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THE (SMEARED) R-RATIO
A prime example of (smeared) spectral density

Total cross-section o(eTe™ — hadrons) x R(s)
[Cabibbo and Gatto 1961; Cabibbo et al. 1970]
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THE (SMEARED) R-RATIO .

A prime example of (smeared) spectral density

Total cross-section o(eTe™ — hadrons) x R(s)
[Cabibbo and Gatto 1961; Cabibbo et al. 1970]
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In Lattice QCD we only measure C(t) =[5

* Inverse problem < I ‘\
| |
* Only smeared (o > 0) quantities

RE(E) = [¢° dw R( )5g( E) /
Vo
5§(w, £)= e 57 jVano? [ETMC 2023]
[Margari Fri 16:50]
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SMEARED SPECTRAL DENSITIES
Spectral reconstructions in Lattice QCD

Rw)w

( 2 —wt
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3 ¢S]
()= /d3>?<VEM(t,>?)VEM(O)> =/0 dw
k=1

= [Tavettoe) L pld= [ depino)

Many approaches are currently viable, including
* Backus-Gilbert, HLT, Chebyshev polynomials, Gaussian processes
[Hansen et al. 2017, HLT 2019, Bailas et al. 2020, Del Debbio et al. 2025]
* Analyticity /causality—based [Fields, Abbott, Jay Mon 14:40-15:20]
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SMEARED SPECTRAL DENSITIES
Spectral reconstructions in Lattice QCD
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3 ¢S]
c(t) = _é /d3>?<VEM(t,>?)VEM(O)> =/ dw ’fé‘”z)wze—wf
k=1 0 T

= [Tavettoe) L pld= [ depino)

Many approaches are currently viable, including
* Backus-Gilbert, HLT, Chebyshev polynomials, Gaussian processes
[Hansen et al. 2017, HLT 2019, Bailas et al. 2020, Del Debbio et al. 2025]
* Analyticity /causality—based [Fields, Abbott, Jay Mon 14:40-15:20]

Staggered correlation functions also admit oscillating contributions

oo

C(na) = /000 dwe “"p(w) — (—1)”/0 dwe™ " posc(w)

Here:
1. Generalize methods to staggered correlation functions
2. Test reconstruction methods on mock data
= reconstructions on real data with controlled systematic errors
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CLOSURE TESTS
Modeling vector isovector staggered correlators

al[fm] L[fm] N2 x N,
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Model light connected energies
and amplitudes [Bazavov et al. 2025] ]
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RECONSTRUCTING SMEARED OBSERVABLES
Linear reconstruction strategies applied to even-odd data

1. Standard linear reconstruction inversion strategies solve for
C(na) = J§° duo plw)b(w) = pls] = 5 deo pleo)n(e)
i. Approximated target smearing kernel:  k(w) = Zg,,b,,(w) = F(w)

ii. Approximated smeared spectral function: p[x] =~ Zg,,C(na) = p[F]

n
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RECONSTRUCTING SMEARED OBSERVABLES
Linear reconstruction strategies applied to even-odd data

&
o

>

1. Standard linear reconstruction inversion strategies solve for
C(na) = J§° duo plw)b(w) = pls] = 5 deo pleo)n(e)
i. Approximated target smearing kernel:  k(w) = Zg,,b,,(w) = F(w)
n
ii. Approximated smeared spectral function: p[x] =~ Zg,,C(na) = p[F]

Can be applied to even-odd staggered data [Stewart et al. Lattice 2024]

2,

{ (2na) = [y dw peven(w)ban(w) peven(w) =
1

p

p(w) + posc(w)
C((2n+1)a) = [5° dw podd(w)b2ns1(w),  Podd(w) = p(w) — posc(w)
(Peven[Feven] + Podd[Fodd]) = [ge"e" C(2na) + g3%¢, C((2n + l)a)}

= P[%(Eeven + Rodd)] + POSC[%(Reven — Fodd)]
= p[ﬁ] + posc [Eosc] ,  Kosc & ’fosc(w) =0
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RECONSTRUCTING SMEARED OBSERVABLES
Linear reconstruction strategies applied to even-odd data
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1. Standard linear reconstruction inversion strategies solve for
C(na) = J§° duo plw)b(w) = pls] = 5 deo pleo)n(e)
i. Approximated target smearing kernel:  k(w) = Zg,,b,,(w) = F(w)
n
ii. Approximated smeared spectral function: p[x] =~ Zg,,C(na) = p[F]

Can be applied to even-odd staggered data [Stewart et al. Lattice 2024]

2,

{ (2na) = [y dw peven(w)ban(w) peven(w) =
1

p

p(w) + posc(w)
C((2n+1)a) = [5° dw podd(w)b2ns1(w),  Podd(w) = p(w) — posc(w)
(Peven[Feven] + Podd[Fodd]) = [ge"e" C(2na) + g3%¢, C((2n + l)a)}

= P[%(Eeven + Rodd)] + POSC[%(Reven — Fodd)]
= p[ﬁ] + posc [Eosc] ,  Kosc & "fosc(w) =0
3. Can we design strategies to directly target p[x] and posc[kosc = 0]7
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HLT RECONSTRUCTION STRATEGIES

Even-odd & staggered strategies

Zgnbn

1. Apply HLT inversion strategy [HLT 2019] to even-odd data

) = R(w)

= gn minimize A[g] + A\B|g]

Alg) = [ do In(w) - ()
= Tune X s.t. A[g)] = 10B[gy]

Matteo Saccardi

3,
2

aF Kf
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HLT RECONSTRUCTION STRATEGIES
Even-odd & staggered strategies

&

1. Apply HLT inversion strategy [HLT 2019] to even-odd data

E 8n bn = KJ ) a= l‘).Of] fm, 1L I\ILLGSA‘E = li‘.7(i0 (}‘o\". o= 0.200‘ GeV

— target

= gp minimize A[g] + )\B[g] ..... .

even-odd
u=10*

Ale] = / do |(w) - R@)?

Blg]=¢"Bg, B= CA([O)] E® Cov

= Tune \ s.t. A[gy] = 10B[g)] Tl ¥ B T

2T

025 050 075

Implement dedicated staggered HLT strategy

Zgnbn —H ), /‘iosc Zgn

.00 1.2 150 75 200

w [GeV]

n ) = Eosc(w)
Define gy, to simultaneously target x(w) and nosc(w) = 0 by minimizing

A[g] + MAosc[g] + /\B[g] ' Aosc[g] = /dw |’<vosc(w) - Rosc(w)|2
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(GAUSSIAN PROCESSES
Even-odd & staggered strategies

1. Apply GP inversion strategy [Del Debbio et al. 2025] to even-odd data

a=0.09 fm, 1L MLLGS, E = 0.760 GeV, 0 = 0.200 GeV (odd)

loggo A  ox[Gev] ¢
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B
o [
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GAUSSIAN PROCESSES
Even-odd & staggered strategies N

1. Apply GP inversion strategy [Del Debbio et al. 2025] to even-odd data

a = 0.0 fin, 1L MLLGS, E = 0.760 GeV', o = 0.200 GeV

 Take e GP (K2
= Infer p ~ GP (pEOSt, ICZOSt)
eg. KPor(w,w') = €08, (w,w')
a. Fix ¥ by minimizing NLL
b. Marginalize (MC) w.r.t. ¥ <=

2. Implement dedicated staggered GP strategy

= Take p~ GP (o5 K5™°) and posc ~ GP (Bt K2 )
post post

= Infer p ~ GP (p19 Ky )
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ANALYSIS PIPELINE
Pointwise extraction (staggered)
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ANALYSIS PIPELINE

Pointwise extraction (staggered)

staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV

2.6_ T T T T T =
9 2.4 b
) <o <o
® ¢
oot 89 P
ast ¢ ;¢
2 20t 1
—~
m
5}
E 1.8F b
0p]

1.6f o exact a, L, OL $  HLTOL ]

0 (0.06)* (0.09) (0.12)? (0.15)?
a? [fm?]

Matteo Saccardi Towards the smeared R-ratio with Ny =2 + 1 4+ 1 HISQ 7


https://inspirehep.net/authors/2784995?ui-citation-summary=true

ANALYSIS PIPELINE

Pointwise extraction (staggered)
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ANALYSIS PIPELINE

Pointwise extraction (staggered)

staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV
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ANALYSIS PIPELINE

Pointwise extraction (staggered)
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ANALYSIS PIPELINE

Pointwise extraction (staggered)
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Pointwise extraction (staggered)

ANALYSIS PIPELINE
oo
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ANALYSIS PIPELINE
Pointwise extraction (staggered)
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CAUSAL BOOTSTRAP [MS eT AL. 2026]
Bounding positive smeared spectral functions [Abbott Mon 15:00] N

1. Apply CB inversion strategy to even-odd data
Fails if not modified, as poqq = p — posc is not necessarily positive
2. Implement dedicated staggered strategies

Primal problem i.e. computing upper/lower bounds on p[x]
o0
max/min, , / dw p(w)r(w)
1//osc 0
st. p(w) >0, posc(w) >0
and (Clp, posc] — €) " Cov™(Clp, posc] - €) < X3

Matteo Saccardi Towards the smeared R-ratio with Ny =2 + 1 4+ 1 HISQ 8


https://arxiv.org/abs/2605.20509
https://inspirehep.net/authors/2784995?ui-citation-summary=true

CAUSAL BOOTSTRAP [MS ET AL. 2026]
Bounding positive smeared spectral functions [Abbott Mon 15:00]

&

1. Apply CB inversion strategy to even-odd data
Fails if not modified, as poqq = p — posc is not necessarily positive
2. Implement dedicated staggered strategies

Primal problem i.e. computing upper/lower bounds on p[x]

o0
max/min, , /0 dw p(w)r(w)
st. p(w) >0, posc(w) >0
and (Clp, posc] — €) " Cov™(Clp, posc] - €) < X3

Dual problem i.e. computing upper/lower bounds on x and Kosc = 0

max/min, g"C—xo\/gTCovg

s.t. k(w) — Zgnbn(w) s0

and Kosc(w) — Zgn(—l)"bn(w) <0

Matteo Saccardi Towards the smeared R-ratio with Ny =2 + 1 4+ 1 HISQ


https://arxiv.org/abs/2605.20509
https://inspirehep.net/authors/2784995?ui-citation-summary=true

ANALYSIS PIPELINE
Pointwise extraction (staggered #2) o

5 6staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV
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ANALYSIS PIPELINE
Pointwise extraction (staggered #32) oo

5 6staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV
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ANALYSIS PIPELINE
Energy scan

smeared R-ratio

CB vs HLT continuum comparison | FV=MLLGS | smear=gaussian | sigma=200MeV
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CONCLUSIONS

| FV=MLLGS

| E=763.265 McV, 7 = 200 MeV

smeared R-ratio

smeared R-ratio

cB -4~ HLT staggered
— exacta=0,L=w - HIT even-odd
0 (0.062 (0.09) (0.12)? (0.15) exacta=0,L=6fm

a? [fmz] 02 0.4 0.6

08 10 12 14
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* Staggered correlation functions require dedicated methods

o Linear methods: HLT and GP

o Causal bootstrap: certified bounds for p(w) > 0
* Mock data with realistic FV and TB effects = closure tests
* Interesting questions remain open
Matrix-valued C(t) (variational, e.g. 77) [Abbott Mon 15:00]
Choice of smearing kernels [Jay Mon 15:20]

Finite-volume corrections [Bresciani Tue 15:00]
Continuum limit: at fixed tpin [MS and Toniolo Tue 14:00-14:20]

[e]

O O O
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OUTLOOK
Certifying linear methods [Jay Mon 15:20]

1. Linear methods only guarantee the reconstruction of p[&]
2. Bound p[k] — p[R] < Tsyst[p[x]] from C(t) [Jay and MS 2026]
3. Tune X balancing e.g. Tsyst[p[x]] = ostat[p[%]]

smeared R-ratio

staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV
T T T T T

* exact a=0,L=o00 ¢
& exacta=0,L=06fm $
2 75’ & exact a, L o
I Certified HLT joint a — 0 o
2 50 L E Previous HLT joint a — 0
2.25¢
2.00r
1.750

Certified HLT OL
Certified HLT 1L
Previous HLT 0L
Previous HLT 1L

a’ [fm?]

0 (0.062 (0,097  (0.12)

Matteo Saccardi
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OUTLOOK
Certifying linear methods [Jay Mon 15:20]

1. Linear methods only guarantee the reconstruction of p[&]
2. Bound p[k] — p[R] < Tsyst[p[x]] from C(t) [Jay and MS 2026]
3. Tune X balancing e.g. Tsyst[p[x]] = ostat[p[%]]

smeared R-ratio

staggered | FV=MLLGS | smear=gaussian | E=763.265 MeV, o = 200 MeV
T T T T T

* exacta=0,L=o00 ¢ Certified HLT 0L
O exacta=0,L =06 fm ¢ Certified HLT 1L
2.75F 6 exact a, L I coBoL 1
@ Certified HLT joint a — 0 L cB1L
250 L I CB joint a — 0 |
2.25¢ L :
O_ "‘2= ) )‘e
2.000 | & -
1.75¢ I | L L T
0 (0.06) (0.092  (0.12)2 (0.15)?
a’ [fm?]
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OUTLOOK

Applications to real data

CB | E =mg =1019.0 MeV, o = 200 MeV

[Raslo(E)

—— 0L fit § 0L data *  jointa—0

Matteo Saccardi
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OUTLOOK
Applications to real data

Strange-strange connected, o = 200 MeV

------ my = 1019 MeV

—— jointa — 0
—
=
w06 \ N
=

w
=
260 460 660 860 1600 12100 14100 lﬁbO 18b0
E [MeV]

Thank you for your attention!
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CLOSURE TESTS

Ensembles
a [fm] L [fm] NS3 X N am aMq
0.15 5.00 323 x 48 0.002426 1.3246(26)
0.12 5.95 483 x 64 0.0001907 1.0494(17)
0.09 5.70 64% x 96 0.0001326  0.75372(97)
0.06 5.48 96% x 128  0.0008 0.4834(11)
a =0.15 fm a=0.12 fm
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CLOSURE TESTS

Ensembles
a [fm] L [fm] N53 X N am aMq
015 500  32°x48  0.002426  1.3246(26)
0.12 5.95 483 x 64 0.0001907 1.0494(17)
0.09 5.70 64% x 96 0.0001326  0.75372(97)
0.06 5.48 963 x 128 0.0008 0.4834(11)
a=0.15fm a=0.12 fm
5
s by g:
) 2
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FINITE-VOLUME EFFECTS
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HLT STABILITY ANALYSIS
Tuning the regulator parameter
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CERTIFYING LINEAR METHODS [JaAy aAND MS 2026]

Computing upper and lower bounds on smearing kernels

physical

physical margin
o e N e
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CERTIFYING LINEAR METHODS [JaAy aAND MS 2026]

Tuning the regulator parameter
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Sampling strategies

GAUSSIAN PROCESSES

* Nested Sampling (NS) [Skilling 2004; Skilling 2006]
* Random walk (RW) MCMC
* Affine-Invariant Sampling (AIS) [Goodman and Weare 2010]

a =0.09 fm, OL CM, E = 0.760 GeV, 0 = 0.300 GeV
Dynamic NS [ ° |

NS

Tracked RW

RW A

Tracked AIS I -

AIS

Minimize NLL o
0.029 0.030 0.031 0.032 0.033
Pr
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ANALYSIS PIPELINE
Pointwise extraction (even-odd)

smeared R-ratio

even_odd | FV=MLLGS | smear=gaussian | E=763.265 MeV, o =200 MeV
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ANALYSIS PIPELINE
HLT energy scan (even-odd)

hlt_even_odd: smear=gaussian, sigma=200 MeV

P 2=0.06fm 2=0.12 fm Poa=0.15fm §  shared continuum
b 2=0.09 fm

— exacta

FV=MLLGS, disc=1L

smeared R-ratio

FV=CM, disc=0L FV=CM, disc=1L

smeared R-ratio
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ANALYSIS PIPELINE
CB energy scan

a=0.15fm a=0.12fm

smeared R-ratio
o o
° n

°
o
°

°
o
°
°

a=0.09fm a =0.06 fm

2.0 2.0
)
B L5 15
&
5
g
510 10
g

05 05

0.0 0.0

02 04 06 0.8 10 12 14 0.2 0.4 06 0.8 10 12 14
E[GeV] E[GeV]




	Introduction & Motivations
	Numerical setup
	Linear reconstruction methods
	Non-linear reconstruction methods
	Conclusions & Outlook
	Appendix

