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Introduction Methodology and Results Conclusions

WHAT DO WE STUDY 7

THE PION ELECTROMAGNETIC FORM FACTOR

® The pion form factor F; is a physical quantity which describes the interaction
between the photon and two pions.

™
Time-like regime, defined by: P1/4 K
(Olju(@mm(p1+p2)) = (1 — p2)u Fr () , Y~ NG
—> N
q=p1+p2, ¢ > 4m2, j, = isospin-1 em current. 1 A
T

® Phenomenologically relevant for the HVP contribution to the muon g — 2,
the pion charge radius, properties of p meson to name a few.

® [attice QCD: solid, rigorous and systematically improvable non-perturbative
setup to calculate hadronic quantities from first principles simulations.
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AIM: extract the time-like F; across the full kinematically allowed

energy range.
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STATE OF THE ART

FINITE-VOLUME LUSCHER APPROACH

® Limited to elastic regime, (2m,)? < s = ¢*> < (4m,)? (isospin limit).

® Phase and modulus from finite-volume energies F, and matrix elements

Cn (L) of jﬂ: [Liischer, 1986] [Liischer, 1991] [Lellouch and Liischer, 2001] [Meyer, 2011]
01(kpn) = nw — ¢(qn = knL/27), E, =2y/m2 + k2,
2 37TE7% 2
ER (B = {hah (k) + n (40)} = len( D)

(see e.g. [Feng et al., 2015] [Bulava et al., 2016] [Erben et al., 2020])

(see e.g. [Ortega-Gama, Dudek, and Edwards, 2024] for inclusion of KK channel)

® \Watson's theorem:

F(s) = |Fr(s)[e®) | §(s) = P-wave 7w scattering phase shift .

® Why elastic regime ? Quantization conditions known only for two and three

rticles.
particles (e.g. [Polejaeva and Rusetsky, 2012] [Briceno and Davoudi, 2013] [Hansen and Sharpe, 2014])

Gabriele Morandi A calculation of the time-like pion-FF via an co-volume approach 2/13



Introduction Methodology and Results Conclusions

LONG-TERM GOAL

HADRONIC WEAK DECAYS INTO MULTI-HADRON FINAL STATES

® The pion form factor serves as a test bed for application of inverse-like
methods in QCD valid in all kinematic regions.

® Far-reaching goal: study hadronic weak decays with two-hadron final states
= relevant for flavor physics (e.g. extraction of CKM matrix elements).

® Study long-time behavior of 4pt-correlator to extract matrix elements like
(B/D[H.w(0)|7m) ,

H.,(0) = effective weak Hamiltonian.

® Several open channels, multi-particle states are relevant.
= quantization conditions are challenging. Try inverse-method techniques.
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LATTICE SETUP

PHYSICAL PION MASS ENSEMBLES

® Analysis on ensembles generated by the RBC/UKQCD collaborations.

[Blum et al., 2016] [Blum et al., 2025]

® Ny =241 chirally symmetric Mébius domain wall fermions, Iwasaki gauge
action, physical pion mass.

® This work: fixed a but different spatial volumes.

Ensemble a7 !'/GeV L3 xT x Ls/a® m;/MeV — mg/MeV  m,L

481 1.7312(28) 48 x 96 x 24 139.32(30) 499.44(88) 3.9
c 1.7312(28)  64° x 96 x 24 139.32(30) 499.44(88) 5.2
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3PT CORRELATOR

CENTER-OF-MASS FRAME AND SPECTRAL DECOMPOSITION
Center-of-mass frame (p; = —p2 = p), only spatial components survive:

(0l (q)|7m(0)) = 2pj Fr(4w?), k=1,2,3,

where wp = y/m2 + |p|? and j, = isospin-1 local lattice em current.

an(t0) KT T T ROl (—at—p)
€E”6t
Ci(t, 5t; p)T = Gi(t;p) + O(ewa(Tftfmst)’ e*(E:;n—*E-n—)ét) )
Z”Ta2 p thermal excited-state

[Bulava and Hansen, 2019] [Bruno and Hansen, 2021]
. 1/2
= Gi(t;p) = (01ju(t) 01 (0)|7 (D)), (227 (p) = (m(p)|OL ;(0)]0)).
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EXTRACTION OF Gj(t;p)

SUPPRESSION OF CONTAMINATIONS

y Ens C: (L/27)|p|* = 1.0
L04{,
1.02 ;
Extraction of G (¢; p) by I }
studying the dt-dependence  1.00 bt * } Pt { $ {
of 3pt corr. t/a=4
0.98
1.04
Suppression of excited i
states and thermal effects 102 %
well under control. 1.00 t } + + f f ! + } f %
o *
09875 ! 6 8 10 12 14
ot/a
i OF yeP=0t/2)/3(p)
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SPECTRAL DENSITY OF (¢

CALCULATING THE FORM FACTOR FROM LSZ

® Given the spectral decomposition of G (t; p) [Bulava and Hansen, 2019]
Gr(t;p) = Y (01jk(0)[n(0)) (n(0)|Ox 1(0)[m(p)) e~ ()"
" MO, ]

® Explicitly construct the spectral density from the convolution

prp(E] 0, Or1) ZA EYM [0 1]

® The kernel A, from the LSZ reduction formula — A, (&) = gjw

2wp 2
A I 2y Pr 1 7 On ey = 2DuFl)

® By looking at Re A, and Im A, = extract separately Re F; and Im F.
What about E,,(0) and M,g”g [Or1]?
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GEVP

ENERGIES AND MATRIX ELEMENTS OF G,

® By leveraging GEVP analysis in umeta. 205, extract (0]j3(0)|n(0)) and 7,,(0):
J(1)i0) | J#)Ox(0)
Orn(1)§(0) | Orr ()0 (0)

* j(¢): local and smeared currents.

Cij(t) =

* Orx(t): smeared and polarized two-pion operators with vanishing total mo-
mentum but different relative momenta {p, —p}.

® Perform a constrained fit on

W(t:p) = > —E,(0)t
=2 M,

= to extract M,g”g[(’)w,l} forn=1,...,N.

® |s it a problem including only IV states 7
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SUBTRACTED CORRELATOR

BYPASSING THE INVERSE PROBLEM

® Effect for n > N assessed from a subtracted correlator: spectral density support

lifted from [wo, c0) to [w1,00), with wy < wi.
[Bruno and Hansen, 2021]

® Inclusive approach:
exploiting integral representation of A,, inverse problem is obviated.

® Gj — G5"P: subtract at least the states with w < 2wy, say r, and calculate

tmax

prp(E]0,0n1) = D g0 (12w, )G (L P) +ZM(") [0r 1] A (Bn — 2wp),
t=tg
9o (1; 2wp) @ analytically known coefficients.

® Study plateau in tmax.
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SPECTRAL RECONSTRUCTION, I

o — 0 EXTRAPOLATIONS AND M,E’z [Or 1]

ImF (4w) Red,(E - 2w,) -
R e —— o o 1
1.0
1.25 it
Ik 088
0.7
1.00 i 6
0.5
Ens C: (L/27)|p[ = 1.0 ReFx(4wp) Ens C: (L/27)2pf? = 1.0 a2 | [] '
n 11
0.4 N ¢ MO
10
09 &
0.2 08§
. «  Gounaris Sakurai (pdg) 07
P this work 0.6
-~ linear extrapolation
0.0 - — = 05
0.00 0.25 050 0.75 1.00 1.25 150 300 400 500 600 700 800
E[MeV]

o/ms:
® Window problem: m, > o> 1/L.
= 0 > 0: good finite-size, bad LSZ.

—> 0 ~ 0: bad finite-size, good LSZ. L
[Bresciani, Bruno, and Hansen, 2026], see F. A. Bresciani's talk

® Linear and quadratic extrapolations [Bulava et al., 2022].
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SPECTRAL RECONSTRUCTION, II

o — 0 EXTRAPOLATION OF tan d; (E)

T
1.2 — Or1:7s -=-=combined quadratic

— O ¢ Finite Volume
1.0
0.8

0.6

tan & (2wp)

0.4

0.21

e Ens 481: (L/27)?[p|* = 1.0

0'%.00 0.25 050 075 1.00 125 150 175 2.00
o/my
Im F,(E) . Re ps3,p(2wp |0, Ox 1)
® tandi(F)=———F =1 : :
an o1 (E) Re Fr(E) oo+ Lo Im p3,p(2wp | 0, Or,1)
® Uniqueness of LSZ residue. Strong check with different O 1's.
Combined o — 0 extrapolations.
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PHASE SHIFT

SUMMARY OF RESULTS

0.35
Dispersive (Colangelo et al.) Am,
0.30 Gounaris-Sakurai (pdg)
°  Finite Volume

0.2 ¢ This work
— 0.20
8
=015

0.10

0.05

0.00

300 350 400 450 500 550 600

E [MeV]

® Finite Volume = Liischer's quantization condition.
® Several o — 0 extrapolations averaged with AIC.

® Blue diamonds: (L/27)?|p|> = 1.0 with two different L's (finite lattice spacing).
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CONCLUSIONS

...AND OUTLOOKS

® First tests of inverse problem approach to calculate F,(s)
* using infinite-volume method via LSZ reduction formula;

* at physical pion mass, with difficult window problem.

® Clear extraction of d1(E) in agreement with Finite-Volume in elastic region
and consistency between different operators as o — 0.

[GM et al., in preparation]
® QOutlooks:
* Ongoing computation of G at inelastic energies.

* |Improving precision on M,ETQ[OWJ}, e.g. GEVP using 4pt functions
<7T(p) |O7T (t)ojl' (0) |7T(p)> and Gk (t; p) [Bruno and Hansen, 2021]
* Complete error budget study (future).
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SPACE-LIKE FORM FACTOR F}(0)

EXTRACTION FROM Cy(t, §t; p)

v
p gTq D

m s

Space-like form factor:
(m(P1)]ju(@)I7(P2)) = (p1 + P2)uFr(d”)

q = p1 — P2, ju = isospin-1 local em current.
It needs renormalization: j/(z) = Zv (a)ju(z).

Extraction from Cy for t > T — §t, 1.015 s
t-independent at leading order: et el =
1.010
Ca(t, 0t; p) 1.005 # | + |
o 12 1/2 —En(p)6t *
~ 71 (P)Z5 (p)e” "™ P x 1.000 4 ﬁ?“ﬁ%#ﬁ{w#+w“ {
< (n(®)|7s (O)](p) - - RAR
O 1(0,p) T 0.990 i /a5
T, 0, P O —5t, — . (p)|s(0)|7(p) " dtfa=20
! w2 ( P) (IO _ 7570 t otfa=12
0985 5 10 15 B
) t/a
Jja(t;0)
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SPECTRAL RECONSTRUCTION, III

STABILITY WITH RESPECT TO N

0.51 G a8t (Lo i = 10, Oriim 0-5] (B a8t (£/2e b = 10, Oy 2075
0.4 0.4
0.3 0.3
0.2 0.2
— N=1
. 0.1y v,
-lrp’a]mmv\lc,,\0.0—|J o0 — N-=3 ‘nhumpuup\o,a.!
075 1.00 125 1.50 1.75 2.00 ’ 025 050 075 1.00 1.25 1.50 1.75 2.00
o/m; a/mx
0.25 Ens 481: (L/2x)|pf> = 1.0, O- : 5 0.25 Ens 481: (L/2x)|p|* = 1.0, Oc) : 3
0.20 0.20
0.15 0.15
0.10 0.10
0.05 0.05)
0.00 0001
025 050 075 1.00 1.25 1.50 175 2.00 025 050 075 1.00 1.25 1.50 175 2.00
o/ms o/my
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MORE ON SUBTRACTED CORRELATOR

BYPASSING THE INVERSE PROBLEM

® Consider p(w) with support [wo, 00) (wo > 0) s.t.

/dwp 7wt
Assume the following exists

A(w):/deU(w—w)p(w), Ap(w-5) = — 1

w—w+ioc’

® Introduce integral representation of the kernel
[Bruno and Hansen, 2021] [Bruno et al., 2026]

pa(@) = lim dw/ dte @) 0) = lim dte Gt .
0

T— o0 T—oo Jo

® Limit exists only if @ < wp. Direct analytic continuation is possible if poles are
located on the left of the particle-production branch cut
= subtract poles in G(t) and compute

—  pa@) = [dta, (w60 ).
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SPECTRAL RECONSTRUCTION, IV

STABILITY IN tmax USING ANALYTIC COEFFICIENTS APPROACH.

Ens 481: (L/27)|p[* = 1.0, Oy : 75 Ens 48L: (L/27)|p|* = 1.0, Ox : s

25 25
| EEEERRRRIRTEY. [
2 bbb DT R0 4 el
e B R S SRR 15
TR e i wHHHHTHHHH(HHHHHH

*‘Qll))“... Phigg,
I D R - I S S S REEE
9 ZV‘p{Zl/:A{ “(t:p) + MO, 1 ]lm A, (Ey — 2 } 9 T{ZI/:W( (1) + MU0 A, (B, — }'§

5 10 y 20 25 30 5 10 15 y 20 25 30
!.,ma tmax/a

10 § o/m. =050 Ens 48T (L/2/[pf* = 10, Ony % 10 Ens 48T: (L/2x)|pf* = 10, O,

{ome

= »
=

S
S

7-EEI{ — 2 [
¢ ll“," {Z Re g, (t: 2)G3(t: p) + MIDIO, [Re A, (Ey 7,@.‘} f”ii' {ZW o (t: 20) G0 (t: D) + M) (05 1]Re A, (Ey — ,u,,v}
20w = % | S
0 5 10 15 20 25 30 0 5 10 15 20 25 30
(- tnax/@

Reconstruction by analytic coefficients subtracting only E1 < 2wp.
Comparison with colored bands — —a? EN =3 M(") [Or1]A (En — 2wp).

1/2
7T
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