=02,t= 1.0,B=75

Remaining problems:
» Ergodicity
o Stability
* Non-diagonal interactions

O O =
(o)) (o8] o
| | |

Locality Measure
o
-

Future Work:

* Improve scaling with pseudo fermions
* |dentify systems with no or mild sign problem

O
N

O
o
|

July 2026 22
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BACKUP SLIDES
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THE MAJORANA HOPPING CHANNEL

o/ P i ]. 1% T
H= 2 (5 |0 = Al + [0 4 Ay + T ) =50 Dy
j=1 J=1
1 . 1 . .
G=75 ’71‘%)’ cj=5<nj+z;{,-), n ~ gy
1 2
Nl YYis1 = — 5 (;7].;/]. + ;7J.+1;/j+1) + const Charge Channel
1 2 .
= + 5 (r]jyj — r/ijjH) + const Spin Channel
1 2
= + ) (njnj+1 + ;/jyjﬂ) + const Majorana Hopping Channel

JULICH
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THE MAJORANA HOPPING CHANNEL

) t _¢i t
+¢1 0 —¢5
+¢4 0
. ot
¢ OL !
+07,
b [¢t] — L=l 0 t
1
— b
t
. L—1
- YL-—1 0
Member of the Helmholtz-Association 00. Monat 2017 25 J
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TREATING NON-DIAGONAL INTERACTIONS

0 0 - N”t(1"- 0
oty P11 = gy P Bt)“’Z; ,EB (W

Gradient:

0 ”wt(_l)nn 1 .
Re(a¢tU(¢)>~Re Z —~ ZB =R, NM LHR, ._ 15{ BX
=C(t—1)

n=1 k=0

1,i+1

Computational Complexity: O (ng,N,L*)

Member of the Helmholtz-Association 00. Monat 2017 26 J Forschungszentrum




TREATING NON-DIAGONAL INTERACTIONS

Gradient;:

a et (_ l)n n—1 N 1 r
Re ( op! U(¢)> ~ Re ’; ) ];)Bt Rt+1...Nt{w %iRl...t—lJ% B,
- - =C(t—1)

1,141

Consequences of truncation

Computational complexity O(ncutNtL?’)
Sampling Remains exact
Correlators Remain exact
Acceptance rate Might suffer

JULICH
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BRIDGING QCD AND CONDENSED MATTER

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model.

L—1 L L—1
—S/f = Z [—tchch +H.c. ] /,1an+ V( fe. ——) (c]f[chJrl _5> Quartic in e.rac ions |
j=1 j=1 ]=1 no gauge field coupling
H, H,
L : # fermionic sites
Hubbard-Stratonovich Transformation:

1 1 v 2 #; .
eXp (V <C]TC] — E) (Cj—z_lcj_l_l — 5)) X eXp <_5 [C]TC] — C“]Tl—lcj+1:| ) X Jd¢] eXp (_2_V> eXp <l¢] |:C:]TC] — C']Z_IC]+1:|>
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BRIDGING QCD AND CONDENSED MATTER

What is our goal?

Treat strongly interacting condensed matter systems in an unbiased manner, e.g. the spinless tV-model.

L L—1 _¢2
B j o ; ; Now we also need to
eit/ P = 2 [ 16/ i1+ H.c. ] ”an+ oV '?) [CJ' Cj+CJ'+1Cj+1] integrate over the

=1 =1 .y .
! ! auxiliary fields

~~ ~~

H, H,

. L : # fermionic sites

PQZ _’TA ¢'B (@] ¢
| (gb)exp( ) {tZIexp C exp( C [gb]c)} VLl

i 2N, matrix multiplications
9 (¢) exp ( ;bm> det | + e A Bld o=Ap=BI¢"] | o—Ap—Bl4™] * O (NtL3)
“ =M(¢)
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N, : # time slices

1=

X
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BRIDGING QCD AND CONDENSED MATTER
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