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The (smeared) R-ratio
A prime example of (smeared) spectral density

Total cross-section σ(e+e− → hadrons) ∝ R(s)
[Cabibbo and Gatto 1961; Cabibbo et al. 1970]

R(q2)
(
qµqν − q2δµν

)
∝ ⟨0|V EM

µ (0)δ4 (H− q)V EM
ν (0)|0⟩

V EM
µ (x) =

∑
f

qf ψ(x)γµψ(x)
[PDG 2022]
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KLOEpeak

227.4 ± 0.7 ± 1.0

Tau
232.4 ± 0.9 ± 1.0

Lattice
236.1 ± 0.9

In Lattice QCD we only measure C (t) =
∫∞
0 dω

R(ω)
12π2 ω

2e−ωt

⋆ Inverse problem ⇐=

⋆ Only smeared (σ > 0) quantities
R
g
σ(E ) =

∫∞
0 dω R(ω)δgσ(ω,E )

δ
g
σ(ω,E ) = e

− (ω−E)2
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Smeared spectral densities
Spectral reconstructions in Lattice QCD

C(t) = −1
3

3∑
k=1

∫
d3x⃗ ⟨V EM

k (t, x⃗ )V EM
k (0)⟩ =

∫ ∞

0
dω

R(ω)
12π2 ω

2e−ωt

=
∫ ∞

0
dω e−ωtρ(ω) ?

=⇒ ρ[κ] ≡
∫ ∞

0
dω ρ(ω)κ(ω)

Many approaches are currently viable, including
⋆ Backus-Gilbert, HLT, Chebyshev polynomials, Gaussian processes

[Hansen et al. 2017, HLT 2019, Bailas et al. 2020, Del Debbio et al. 2025]
⋆ Analyticity/causality–based [Fields, Abbott, Jay Mon 14:40–15:20]

Staggered correlation functions also admit oscillating contributions

C(na) =
∫ ∞

0
dω e−ωnaρ(ω) − (−1)n

∫ ∞

0
dω e−ωnaρosc(ω)

Here:
1. Generalize methods to staggered correlation functions
2. Test reconstruction methods on mock data

⇒ reconstructions on real data with controlled systematic errors
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Closure tests
Modeling vector isovector staggered correlators

C(na) =
∫ ∞

0
dω ρ(ω)e−ωna − (−1)n

∫ ∞

0
dω ρosc(ω)e−ωna

=
∑
k

Ake
−Ekna − (−1)n

∑
k

Ak,osce
−Ek,oscna

a [fm] L [fm] N3
s × Nt

0.15 5.00 323 × 48
0.12 5.95 483 × 64
0.09 5.70 643 × 96
0.06 5.48 963 × 128

Model light connected energies
and amplitudes [Bazavov et al. 2025]

1. finite-volume effects
→ Chiral and MLLGS models

2. taste-breaking
→ local and one-link data

3. one oscillating state
with E1,osc = 1.170 GeV

0.000

0.001

0.002

0.003

0.004

0.005

0.006

A
k

a = 0.15 fm

0.000

0.001

0.002

0.003

0.004

0.005

a = 0.12 fm

0.600 0.800 1.000 1.200 1.400 1.600 1.800

Ek [GeV]

0.000

0.001

0.002

0.003

0.004

0.005
A
k

a = 0.09 fm

0.600 0.800 1.000 1.200 1.400 1.600 1.800

Ek [GeV]

0.000

0.001

0.002

0.003

0.004

0.005

0.006

a = 0.06 fm

local, CM

local, MLLGS

one-link, CM

one-link, MLLGS

Finite-volume unsmeared R-ratio

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 3

https://doi.org/10.1103/d583-yhfs
https://inspirehep.net/authors/2784995?ui-citation-summary=true


Closure tests
Modeling vector isovector staggered correlators

C(na) =
∫ ∞

0
dω ρ(ω)e−ωna − (−1)n

∫ ∞

0
dω ρosc(ω)e−ωna

=
∑
k

Ake
−Ekna − (−1)n

∑
k

Ak,osce
−Ek,oscna

a [fm] L [fm] N3
s × Nt

0.15 5.00 323 × 48
0.12 5.95 483 × 64
0.09 5.70 643 × 96
0.06 5.48 963 × 128

Model light connected energies
and amplitudes [Bazavov et al. 2025]

1. finite-volume effects
→ Chiral and MLLGS models

2. taste-breaking
→ local and one-link data

3. one oscillating state
with E1,osc = 1.170 GeV

0

2

4

6

8

10

R
g σ
(E

)

a = 0.15 fm

0

2

4

6

8

a = 0.12 fm

0.600 0.800 1.000 1.200 1.400 1.600 1.800

E [GeV]

0

1

2

3

4

5

6

7

R
g σ
(E

)

a = 0.09 fm

0.600 0.800 1.000 1.200 1.400 1.600 1.800

E [GeV]

0

1

2

3

4

5

6

a = 0.06 fm

σ = 0.050 GeV
local, CM

local, MLLGS

one-link, CM

one-link, MLLGS

Finite-volume smeared R-ratio

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 3

https://doi.org/10.1103/d583-yhfs
https://inspirehep.net/authors/2784995?ui-citation-summary=true


Outline

⋆ Introduction & Motivations

⋆ Numerical setup

⇒ Linear reconstruction methods

⋆ Non-linear reconstruction methods

⋆ Conclusions & Outlook



Reconstructing smeared observables
Linear reconstruction strategies applied to even-odd data

1. Standard linear reconstruction inversion strategies solve for

C (na) =
∫∞
0 dω ρ(ω)bn(ω) =⇒ ρ[κ] =

∫∞
0 dω ρ(ω)κ(ω)

i. Approximated target smearing kernel: κ(ω) ≈
∑
n

gnbn(ω) = κ(ω)

ii. Approximated smeared spectral function: ρ[κ] ≈
∑
n

gnC (na) = ρ[κ]

2. Can be applied to even-odd staggered data [Stewart et al. Lattice 2024]{
C (2na) =

∫∞
0 dω ρeven(ω)b2n(ω) , ρeven(ω) = ρ(ω) + ρosc(ω)

C ((2n + 1)a) =
∫∞
0 dω ρodd(ω)b2n+1(ω) , ρodd(ω) = ρ(ω) − ρosc(ω)

1
2 (ρeven[κeven] + ρodd[κodd]) =

∑
n

[
geven
2n C (2na) + godd

2n+1C ((2n + 1)a)
]

= ρ[12 (κeven + κodd)] + ρosc[12 (κeven − κodd)]
= ρ[κ] + ρosc[κosc] , κosc ≈ κosc(ω) = 0

3. Can we design strategies to directly target ρ[κ] and ρosc[κosc = 0]?

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 4

https://doi.org/10.22323/1.466.0126
https://inspirehep.net/authors/2784995?ui-citation-summary=true


Reconstructing smeared observables
Linear reconstruction strategies applied to even-odd data

1. Standard linear reconstruction inversion strategies solve for

C (na) =
∫∞
0 dω ρ(ω)bn(ω) =⇒ ρ[κ] =

∫∞
0 dω ρ(ω)κ(ω)

i. Approximated target smearing kernel: κ(ω) ≈
∑
n

gnbn(ω) = κ(ω)

ii. Approximated smeared spectral function: ρ[κ] ≈
∑
n

gnC (na) = ρ[κ]

2. Can be applied to even-odd staggered data [Stewart et al. Lattice 2024]{
C (2na) =

∫∞
0 dω ρeven(ω)b2n(ω) , ρeven(ω) = ρ(ω) + ρosc(ω)

C ((2n + 1)a) =
∫∞
0 dω ρodd(ω)b2n+1(ω) , ρodd(ω) = ρ(ω) − ρosc(ω)

1
2 (ρeven[κeven] + ρodd[κodd]) =

∑
n

[
geven
2n C (2na) + godd

2n+1C ((2n + 1)a)
]

= ρ[12 (κeven + κodd)] + ρosc[12 (κeven − κodd)]
= ρ[κ] + ρosc[κosc] , κosc ≈ κosc(ω) = 0

3. Can we design strategies to directly target ρ[κ] and ρosc[κosc = 0]?

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 4

https://doi.org/10.22323/1.466.0126
https://inspirehep.net/authors/2784995?ui-citation-summary=true


Reconstructing smeared observables
Linear reconstruction strategies applied to even-odd data

1. Standard linear reconstruction inversion strategies solve for

C (na) =
∫∞
0 dω ρ(ω)bn(ω) =⇒ ρ[κ] =

∫∞
0 dω ρ(ω)κ(ω)

i. Approximated target smearing kernel: κ(ω) ≈
∑
n

gnbn(ω) = κ(ω)

ii. Approximated smeared spectral function: ρ[κ] ≈
∑
n

gnC (na) = ρ[κ]

2. Can be applied to even-odd staggered data [Stewart et al. Lattice 2024]{
C (2na) =

∫∞
0 dω ρeven(ω)b2n(ω) , ρeven(ω) = ρ(ω) + ρosc(ω)

C ((2n + 1)a) =
∫∞
0 dω ρodd(ω)b2n+1(ω) , ρodd(ω) = ρ(ω) − ρosc(ω)

1
2 (ρeven[κeven] + ρodd[κodd]) =

∑
n

[
geven
2n C (2na) + godd

2n+1C ((2n + 1)a)
]

= ρ[12 (κeven + κodd)] + ρosc[12 (κeven − κodd)]
= ρ[κ] + ρosc[κosc] , κosc ≈ κosc(ω) = 0

3. Can we design strategies to directly target ρ[κ] and ρosc[κosc = 0]?

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 4

https://doi.org/10.22323/1.466.0126
https://inspirehep.net/authors/2784995?ui-citation-summary=true


HLT reconstruction strategies
Even-odd & staggered strategies

1. Apply HLT inversion strategy [HLT 2019] to even-odd data

κ(ω) ≈
∑
n

gnbn(ω) ≡ κ(ω)

⇒ gn minimize A[g ] + λB[g ]

A[g ] =
∫

dω |κ(ω) − κ(ω)|2

B[g ] = gTBg , B = A[0]
C(a)2 E6 Cov

⇒ Tune λ s.t. A[gλ] = 10B[gλ]
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target
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2. Implement dedicated staggered HLT strategy

κ(ω) ≈
∑
n

gnbn(ω) ≡ κ(ω) , κosc(ω) ≈
∑
n

gn(−1)nbn(ω) ≡ κosc(ω)

Define gn to simultaneously target κ(ω) and κosc(ω) = 0 by minimizing

A[g ] + µAosc[g ] + λB[g ] , Aosc[g ] =
∫

dω |κosc(ω) − κosc(ω)|2
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Gaussian Processes
Even-odd & staggered strategies

1. Apply GP inversion strategy [Del Debbio et al. 2025] to even-odd data

⇒ Take ρ ∼ GP
(
ρprior
ϑ ,Kprior

ϑ

)
⇒ Infer ρ ∼ GP

(
ρpost
ϑ ,Kpost

ϑ

)
e.g. Kprior(ω,ω′) = eαω′

λ δ
g
σK(ω,ω′)

a. Fix ϑ by minimizing NLL
b. Marginalize (MC) w.r.t. ϑ ⇐=
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log10 λ
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2. Implement dedicated
staggered GP strategy

⇒ Take ρ ∼ GP
(
ρprior
ϑ ,Kprior

ϑ

)
and ρosc ∼ GP

(
ρprior
osc,ϑ,Kprior

osc,ϑ

)
⇒ Infer ρ ∼ GP

(
ρpost
ϑ ,Kpost

ϑ

)

Matteo Saccardi Towards the smeared R-ratio with Nf = 2 + 1 + 1 HISQ 6

https://doi.org/10.1140/epjc/s10052-025-13885-9
https://inspirehep.net/authors/2784995?ui-citation-summary=true


Gaussian Processes
Even-odd & staggered strategies

1. Apply GP inversion strategy [Del Debbio et al. 2025] to even-odd data

⇒ Take ρ ∼ GP
(
ρprior
ϑ ,Kprior

ϑ

)
⇒ Infer ρ ∼ GP

(
ρpost
ϑ ,Kpost

ϑ

)
e.g. Kprior(ω,ω′) = eαω′

λ δ
g
σK(ω,ω′)

a. Fix ϑ by minimizing NLL
b. Marginalize (MC) w.r.t. ϑ ⇐=

0.70 0.75

log10 λ

0

20

40

co
u

nt
s

0.0 0.5

σK [GeV]

0.70

0.75

0.05 0.10

ε

0.70

0.75

0.725 0.750 0.775

log10 λosc

0.70

0.75

0.0 0.5

σK,osc [GeV]

0.70

0.75

0.05 0.10

εosc

0.70

0.75

lo
g 1

0
λ

0.0 0.5

σK [GeV]

0

100

200

co
u

nt
s

0.05 0.10
0.0

0.2

0.4

0.725 0.750 0.775
0.0

0.2

0.4

0.0 0.5
0.0

0.2

0.4

0.05 0.10
0.0

0.2

0.4

σ
K

[G
eV

]

0.05 0.10

ε

0

50

100

150

co
u

nt
s

0.725 0.750 0.775

0.05

0.10

0.0 0.5

0.05

0.10

0.05 0.10

0.05

0.10

ε

0.725 0.750 0.775

log10 λosc

0

20

40

60

co
u

nt
s

0.0 0.5

0.72

0.74

0.76

0.78

0.05 0.10

0.72

0.74

0.76

0.78

lo
g 1

0
λ

os
c

0.0 0.5

σK,osc [GeV]

0

100

200

co
u

nt
s

0.05 0.10
0.0

0.2

0.4

0.6

σ
K
,o

sc
[G

eV
]

0.05 0.10

εosc

0

50

100

150

ε o
sc

−540 −530 −520 −510 −500 −490

NLL

a = 0.09 fm, 1L MLLGS, E = 0.760 GeV, σ = 0.200 GeV

2. Implement dedicated staggered GP strategy

⇒ Take ρ ∼ GP
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ρprior
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Analysis pipeline
Pointwise extraction (staggered)
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Analysis pipeline
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⋆ Numerical setup

⋆ Linear reconstruction methods

⇒ Non-linear reconstruction methods

⋆ Conclusions & Outlook



Causal bootstrap [MS et al. 2026]
Bounding positive smeared spectral functions [Abbott Mon 15:00]

1. Apply CB inversion strategy to even-odd data
Fails if not modified, as ρodd = ρ− ρosc is not necessarily positive

2. Implement dedicated staggered strategies

Primal problem i.e. computing upper/lower bounds on ρ[κ]

max/minρ,ρosc

∫ ∞

0
dω ρ(ω)κ(ω)

s.t. ρ(ω) ≥ 0 , ρosc(ω) ≥ 0

and (C [ρ, ρosc] − C)TCov−1(C [ρ, ρosc] − C) ≤ χ2
0

Dual problem i.e. computing upper/lower bounds on κ and κosc = 0

max/ming gTC − χ0

√
gTCov g

s.t. κ(ω) −
∑
n

gnbn(ω) ≶ 0

and κosc(ω) −
∑
n

gn(−1)nbn(ω) ≶ 0
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Analysis pipeline
Pointwise extraction (staggered #2)
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Analysis pipeline
Energy scan
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Conclusions
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⋆ Staggered correlation functions require dedicated methods
◦ Linear methods: HLT and GP
◦ Causal bootstrap: certified bounds for ρ(ω) ≥ 0

⋆ Mock data with realistic FV and TB effects ⇒ closure tests
⋆ Interesting questions remain open

◦ Matrix-valued C(t) (variational, e.g. ππ) [Abbott Mon 15:00]
◦ Choice of smearing kernels [Jay Mon 15:20]
◦ Finite-volume corrections [Bresciani Tue 15:00]
◦ Continuum limit: at fixed tmin [MS and Toniolo Tue 14:00–14:20]
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Outlook
Certifying linear methods [Jay Mon 15:20]

1. Linear methods only guarantee the reconstruction of ρ[κ]
2. Bound ρ[κ] − ρ[κ] ≤ σsyst[ρ[κ]] from C (t) [Jay and MS 2026]
3. Tune λ balancing e.g. σsyst[ρ[κ]] = σstat[ρ[κ]]
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Outlook
Applications to real data
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Outlook
Applications to real data
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Thank you for your attention!
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Closure tests
Ensembles

a [fm] L [fm] N3
s × Nt am aMΩ

0.15 5.00 323 × 48 0.002426 1.3246(26)
0.12 5.95 483 × 64 0.0001907 1.0494(17)
0.09 5.70 643 × 96 0.0001326 0.75372(97)
0.06 5.48 963 × 128 0.0008 0.4834(11)
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Finite-volume effects



HLT stability analysis
Tuning the regulator parameter
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Certifying linear methods [Jay and MS 2026]
Computing upper and lower bounds on smearing kernels
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Certifying linear methods [Jay and MS 2026]
Tuning the regulator parameter
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Gaussian Processes
Sampling strategies

⋆ Nested Sampling (NS) [Skilling 2004; Skilling 2006]

⋆ Random walk (RW) MCMC
⋆ Affine-Invariant Sampling (AIS) [Goodman and Weare 2010]

https://doi.org/10.1214/06-BA127
https://doi.org/10.2140/camcos.2010.5.65


Analysis pipeline
Pointwise extraction (even-odd)
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Analysis pipeline
HLT energy scan (even-odd)
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Analysis pipeline
CB energy scan
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