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Sign problem (1/2)

Sign problem :
major obstacle to first-principles computations of various problems

Examples

- finite-density QCD

- Quantum Monte Carlo in condensed-matter physics
(strongly correlated electron systems, frustrated spin systems)

- finite 6 term (topological term)

- real-time dynamics of quantum many-body systems
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Sign problem (1/2)

Sign problem:
major obstacle to first-principles computations of various problems

WV-HMC for the doped Hubbard model

Examples LGT [MF-Namekawa, 2507.23748, 2508.02659]
- Ginite-density QCDY
- Quantum Monte Carlo iniccondensed-matter physics >
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LGT
—@e 6 term (topological terD

- real-time dynamics of quantum many-body systems

Today's talk

Formulation of Worldvolume HMC for pure LGTs
(with a new GPU-oriented codebase built from scratch)
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Sign problem (2/2)

H Lefschetz thimble method [Witten 2010, Cristoforetti et al. 2012, Fujii et al. (Komaba group) 2013]
L3 L3 N — — :
Generalized thimble method [Alexandru et al. 2015] 4 CY ={z=x+iy}

Deform the integ surface R" into (e C") /
on which the oscillatory behavior is mild

B Ergodicity problem in the Lefschetz thimble method

~5(z)

. =Sz _ -~ zero of e
Example : e =e (z—1) NOT ~ A7
POSSIBLE

zero of the Boltzmann weight
& infinitely high potential barrier

. . X
B Solution : prepare detours (tempering) RY
WV-HMC
Tempered Lefschetz thimble method Worldvolume Hybrid Monte Carlo method
[MF-Umeda 1703.00861] [MF-Matsumoto 2012.08468]

I - )

- Treat flow time as an extra dyn variable - Performs HMC on the worldvolume

: , : that is a continuous union of replicas
- First algorithm that solves the sign and

ergodicity problems simultaneously - Reduces comput cost significantly  12/11;



Picard-Lefschetz theory for group manifolds

[MF 2506.12002]
G ={U,} : compact Lie group (N =dimG : #dof)

We want to evaluate:

IG(dUo) e oW, (UO e G : dynamical variablej
[ (@, e @

(O) =

SWU,) € C : complex action

----------------------
- -~

Haar measure
G : complexification of G

g=®RT, = g =0CT, (G:SU(n) J
G ={efe” " |2,Z,..,2"eg"}) =G " =5L(n,C)

Cauchy's theorem ,Haar measure  holomorphic N-form g 20=G
0
—S(Up) -
(O) = jG(dUO) e VOW,) _ .[z(dU)Z € S(U)O(U) 0=dUU "' =T 6" (Maurer-Cartan)
Jo@un e [j@U), e s @u) =0 Ane”

anti-holomorphic gradient flow

U =DS(U)'U with U|_,=U, (5S(U) =tr| (sUU)DSW) | (DSU) € gc))
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Path integral over the worldvolume

s same as [MF-Matsumoto 2012.08468] [MF 2506.12002]
J; (dU),, e " "0U) t-independent

(O) = . < b
Lt @dU),, e t-independent  \JTmmmmmmm—mmmmmmgmmmoT GC
J.dt e_W(t).[ (dU)s e *OW) ) : chosen
= 2 : s.t. configs distribute
jdt e_W(Z)_[ (dU)y e S almost uniformly
%t ' over ¢
V()
U " FOOW) 5 =G
[ 1dUl, "D F) Ug
V(U)=ReSU)+W(tU)) /t.
F(U) _ dt (dU)Zt e_l' ImS(U) _ a_l detE e—i ImS(U) U/+ dU: rodt
|dU |, Jr
introduce momentum (velocity) (fl'drl;‘) |dU |
eight !
dQ e 1Y FU)yOW) {
e (H(U, )= Etrﬂﬂ + V(U)j .S
U/lav, =y @,y

- [ doe"UnFu)
TR . )
(base area

Phase space : tangent bundle of R (dS2 _Retrd 6, =y Haeb)
i 5,7y, = Vab¥0 Y0
TRE{(U,EHUER,EETUR}
symplectic form @ =d(z,dUU™") = symplectic volume form dQ = (Nl 1)'a)N+1
+1): [4/11]




Molecular dynamics over TR

[MF 2506.12002]

Algorithm

(i) inital momentum

- exact reversibility

O r=(7")eT GC < o7 #/2|- exact volume preservation
v - approximate energy conservation

@ z-o>rel;R to O(As?) at one MD step
ii) constrained MD (RATTLE -
(i) (RATTLE) MR
m,=n—-As[DV(U)] -2 B

F F
! e(myHh—1 €T
J U —e ( 1/2 1/2)e 1/2 U

L T = e€(7T1/2_771T/2)7Z-1/2 e_e(”l/z_”i/z) _AS[DV(U')]T '

AeN,R st. UeR

where
{ﬂ,ENU/R st. 77eT, R

(iii) Metropolis test

after repeating MD,

we update config from Uto U’ with prob min(1, e "+ U.m))

(iv) measurement

we estimate observables from the subsample

in a subregion 7A2/={U€73|7:03f(U)§f1} [5/11]



Molecular dynamics over TR

[MF 2506.12002]

Algorithm

(i) inital momentum

- exact reversibility

D 7= (7}1) ceT G « e—t”ﬂm - exact volume preservation
- v - approximate energy conservation
@ T—>rel,/R to O(As”) at one MD step

(ii) constrained MD (RATTLE) R
s v- N
m,,=rx—As[DV(U)] -2

! U' = eﬁ(”l/z_”llr/z)emf/z U

72" — ee(”l/z_”llr/z)72-1/26_6(”1/2—”;/2) _ AS[DV(U')]T _ Z’

.

agrees with the standard MD for compact G
(Where 7, =-r,, and 1 =1"=0)
after repeating MD,

/o
4 i
Uy=eU,

we update config from Uto U’ with prob min(1, e "+ U.m))

(iv) measurement

we estimate observables from the subsample

in a subregion 7§={U€R|foﬁf(U)§fl} [5/11]



Group-manifold structure in lattice gauge theory
Gauge group [MF (in prep)]
(G : compact group (e.g. G = SU(n))

{_ T =-T,
g=@PRT, with s trT.7, =5 ,,
’ [7., T,1=C,' T,

c

Configuration space in LGT : product group

G
]
G:HGx,y =4 UO :((Uo)x,,u)
X, 1
0=00., =DORU.L
X, H

X, U a

. tr(]-;c,u)a (Ty,v)b = _5xy5yv5ab
with i
[(T;c”u)gﬂ (Ty,v )b] = §xy§yvcab (Tx,,u)c

g
Partition function

Z = jG dU,) e > [(dUO) =[]« (Uo)x,#)j

Gauge invariance

{S(Uog )=S(U,)

for (U¢ — o (U cG
(dU(()g):(dUO) ( O)x,ﬂ gx( O)x,ygx-g-,u (gx )

Gauge transforamtion group {gx eG ‘x} : "redundancy” 16/11]



Gauge invariance in WV-HMC

[MF (in prep)]
Anti-holomorphic gradient flow

Uw =DS,,(U) U, , withU|_,=U,

(5S(U) =Yl (6U,,U.,) DS, (U)] J

Gauge invariance for flowed configurations [MF]

(1(U%) =1(U)
SU*)=SU _
<(ang; Ea’()f) for U%=8.'Usus (8:€6)
%, - z, A
_ |
dU* |,=]dU |, NOT G¢ same redundancy!

Reweighted average on worldvolume R :

V) V(U)=ReSU)+W(t(U))
[ 1dUl, e @ g) 0y = FO)OW))y Ay, .
[1dU e e FOn ) | FO= g5
R

gU))r =

|dU |

has the same gauge invariance as the original Pl! [7/11]



Application to pure lattice gauge theory

[MF (in prep)]

SW) =Sy, (U) + 5,0)

Il
|
~—
-
——

Wilson |

Sy (U) = ﬂzex Uyt U;,Iuav )J (,3 € C)

U<V

6 term (clover)

1
SQ(U)E—iQqu dx = 39 2 Z eyvpotrFx,y,va,p,O'
X 7T MV, 0,0
1
(Only for 4D) Fx,y,v = g(Ux,,u,v + Ux,V,—,u + UX,—,U,—V + Ux,—v,,u B ('u < V))

Anti-holomorphic gradient flow

U.,=DS, ,(U)U,_, with U|_=U, (5S(U) =Yt (sU,,U.,) DS, ()] j
X, u

X 4 X,

local

configuration: U =(DS)' U
o t

Hessian of S - sparse tangent vector : v= +[(DS)",v]

normal vector:7n=— —[DS,n]

Expected computational cost : O(N[logN]O_z) (N : #DOF o« volume)

[MF 2311.10663] [8/11]



Check of algorithm

SU(2) Wilson action with feiR(=Re(e)=0)

2D : 2x2 (Nconf=200)
(CPU : grid={2,2})

-01F

-02F

-0.3F

—04k

-05F

-06F

L L L 1 Bli
So 0.5 1.0 1.5 2.0

compared with exact values
0 - v
s~ 0 LLQT )1, (A)] °

n=l1

-0.2F

—04F

-0.6F

-0.8F

-1.0F

-1.2f

[MF (in prep)]

3D : 2x2x2 (Nconf=100)
(CPU : grid={2,2,2})

1 L L ' L L L i
“~~0.2 0.4 0.6 0.8 1.0 1.2 1.4 ﬂ/

compared with Tensor RG results
[MF-Kuwahara (in prep)]

Kuwahara's talk
16:30, Friday, July 31
Algorithms and Al
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Computational cost scaling

[MF (in prep)]

eTime (sec) . : eTime (sec) .
2D SU(2) B=i i o, 3D SU) B=i
] ‘ I |
6 CPU : GPU
5t i 15 3213
4-16’\2 GPU L i 10:‘ Sons 2843
3t 6412 | 5 2073
n2 i w” 1673
2Lf CPU : grid={2, } : 5 CPU : grid={2,2 , }
R GPU : grld {1,1} : ‘ GPU : grld {1,1,1}
’I . . . . A : a 2 2 a a a LA3
1000 2000 3000 4000 : 5000 1000015000200002500030000
I
) | 4D SU(Z) B 2i | eTime (sec)
eTime (sec)
514 4)2 ! .
1200} (CPU grid={2,2, ,2}) ¢,»"2X1o L* (logl?) 1:22 .+ .GPU
1000k GPU ; grld {1, , ,1} '// ’ 2’4/\4
800} | 1.5x104L* (logL*)’
600} --GPU 100¢

400} . 24" 1034 50}

200} ‘
i - i i LA4
100000 200000 _ 300000 L4 10F 5000 1x10° 5x10%1x10°
| 4D SU(2) B=2, 6=7t |
eTime (sec) .
- 110414 (logL#)? eTime (sec)
6000} (gl;ld rlcél {2,2 , ' }) (logl® 5000 .~ GPU
rl l l I "' - ¢

5000} grd={1.111) . | 09 x102 L logLey ans
4000} _GPU ,
3000} '24/\4 0.8 x10-2 L4 1000
2000F 500
1000}

100000 200000 _ 300000 L"4 5000 1x.1‘b4 5x10°1 % 10° L*4110/11]




Summary and outlook

W Summary : Formulated WV-HMC for LGTs using WV algorithm for group manifolds

- exact reversibility & volume preservation 7' = ;7 + O(As®) | © =116.. (G.,. =sum)
- approximate energy conservation to O(As*) at one MD step g :agg
- w/ a GPU-oriented codebase Dy

H Outlook
¥ Roadmap to finite-density QCD with WV-HMC :
v local fields
(e.g. complex scalars) > / pure YM ——
(w/ finite 6)

V' group manifolds  ——

e.g. one-site model) —> finite-density QCD

(w/ or w/o 6)
vV fermions [MF (ongoing)]
(e.g. Thirring, Stephanov, [Hubbard|)

V¥ Developing the algorithm itself [MF (ongoing)]
- incorporation of machine learning technique

- incorporation of other algorithm(s)

(e.g.) tensor RG (non-MC) cf) TRG for YM: [MF-Kadoh-Matsumoto 2107.14149, ..., MF-Kuwahara (in prep)]
Kuwahara's talk

¥ Real-time dynamics of quantum many-body systems [MF (ongoing)] 1630, Friday, July 31
. L . Algorithms and Al
- real-time correlators at finite temperature = transport coefficients
- light-cone correlators = PDFs and their generalizations

- non-equilibrium processes [11/11]



Thank you.
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Computational cost scaling

eTime (sec) . | Time (sec) —1[MF (|n rep)]
2D SU(2) B=i i T 3D SU(2) B=i Prep
- i PU
° Py : GPU
s} | 15} 3243
‘hep2 GPU | o ~y 283
3} 6412 n A
3242 . ! 232073
2bf 24n2 CPU : grid={2,2} : 7 1673 CPU : grid={2,2,2}
. GPU : grid={1,1} : GPU : grid={1,1,1}
———— developed a new GPU-oriented codebase [MF] |00030000 1"
....................... - designed primarily for WV-HMC IS
rime (sec) - GPU-first architecture built from scratch in C++17
elime (secC
U - aridend one MPI rank per GPU ey
:zzz (Gpu}%rr'id;{{1’,1 - CUDA-aware MPI with device-resident execution Fana
sool - explicit separation of data ownership and data views
s00} .| - deterministic counter-based RNG
400f g 273 10717 50f
200 84
N 2 . . L/\4
. . . L4 10} 5000 1x10* 5x10%1x10°
100000 200000 300000
| 4D SU(2) B=2, 6=m |
eTime (sec) Time (sec)
- 1x10-4 L4 (logL?)? elime fsec
6000} (CPU : gr[d={2,2,2,2}) e (logl®) s000
sooof \CPU:grid={L111) " 5990314 (logLe)
4000} <GPU
3000k 544, .- 0.8 x102 L4 1000
2000} 200 ’/'/%‘em
1000 8N4
1214
1674 _ _ . - . . A
100000 200000 300000 L4 5000 1x10* 5x10%1x10° L*4[10/11]
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