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Introduction
Motivation and goal

Motivation:

• Pure SU(N) gauge theory is relevant to BSM physics for
example dark matter candidates

• Understanding the nature of pure SU(N) gauge theory such
as first order phase transitions and interfaces tensions

Goal:
Measure Casimir scaling hypothesis for gluon string tension 1

k(N − k)

s(N − s)
.

Evaluate perfect wetting hypothyses σoo(Tc) = 2σod(Tc).

1 Bursa and Teper 2005
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Pure gauge theory on the lattice
Phase transition2

Low temperature color confining Z (N)-symmetric disordered phase:

⟨P(x⃗)⟩ = 0.

High temperature color non-confining Z (N)-breaking ordered
phase:

⟨P(x⃗)⟩ ∼ zn.

First order phase transition

2 Polyakov 1978; Susskind 1979; Brown et al. 1988; Fukugita, Okawa, and Ukawa 1990
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The twist and the formation of an o - o interface
The twist: ising

Low T : ordered phase High T : disordered phase

order-order interface:

1 two ordered phases

2 moves freely

3 location is independent of twist
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The twist and the formation of an o - o interface
The twist: SU(N)

x4

x3

x1, x2

T = {U34(x1, x2, 0, 0) | ∀x1 ∈ {1, · · · ,N1}, x2 ∈ {1, · · · ,N2}}
ST [U] = β

N

∑
x

∑
µ<ν ℜTr[1− z−1

n Uµν(x)].
3

3 Kajantie, Karkkainen, and K. Rummukainen 1991
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Measuring interface tension of o - o interface
CWT method

The surface energy is given by4

F = σ

∫ L

0

∫ L

0

dy dx
√

1 + |∇z |2 = σ

∫ L

0

∫ L

0

dy dx
[
1 + 1

2 |∇z |2 − 1
8 |∇z |4 . . .

]
.

Far below the UV cutoff we can approximate

βF ≈ σ

T

∫ L

0

∫ L

0

dy dx
[
1 + 1

2 |∇z |2
]
.

4 Moore and Turok 1997
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Measuring interface tension of o - o interface
CWT method

Taking the Fourier transform we can evaluate the surface integral,

βF ≈ σ

T

∫ L

0

∫ L

0

dy dx
[
1 + 1

2 |∇z |2
]
≈

∑
n

4π2σn2ẑ2n
2T

.

By equipartition, with n2 ≡ n2x + n2y ̸= 0,

⟨Fn⟩ =
T

2
⇐⇒ n2⟨ẑ2n ⟩ =

T

4π2σ

lattice
=⇒ n2⟨z̃2n ⟩ =

T

a24π2σ
.

Inverting gives the surface tension

σ

T 3
=

N2
t

4π2n2⟨ẑ2n ⟩
,

UV lattice effects scale as O(n2/L2), thus taking n → 0 yields σ/T 3.
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Measuring interface tension of o - o interface
Integration method5

∂

∂β

F

T
=

1

β
⟨SG [U]⟩.

αo-oA = Ftwist − Fno-twist = T

∫
dβ

1

β
(⟨Stwist[U]− SG [U]⟩).

A = N1N2a
2 and a = 1

NtT
:

⇒ σo−o

T 3
=

N2
t

N1N2

∫ β1

β0

dβ
1

β
⟨Stwist[U]− SG [U]⟩.

5 Kajantie, Karkkainen, and K. Rummukainen 1991
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Measuring interface tension of o - o interface
Critical freezing

The transition barrier grows σc−d ∝ N2, so standard Monte Carlo does
not suffice in SU(N > 3).
We use Multicanonical Monte Carlo to sample the full distribution of
the first order phase transition. Given an order parameter O(s) and
weight function W (O(s)),

⟨A⟩ = ⟨A(s)eW (O(s))⟩
⟨eW (O(s))⟩ .

The order parameter is the Polyakov line |⟨Ps(x)⟩| smeared perpendicular
to the surface.
Multihistogram reweighting, modified for the multicanonical weights, and
jackknife with blocking give a smooth function.6

6 Rindlisbacher, Kari Rummukainen, and Salami 2025; Berg and Neuhaus 1992; Kari Rummukainen, Seppä,
and Weir 2026; Hällfors and Kari Rummukainen 2025; Ferrenberg and Swendsen 1988; Gattringer and Lang 2009
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Measuring interface tension of o - o interface
Finite volume
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• Multicanonical Monte Carlo and multihistogram reweighting
produces very smooth functions

• Since limNz→∞ ∆βc = βc,t − βc = 0, we need an ansatz for
extrapolating to βc
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Measuring interface tension of o - o interface
Finite volume
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• Multicanonical Monte Carlo and multihistogram reweighting
produces very smooth functions

• Since limNz→∞ ∆βc = βc,t − βc = 0, we need an ansatz for
extrapolating to βc
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Measuring interface tension of o - o interface
Finite volume effects

Comparing the Zi and Z0 systems, with limV→∞ σ̂V = σ/T 3,

Zi/Z0 = e
−σ̂V

L2

N2
t = Ae

−σ̂ L2

N2
t .

The prefactor A = ZbulkZzmZcw collects bulk Gaussian fluctuations, zero mode
IR divergences ∝ Nz , and capillary waves Kcw

7:

σV (β,Nt , L,Nz) = σ(β,Nt)−
N2

t

L2
(logNz + log (Kcw c̃(β,Nt))) .

The infinite volume σ(β,Nt) then extrapolates to Tc with an ansatz that
assumes perfect wetting:

σdd

T 3
=

2σcd(1− 3t)

T 3
c

+
δr0t

T 2
c

(1− log(δr0Tct/γ))

⇒ y = a(1− 3x) + bx(1− log(cx)).

7 Iwasaki et al. 1994; Holland and Wiese 2000
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Measuring interface tension of o - o interface
Perfect wetting

Perfect wetting deconfined-confined surfaces at βc join ”perfectly”
into a deconfined-deconfined surface with σoo = 2σod

⟨PL⟩ = 0 ⟨PL⟩ ≠ 0

z1 z2
N=8, Twist=1 N=8, Twist=2 N=8, Twist=3 N=8, Twist=4
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Measuring interface tension of o - o interface
Perfect wetting result in SU(4)
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• Perfect wetting aligns with z2 not necessarally with z1
• Both methods are in agreement
• CWT easier than integration but can extrapolate to βc more accurately
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Measuring interface tension of o - o interface
Casimir scaling in SU(8), Nt = 6
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Tension ratios are in good agreement with Casimir scaling.
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Measuring interface tension of o - o interface
Result in SU(8), Nt = 6
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• The z1 interface tension does not have perfect wetting

• The remaining twists are consistent with perfect wetting, and we
cannot resolve whether they differ

• Closer you go to βc the harder it is to detect the surface
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Measuring interface tension of o - o interface
Conclusions

• Both methods are in agreement

• Casimir scaling is in agreement with measurement as β → ∞
• Not all twists exhibit perfect wetting
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