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_ _ [1] See e.qg. LISA collaboration [1702.00786], LIGO Scientific collaboration [1607.08697], M. Maggiore et al. [1912.02622]
M Otlvatlon 2] See e.qg. V. Brdar et al. [1810.12306], E. Witten (Phys. Rev. D 30 (1984) 272)

oK
Sp(2N) has not been studied at finite temperature with fermions.

Next generation of gravitational wave detection experiments 1],

e \Window into primordial evolution of the universe

e First order phase transition — Relic Stochastic Gravitational Wave (SGW) Signal [2]

Strongly coupled, asymptotically free gauge theories:

e Many experience deconfinement phase transition at high 1’
e Studies of SU(N) Yang-Mills theories in the SGW context 3]
e Detectablility of SGW signal depends on the strength of the phase transition 3]

Sp(4) with Nf = 2 fermions in fundamental representation: realisation of
SIMP Dark Matter

S 3] See e.g. W.-C. Huang et al. [2012.11614], J. Correia [2505.17824]

For N > 2



Sp(4) gauge theory with ]\/} = 2 fermions in the fundamental representation

The Sp(2N) group family [1l'is defined as:

Sp(2N) < SU(2N) ol [@NxN I]NxN]

Y U € Sp2N) : UQUT = Q v Onsew

The theory Is described by the Lagrangian density:
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e Spectrum of the theory at 7 = 0 has been studied !/, G,=09A,-0A, +iglA,A]

DM = 6M + igAﬂ
[2304.01070]
[1909.12662]



Sp(4) gauge theory with ]\Q = 2 fermions in the fundamental representation

Bes

Programme of studying symplectic gauge theories on the lattice

Other Sp(4) talks at Lattice 2026:

* N. Brito: "Progress on scalar singlets and glueballs in lattice gauge theories
coupled to matter fields in multiple representations (2 fundamental + 3
antisymmetric)”

e(G. Simonetti: “Progress on Sp(4) Gauge Theory with Nf = 2 Fundamental
Mobius Domain Wall Fermions”



Sp(4) Yang-Mills

At finite temperature

The deconfinement phase transition:

e Polyakov loop Is order parameter

e |s a first order phase transition [1]

Theory studied in the context of dark matter: |*! (@)

e Symplectic glueball model of dark matter

e Computation of critical temperature, latent heat
and interface tension

Reweighted Polyakov loop histograms

B(F) = —Tr [ ] v 9]

1] K. Holland et al. [0312022], E. Bennett et al [2509.19009] Nc
2] M. Bruno et al. [2410.17122]




Diagram taken from [2]

Adding fermion fields

mmd = Q0

Crossover

For the deconfinment phase transition in QCD: 2,
e SU(3) Yang-Mills is first order

e At the physical point it is an analytic crossover |
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The presence of heavy fermions weakens the phase transition 2]

e A first order region and a crossover are separated by a
critical point, which is still a subject of investigation in SU(3)

Recent work has also investigated SU(4) ]
What happens in the case of symplectic gauge group?

1] Y. Aoki et al. [0611014]
2] F. Cuteri et al. [2009.14033]
3] V. Ayyar et al. [2602.23002]




Numerical approach

Lattice action:

e Wilson gauge action
o Nf = 2 dynamical Wilson fermions (fundamental representation)

e Sample the theory using the HMC via Grid on GPUs using hmcdj

Observables:

e Inspect Polyakov loop susceptibility scaling with spatial volume
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e Use multi histogram reweighting (where possible) R =—Tr|




Results



N , = Polyakov loop
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N ;= 4 Polyakov loop susceptibility
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N, =4

e Inspect the infinite volume
imit of ) / L;

e For a crossover this should
tendto O

e For a first order phase
transition this should tend
to a finite, non-zero
constant

X|a|(peak)/L”

* Yang-Mills is first order

* Heavier masses
compatible with first order

e | ighter masses compatible
with crossover

e Spatial volumes still quite small
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N, =06 Sparse scan
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e Preliminary scan of the phase space
e The bare masses checked so far have all been crossovers

e Reweighting can only be used in denser scans in [

Figures from lattices of volume 6 X 2473



Sp(4) Yang-Mills amgy = —0.87 - amo = —0.0
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Scale setting

Performed at . for N, = 6

» Estimate value of . at each value of amy,

e Perform zero temperature measurements at parameter values
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e ampg > 1 and mpg / my, ~ 1 while still in the crossover phase region

» Require values of (amy, p.) calculated at larger NV,
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Next steps
N, =4

e Estimation of critical bare mass value requires more data

N =6

e Search for first order region in larger bare mass
e Obtaining an estimate on the critical values allows approach to continuum limit

Larger NV,

 Should provide pairs of (am,,, p.) with more interesting zero temperature physics
near the confinement critical point

e Following lines of constant physics would allow estimation of continuum limit
values of the latent heat.

15



Summary

First investigation of Sp(4) at finite temperature with fermions

o Nf = 2 Wilson fermions in fundamental representation

 Theory is a minimal realisation of SIMP

U);(:E—I—ﬁ)
e Obtained first picture of finite temperature phase space in —
the presence of fermions Ui@) ¥ P AU+i)
o ) o
Phase structure at N, = 4 Uil

e Crossover at intermediate masses
e Signal of first order phase transition at heavy masses

Next steps

e Extend study to larger /V, aiming at continuum limit

e Larger /V, will also allow scale setting

16



Backup slides
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Lattice action

Wilson gauge action coupled to Nf = 2 dynamical Wilson fermions in the

fundamental representation:

Gauge action

5, = ,BZ Z (1 ZiVReTrPW)

X u<v

S:=S,+5,

A
D) = (— + moyy(x)

1

2a

Fermion action

Ny
S, =a*y piD,
i=1

2

U

(1= 1)U, (e + ) +

(1 + 1)U = ytx = )
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Multihistogram Reweighting

: FaaN H =38
Solve: N = W L=12
2
L=16
2P = Ll G Es N
s &djl T J/ s Lm| P .,
| = j aT T ’ . s
e Iteratively for source values [, e .
e Fix against drift . i \
g
e Use logsumexp trick . . . . . . .
0.36 0.38 0.40 0.42 0.44 0.46 0.48
Interpolate observable O at target f3: o
kT
(0p)) =— Y L
— Reweighted 2D Ising model magnetic susceptibility at H = 0
Z(B) ~ X nZ;expl(B — BE;]

[1] M.E.J. Newman and G.T. Barkema, Monte Carlo methods in statistical physics, Clarendon Press
[2] AVP, “pyRw: Fast multiple histogram reweighting in Python using numba”, https://qgithub.com/vataspro/pyRw
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https://github.com/vataspro/pyRw

Multihistogram Reweighting

Fundamental limitation:

| E(py) — E(p)| < op

e Energy (Euclidean action) histograms from source f# must overlap with target [
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[2] AVP, “pyRw: Fast multiple histogram reweighting in Python using numba”, https://github.com/vataspro/pyRw



https://github.com/vataspro/pyRw

Autocorrelation

The MCMC chains sampled have large autocorrelation times

N—7 P! _ 1 = :
Co =Y (0, = (0D O =~ (O)) 70 = Z}Co(z)

up var(O)

e Use the integrated autocorrelation time
e Estimate it using MS self consistent windowing

e Skip 2|7, | samples
e Follow by bootstrap for statistical error estimation

21



Finite temperature lattice gauge theory

By compressing the temporal dimension we can identify:

1
T

The expectation value of the Polyakov loop can be identified as:

(@) = "

22



Yang-Mills heat bath

Theory sampled at N, = 6
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Sparse N, = 4
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Scale setting
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Spectrum measurements
Co, () = D (0] 04(F, 6] (0,0)]0)
Ops = W'ysy/

Oy =y'yy/

1
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f— 00 A 2n/lM
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