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Introduction

Trends of supercomputers

e Flop to Bytes: data movement is expensive
Lattice QCD is memory bound application
e Demand from Al application: strong supports to smaller data types (FP16/BF16/FP8 etc.)

= utilizing low precision arithmetics (i.e., small data type) is important

FP16: available on A64FX (Supercomputer Fugaku)

e pros: 2 times faster than FP32 (4 x than FP64), reduces data transfer
e cons: solver may not converge =| A stabilized solver algorithm

Ref: |.K. et al., SCA/HPCAsiaWS 26 [DOI:10.1145/3784828.3785398]
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IEEE FP16 and implementation

fraction 10(+1)bits, exponent 5 bits (3-decimal digits. 6.1 x 107> — 6.6 x 10%)
the exponent is only 5 bit (cf. BF16: 8 bit; A64FX has only FP16)

exponent fraction exponent fraction

sign (11 bit) (52 bit) sign (5 bit) (10 bit)
Il I I l |
[ J [ J [ J
[ [ ] [
63 52 0 oM _c c
o0 ° from wikipedia
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e code set: Bridge++
S. Ueda et al., J. Phys. Conf. Ser. 523, 012046 (2014); Y. Akahoshi, J.Phys.Conf.Ser. 2207, 1, 012053 (2022)

Implementation for Fugaku: T. Aoyama et al., PoS LATTICE2022 284 (2023) [Lattice2022]
e SIMD tuning with Arm C-Language Extension (ACLE)
lattice point dof in SIMD : site = (site % 32) + 32 x (site/32)
e types Floatl6 (C11 standard) and svfloatl6_t (ACLE)
e inner products and norms: calculate after converting FP32

o0 WU hup:/fbridge Kekp/ (gkice
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Iterative refinement (or preconditioned Richardson iterations)

we want: x s.t. Ax = b A=1-D.'D.,D;! D,
we know an approximate solution: x, (approx. x)
x, + A~'r is the solution with r = b — Ax, Ax,+A7'r) = Ax,+r=>5

e even if the cost of A~'r high, we assume that an approx estimate Aapp IS easy to obtain
e input: xg

1 rop:= b— Axg

2 /=0

3 while |r;| is not small enough do
4 Xiy1 = Xj + Aapp

& rig1 == b— Axjy

6 I =1+ 1

We apply low(half)-precision BiCGStab solver for Az},
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convergence behavior (Wilson Fermion)

Annual meeting of Physical Society of Japan, 2025.09
Fugaku, 16 nodes (32 x 32 x 32 x 64 lattice; a test configuration included in Bridge++)
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# mult # mult # mult
double w/FP32 w/FP16
iteration counts 1 12 70 e mixed with FP32 is the fastest
elapsed time 1 0.70 3.0 e need some care for FP16.
outer iter — 3 406

eigenvalues are complex; [Amax|/|Amin| = 1.22/0.069 = 17.7
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Improved Algorithm
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Why is FP16 case so slow?

1 rp = b— Axg

2 /=0
3 while |r;| is not small enough do
4 Xiy1 = X; + A;gpr,-

3 riv1 = b — AXjy1
6 =1+
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Why is FP16 case so slow?

1 rp = b— Axg

2 /=0
3 while |r;| is not small enough do
4 Xiy1 = X; + A;rlpr,-

3 riv1 = b — AXjy1
6 =1+

1 x=0,r=5> . .

: : r; become smaller as the iterations
2 while |r| is not small enough do . .

develop, so we in practice we use
3 s=|r|l,y=r/s /Iyl =1 .
. o - this with |y| = 1

4 solve low precision system: At = low_prec(y) for ¢
5 X=X+ %double(f)
6 | r:= b— Ax

e If yis a random vector with N elements, each element is ~ 1/V/N.
o For 323 x 64 lattice, N = 25165824 and 1/VN ~ 2 x 10~*

o smallest value in FP16: 6 x 107>, lots of underflow, maybe?
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new iterative refinement

1 x=0,r =b,s=given
2 while |r| is not small enough do
3 rescale the residual vector: y = ar s.t.||y| = s

4 y = low_prec(y)

5 s =|single(y)|

6 solve low precision system: | Af = y | for £
- 1 >

7 x = x + zdouble(t)

8 r.=b- Ax

e s is atunable parameter, assumed large
e because of rounding error, |y| # |low_prec(y)|: we recalculated value 1/s
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Wow! Mat-vec mult: 5518 — 920
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Wow! Mat-vec mult: 5518 — 920
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Further improvements

Inside the BiCGStab solver:

e the residual vector (and working vectors) may have the same underflow problem
e the solution vector may have overflow: A="|A;) = j—1|}l1>, A < 1
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BiCGStab: improved

1 X = xg, r = b— Ax, o = given, o, = given _
2 r*=r,p=0v=00p =|r|2 res. vector r: rescaled o, true res. is r /y’
s o = o — v 1 sol. vector x: rescaled o, true sol. is x/A’
4 while |r|/y’ is not small enough do
5 p=(rr),B= pp,(;,
6 p=B(p—-—wv)+r
7 v=Ap, a = (rf#)
8 ri=r—av,t=Ar
9 w= &0 o= &) if(d < wg) w = wwy/d
(tt) \‘/(t,t)(r,r),

_ A Al : :
0 X=X 9P update with rescaling
11 r =r—uwt
12 | (g=]rl,y=0/g
13 ri=yr _ _ _
14 | |y:=g/lr normalize the residual and working vectors
15 p=yp,V =YV
6 | w=wa=ap =yp,y =YYy
17 | |A=0oa/|x] . .
18 | |x:=Ax normalize the solution vector
19 A=A
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Improved result

Mat-vec mult: 920 — 834
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# mult

residual norm squared

30 7 FP16 — Nconv i 834;
10 FEPe4 Nouter=8
0 200 400 600 800
# mult

solver is the same as FP16 case.

1000

wo mixed with single prec., tolerance for low prec.
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New parameters

We have 3 additional parameters:

e s: norm of the input for the low prec. solver
e o normalization of the residual vector in the low prec. solver
e 0,. hormalization of the solution vector in the low prec. solver

= Two-parameter (s, o) or (s, oy = o) search of the optimal point without rescaling the solution
vector
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FP16 matrix-vec counts

(s,00=0)

(S’ O-) Number of FP16 matrix-vector multiplications Number of FP16 matrix-vector multiplications
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o in BiCGStab o in BiCGStab
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FP16 matrix-vec counts

N/A: due to overflow of the solution vector

S’ o mber of FP16 matrix-vector multiplications S’ O-A _
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256 512 1024 2048 4096 8192 16384
o in BiCGStab
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Underflow?

e ratio of zeros in the input vector for low-prec. solver
e mixed prec. with FP32 (red circle): after 2nd outer iteration, all elements become non-zero
e Ratio of zeros ~ ratio of underflowed elements

ratio of zero valued elements in the low prec. RHS vector

100 B T T T T T T T T
£ 1
s 10 ¢
=
g
]
§ 10'2 |
> 0o s s o o AlowXlow = biow
S 100} R - ] —
N 4
5 FP16: base s=1 —%— | How many zeros?
9 FP16: s=128 —>*—
© 104 FP16: s=128, 0=64 |
FP16: s=4096
FP16: s=16384 —>x— -
o5 ’ FP32 —o— |
1 | | | | | | | |
2 4 6 8 10 12 14 16

outer iterations
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Benchmark with Clover fermion
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It works: 96* lattice, M, ~ 146 MeV

2
L= FP64-FP16 mixed |
Al ]
5 L N le-3 |
1x10° | e-3
1x10710 | ]
w/o rescaling: «
1x107%° * D >
- Does not converge —
1x102%° |
1x1025 | S norescaling ]
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30 [ FP16 — ]
Ix10™ rFpega ]
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# low prec. mult
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20000

configuration: PACS collab., PoS LATTICE2015 075 (2016)

2
|res| FP64-FP16 mixed |
1 ]
1x107® g&&% te-3
-10 , %
1x10 i X
I e
1x10™° | o
| *X&Xxf\
1x10°20 : W&
131025 | s=512 sigma=256 &%X‘x&
e le-26)
1100 | FP16 —— [max iteration=120] Nconv=17456;
I FP64 ——— | | | ]
0 5000 10000 15000 20000

# low prec. mult

time [sec] speed up

FP64 BiCGStab 142.2
FP64-FP32 mixed 67.3 2.1

FP64-FP16 mixed 45.3 3.1
Fugaku 144 nodes
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2-point functions: m, ~ light/charm quarks

small residual norm does not always mean small error res|? is 1072
—fine, the same result as FP32-FP64 mixed prec. solver
Pion 2-point function eta, 2-point function
s FP32-FP64 — o F " FP32-FP64 —o— |
10 L FP16-FP64 —>x— | :>3? FP16-FP64 ~><~
1x107° |
% A 1x10%0 |
1} ?
7 1x1071° |
1x10°° |
0.1 | | S
,‘ | | | | ‘ | | | | 1X10_25 7 | | | | ‘:%» | | | |
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
t t
11 conf. 9347 sec — 6970 sec (1.34x vs FP32-FP64) 88 sec — 51 sec (1.72x) 144 nodes
Performance of Mat-Vec mult (A=1-D_.!D,,D;1D,.) FP64 161 GFlops/node
32 X 24 x 12 x 16 lattice /node FP32 329

FP16 521
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2-point functions: m, ~ light/charm quarks

small residual norm does not always mean small error res|? is 1026
—fine, the same result as FP32-FP64 mixed prec. solver
Pion 2-point function eta, 2-point function
e o RERI
Zoom up Fel == % FP64
R ' "
°°BHHWHMHM -
0.07 | ‘|||““““ I X0 %
0.06 b ‘ o - . 7 |
oos L 80 90 gz | FPIEFPOE % | 90
11 cont. 9347 sec — 6970 sec (1.34x vs FP32-FP64) 88 sec — 51 sec (1.72x) 144 nodes
Performance of Mat-Vec mult (A=1-D_.!D,,D;1D,.) FP64 161 GFlops/node
32 x 24 x 12 x 16 lattice /node FP32 329
FP16 521
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Additional tricks

o Implementation in FP16 against underflow: (U,y)f = (U)F v —(U)iwi+. ..

-~

may underflow

cf. [(UEIL 1(U)T] <1

e hopping: kUy,y = < V,w with V,, =toFP16( cU, ), c > 1
N——
FP64

e clover: D] =1+...

D.)w= L Geey + y With G, = toFP16(c’(D;, = 1)), ¢’ > 1

~

FP64
e inthistalk: c=128,c¢c =64

e maximum iteration for FP16 solver: fixed (but exits immediately if converged)

|. Kanamori, Lattice 2026 19/21



Conclusion and Outlooks
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Conclusion and Outlooks

e Mixed precision solver with half prec. (FP16): New algorithm with recaling

e 3 times faster than double prec., 1.3-2 times faster than mixed prec. with FP32
QOutlooks

e Domain-wall fermion

e more intermediate arithmetics and may cause more rounding error
e applying the rescaling to CG is straightforward

o feedback to GPU implementation
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FP16 matrix-vec counts: without rescaling of solution vector: (s, o)

Number of FP16 matrix-vector multiplications Number of FP16 matrix-vector multiplications
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o in BiCGStab o in BiCGStab
w/o recalculating y w/ recalculating y
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FP16 matrix-vec counts: without rescaling of solution vector: (s, o)

N/A: due to overflow of the solution vector

Number of FP16 matrix-vector multiplications

956 | N/A | 964 eyl 948 =050 972 BellEcPiis 966 5253
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w/o 1 64 128 256 512 1024 2048 4096 8192 16384
o in BiCGStab

w/o recalculating y
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FP16 matrix-vec counts: with rescaling of solution vector (s, o, = o)

Number of FP16 matrix-vector multiplications Number of FP16 matrix-vector multiplications
< <
& N/A | 987 ® 908 926 | =L 900 938 942 -y BLyEIENIY!
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o in BiCGStab o in BiCGStab
w/0 recalculating y w/ recalculating y
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s in Richardson

FP16 matrix-vec counts: with rescaling of solution vector (s, o, = o)

Number of FP16 matrix-vector multiplications

N/A | 987
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o in BiCGStab

w/o recalculating y
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908 926 | cliPAs 900 938 942 @ chil BipcREWeY

1100
8631 | 969 958 WcPII L)

1050

4096 8192 16384

910

9951 . 1035 998

. 1008 5.5¢4
of the parameters 1000
N N/A 9343 1047 958 980 | N/A
—

950
E N/A | 981 BElJol kY] 2.8e4
ﬁ 7323 S0 936 1.1e4 -900
8 0084 1049 BELVEEEEY 4964

-850
) 9400 | 968 YA 966 950 NCRXM 1858

-800
_ 1.9e4 4057 4135 3855 4128 3915 4197 3907 3795 N/A

w/o 1 64

128 256 512 1024 2048 4096 8192 16384

o in BiCGStab

w/ recalculating y
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Performance (Wilson)

time to solution

scheme s o o, lowprec.eyp?® #mult (low) time [sec.]
double — — — — 775 1.39
mixed w/ FP32 1 —  — 10712 989 0.96
mixed w/ FP32 1 —  — 1074 919 0.92
mixed w/ FP16 128 64 — 1074 858 0.46
4096 — — 1074 920 0.47
128 256 256 1074 834 0.46
Mat-Vec multiplication kernel
lattice size # node | double single half
32x16x 16 x 16 1 145 316 767 GFlops
32x32x%x32x64 16 2035 3895 8246 GFlops

= half-prec performance is more than 4-times of double prec. performance
(maybe effect of the cache)
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