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(SMEARED) SPECTRAL DENSITIES
A non-perturbative probe of QCD dynamics N

(Smeared) spectral densities play a pivotal role in particle physics
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In Lattice QCD we measure C(t) = [5° dw e “p(w) [Davier et al. 2006]

* Inverse problem <—

* Only smeared (¢ > 0) quantities
[Hansen, Meyer and Robaina 2017]

p<(E) = fooo dw 0 (w, E)p(w)

(. E) = g
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SPECTRAL DENSITIES AND EUCLIDEAN CORRELATORS
Strategies in Lattice QCD

?

c(t) = /0 Tdwe W) L p(w). px= /0 " o p(w)r(w)

Many lattice-native approaches
* Backus-Gilbert [Hansen, Meyer and Robaina 2017]
* HLT [Hansen, Lupo and Tantalo 2019], Chebyshev [Bailas et al. 2020], ...
* Analyticity/causality—based [Fields, Abbott, Jay Mon 14:40-15:20]

Here:
1. Target continuum definition of p(w) from C(t), t € [tg, o0)

2. Discretized solutions from C(tg + an), n € N
3. Analytic control of convergence rate to the continuum limit
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SPECTRAL DENSITIES FROM INTEGRAL TRANSFORMS
General strategy for an ill-conditioned inverse problem

() = /0 " dw et p(w)

* Define
Csz/dtC(t)us s—/ dw p(w)is(w)

* If bases functions are complete, orthonormal and satisfy

/lsﬁs(w)=/dtﬁs(t)e_“’t, /dttit, (1) = A 2as(¢))

then

Es = /lsﬁs

—> Algebraic inverse problem —
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SPECTRAL DENSITIES FROM INTEGRAL TRANSFORMS
Smeared and regulated spectral functions

) = [ dsiz()ps
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SPECTRAL DENSITIES FROM INTEGRAL TRANSFORMS
Smeared and regulated spectral functions

G
s

o) = [ dsiz(e)

— from Cs = [ dt C(t)us(t) = Asps we can compute p(w)
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SPECTRAL DENSITIES FROM INTEGRAL TRANSFORMS
Smeared and regulated spectral functions

G
s

o) = [ dsiz(e)

— from Cs = [ dt C(t)us(t) = Asps we can compute p(w), px

* Smearing is straightforward

o A*CS X o ~k
p,§=/0 dwn(w)p(w)=/dsnsﬂ—, ns=/0 dw k(w)l}(w)

S
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SPECTRAL DENSITIES FROM INTEGRAL TRANSFORMS
Smeared and regulated spectral functions

Cs

o) = [ dsaz(e) 3

= from Cs = [ dt C(t)us(t) = AsPs we can compute p(w), px

* Smearing is straightforward

o C o0
Pk = / dw k(w)p(w) = /ds REZS, RE= / dw k(w)ig (w)
0 s’ 0
* UV subtractions must be treated separately

o) =42 Cnlt) = [ doe ™ pn(e)
0

C(t) = (~06)™Com(£) — Cm(2) = ﬁ /toodt,c(t,)(”,)ml

Idea: C(t) — Cm(t) — Pms = Cﬁs — pm(w) (= pr.m)
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INTEGRAL TRANSFORMS FOR t € (tp, o)
The Kontorovich-Lebedev & Mehler-Fock transforms

>

* Mellin solution from C(t) on t € (0, c0) [Bruno, Giusti and MS 2025]
* C(t) affected by large discretization errors at t a2 0:

C(t) = /OOO dwe “p(w), t€ [ty 0)

* Introduce the basis functions
[Mehler 1881; Fock 1943; Kontorovich and Lebedev 1939; Lebedev 1972]

_ _ h(m
Us(t) = s(t, to) = w&%ﬁs(%)
s(w) = (w, ) = Y22572) Kaluto)

* They satisfy

oo
/ dtTs(t, tg)e “t = ‘r (% + is)‘ ds(w, to)
to

o .
/ dt mus(t, to) = ‘r (§ + IS)

to

2 — /
" as(t' o)
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Continuum solution to the inverse problem

INTEGRAL TRANSFORMS FOR. t € (tg, 00)
g

Delicate cancellations are at play to recover the exact solution
o0 [22 dt C(t)us(t, to)
~ t S ’
p(w) = / ds ds(w, tg) =2 T
0 ‘F (; + ls)‘

Ot) = e84 e 08t 1 o0 4 — |
— [PG+is)|
N ftjo dt C(t)ﬂs(t, t[))‘
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INTEGRAL TRANSFORMS FOR (t — tg)/a € N @
The discrete Kontorovich-Lebedev & Mehler-Fock transforms o

o0
C(to + na) = / dwe @0+ p)  peN
0

* Introduce the basis functions
[Mehler 1881; Fock 1943; Kontorovich and Lebedev 1939; Lebedev 1972]

_ _ h
0s(t) = Ts(t, o) = \/ S2HEp ()
(W) = 0w, o) = 2s si:h(vrs) K,—S\(/%to)

* They satisfy

o0
/ dtTs(t, tg)e “t = ‘r (% + is)’ ds(w, to)
to

i 1 _ 1, .
/ dt mus(t, t0)= ‘r(j"rIS)

to
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INTEGRAL TRANSFORMS FOR (t — ty)/a € N

The discrete Kontorovich-Lebedev & Mehler-Fock transforms

o
C(to + na) = / dwe @0+ p)  peN
0

* Introduce the basis functions
[Magnus 1950; Rosenblum 1958; Hill 1960]

us(t) = Vs(n, tg, a) o 4/ Stant—z(”s)g,Fg (—n, % +is, % —is; 1,2t/ a; 1)

g V2ssinh(rs) g (% +is, 5 — is; 2t/ a; — 100 )

Us(w) = Vs(w, tg, a) x - i
* They satisfy

00
/ dtTs(t, tg)e “t = ‘r (% + is)‘ ds(w, to)

to

> 1 1 N\2
/ dtmus(t, to):‘r<§+/s>) us(t', to)

Jto
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INTEGRAL TRANSFORMS FOR (t — tg)/a € N
The discrete Kontorovich-Lebedev & Mehler-Fock transforms X

o
C(tp + na) = / dwe @+ p)  peN
0

* Introduce the basis functions
[Magnus 1950; Rosenblum 1958; Hill 1960]

Us(t) = Vs(n, to, a) o /St%t‘)(“)‘ofz (—n,%+ 1 % is; 1,2t/ a; 1)

\/2ssinh(7rs)2’,__1 (l +is, % is; 2t/ a: — e—aw )

lis(w) = Vs(w, tg, a) x - 5 P

* They satisfy

oo
a sz(n' to, a)efw(to-i-an) = ‘r (% + is) \'}s(w, to, a)
n=0
> 1 _ 1 N\P—
a,;) )+ 2t vs(n, tg, a) = ’F (5 + /s)‘ vs(n', to, a)
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INTEGRAL TRANSFORMS FOR (t — tp)/a € N
Discrete solution to the inverse problem

Delicate cancellations are at play to recover the exact solution

o(w) = /OOO ds Us(w, to, @) ‘r <% N is)

ay o2oC(to + na)vs(n, to, a)

Ct) =e "3 4700 4 o709 4 =1, a=1ty/2

10°4
10—1 4
10—2 4
10734
104
10774
1070+
1077

1078,

— [P (G+is)]
— la >0, Clto + an)vs(n, to, a)]
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Continuum limit at fixed ty

INTEGRAL TRANSFORMS FOR (t — ty)/a € N

Basis terms have O(a)-effects in the continuum limit...

Vs(n, to, a) = {1 + % [1+ 2t(9t]}ﬂs(t, to) + 0(a°)

Os(w, to, a) = {1 - % [1+ 2w8w]} bs(w, to) + O(a?)
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INTEGRAL TRANSFORMS FOR (t — tp)/a € N
Continuum limit at fixed ty

&

Basis terms have O(a)-effects in the continuum limit...

v

Us

s(n to,a) = {1 + % [1+ 2t3t]}ﬂs(t, to) + O(a°)

(w, to, a) = {1 - % [1+ 2w8w]} bs(w, to) + 0(a%)

.. but they combine to yield O(a?) effects, if C is O(a)-improved

o(w) = /OOO ds 0s(w, to, )

ay . p2 o C(to + na)vs(n, to, a)

}r(%+is)

oo  dt C(t)Ts(t, to
220, / s (0, 1) o C(E)=(E: 10) s p(w)
o (o)
a 0o 00
+ = | du’ {/ ds ds(w, & o) — 0w — w/)} [w' D p(w")] — 0
2ty Jo .
+0(a%)
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CONCLUSIONS @

C= [, b= /O T dop@sl), [ drus(e = it

_ R , +C
Cs = Asps, plw) = /ds us(w)/l—s
)

Integral equations become algebraic equations

Delicate cancellations in Ss must be at play for exact solutions

*

*

Integral transforms provide target continuum formulas to extract
spectral densities from Euclidean correlators C(t)

Discrete solutions from O(a)-improved correlators are O(a)-improved
Generalizable to smeared and/or regulated spectral functions

*

*

*
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OUTLOOK
Applications to realistic scenarios [Toniolo Tue 14:20]

* Effects of finite temporal/spatial extents studied in the continuum
* Applications require t < tmax

= Reliable reconstructions of Cs only up to |s| = Smax ¢ tmax

= This spoils the delicate cancellations in % at large |s|

% Unknown contributions from |s| > smax can be reliably bound

Matteo Saccardi Spectral densities from integral transforms 11


https://doi.org/10.1016/j.physletb.2021.136191
https://inspirehep.net/authors/2784995?ui-citation-summary=true

OUTLOOK @
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Applications to realistic scenarios [Toniolo Tue 14:20] oo

* Effects of finite temporal/spatial extents studied in the continuum
* Applications require t < tmax

= Reliable reconstructions of Cs only up to |s| = Smax ¢ tmax

= This spoils the delicate cancellations in % at large |s|

% Unknown contributions from |s| > smax can be reliably bound

N¢ = 2 multi-level (two-level) data from i =200,
[Dalla Brida, Giusti, Harris and Pepe 2020] P IR )
at a = 0.065 fm, 96 x 483, M, = 270 MeV | "

3 N 0.050
C(an) = —% Z<Vlgd(an, an)VEu(O» 0.025

~ 0.000
mk

3 3 .. 1)‘17 5
K(w) = exp{ (w2;u2* }/\/ 2102 '
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OUTLOOK @
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Applications to realistic scenarios [Toniolo Tue 14:20] oo

* Effects of finite temporal/spatial extents studied in the continuum
* Applications require t < tmax

= Reliable reconstructions of Cs only up to |s| = Smax ¢ tmax

= This spoils the delicate cancellations in % at large |s|

% Unknown contributions from |s| > smax can be reliably bound

N¢ = 2 multi-level (two-level) data from o : o= 2.0M,
[Dalla Brida, Giusti, Harris and Pepe 2020] 0.125
at a = 0.065 fm, 96 x 483, M, = 270 MeV | "

3 - 0.050
C(an) = —% > (V(an, an ) V" (0))

— 0.000
mk

Thank you for your attention!
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PROPERTIES OF C(t) AND p(w)

cm=/fﬂqwm@m®n
_ 32 ﬁ ipx > p(\/g)
—/d e'P /0 ds

(2m)* p>+s
e [ dw et
e=t) == [T dweiiy)
uv IR
lim C(t) = O(t™P) lim C(t) = O(e )
t—0+ t—=+oo
lim p(w) = O(wP™?) p(w)

w00 WEOWhy)



THE MELLIN TRANSFORM @

eis log(x)

/OOO dtus(t)e ¥t =T (% + is) ui(w), us(x)=

21X

Basis in time: if also C € L%(0, 00)

/ooo dt At + t')us(t) = ]r (% + is) ‘2 i (t)

/ o —w(t+t’) 1

Basis in energy space: if also p € L?(0, 00)
co 2
/ dwH(w, w’)us(w) = ‘r (% + is)’ us(w’)
0

1
w+ w

o0 I
Hw+w') = / dt e~ twte’) =
0



INTEGRAL TRANSFORMS FOR t € (0, c0) @
. \ @'
The Mellin transform o

1. Simplest case:
oo
C(t):/ dwe “tp(w), te(0,00)
0

2. The Mellin transform diagonalizes Laplace:

o0
—wt __ 1 . * _ isloe(x)
/0 dt us(t)e —F(2+Is) us (W), us(x)= Ver=l seR

= /OOO dt ﬁus(t) = ]r (% + is) ’2 us(t')

3. Construct the algebraic equation and invert
C(t) — 87“"” + 67().(1? + 67(] ot

— [P (G+is)]
— | dtC(tu(t)]

/Ooodt us()C() =T (3 + i) /Ooodwp(w)u:(w)

o0 > dt C(t)us(t
p(w) = / ds US(M)M 0
—00 r (§ + IS) 10"




THE MEHLER-FOCK TRANSFORM

&

stanh(7s)
to

/OO dt A(t + t')us(t, tg) = ‘r (% + is) )2ﬁs(t’, to)

to

Us(t, to) = P_1,i(t/t0)

* Time basis if u < 1/4 and v > 1/2 with

lim C(t)=0((t—ty)™ "), lim C(t)=0(t™")

t—td t=+00



THE KONTOROVICH-LEBEDEV TRANSFORM

&

\/25 5|nh(7rs Kis(wtp)
o

00 o 1 BN ,
/ dw Hg (w0, w') s (w, t0)=’r(§+/s)‘ as(', to)
0

ds(w, to)

) e—to(w+w’)

U A dt —t(wtw’) —
to(w +w’) o € w+w

* Energy basis if u < 1/2 and v > 1 with
. _ —u . _ —v
im p(w) =0(@w™),  lim_ p(w) = 0(w"")

* Note:
oo

at et )= |1 (24 5) 0. 0)

to



DISCRETE BASES @

Basis in discrete time space: if {C(tg + an)}, € (3(N)
= / _ 1 A2y
a Z A(a(n+ n") + 2tg)vs(n, tg, a) = ’F (5 + /s)‘ vs(n', to, @)
n=0
vs(n, tg,a) =
Basis in energy space:

stanh(7rs) M (2tg/a— 1/2+’5)| (

— l [ l_ H 2t0
Va/0o)T (2to/a) 3 n5+is, 5—is;1 1)

1 g 1

%) o 1 N2 ,
/ dw Hiy a(w, w)0s(w, tg, @) = ‘F <§ + /5)‘ Us(w', tg, a)
0

Higalw+w')=a Z e~ (totan)(wtw’)
n=0
~ _ stanh(7rs) [F(2tg/a—1/2+is)|
Us(w. to, a) = Va/(2t0)T (210/2)

w . 2t0 e wa
X’/2t0].ea“)2Fl(§+lS'2 Isl, P m)

Note: ay oo w(totan)y (n ty, a ‘r <% + is)

Us(w, tg, a)




REGULATED SPECTRAL DENSITIES @
Strategies Ct&gﬁxi)

C)= [ doe ) = (o) = [ 85 ()ims

UV subtractions must be treated separately: only g, s may exist

1. Reconstruct unsubtracted C 2. Reconstruct unsubtracted p
C(t) = (~1)"0F Cn(1) Cim ()= €™ = [ do ™t 0)
Crle) = [ de™ () = [ dwe -0 m()
= ﬁ/t dt’ C(¢')(t — )"} () = / o r(m ‘lp(m)(w/)
i. Reconstruct Cm(t) from C(t) i Reconstruct p(,y, from C(;n)
ii. Reconstruct pm from pms = % ii. Reconstruct pm from p(p

= Unsubtracted (m = 0) spectral reconstructions are all we need



REGULATED SPECTRAL DENSITIES
Relative errors of discretized strategy 1 in the continuum limit
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