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Introduction
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Trends of supercomputers

• Flop to Bytes: data movement is expensive

Lattice QCD is memory bound application

• Demand from AI application: strong supports to smaller data types (FP16/BF16/FP8 etc.)

utilizing low precision arithmetics (i.e., small data type) is important

FP16: available on A64FX (Supercomputer Fugaku)

• pros: 2 times faster than FP32 (4 × than FP64), reduces data transfer

• cons: solver may not converge A stabilized solver algorithm

Ref: I.K. et al., SCA/HPCAsiaWS ’26 [DOI:10.1145/3784828.3785398]
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IEEE FP16 and implementation
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fraction 10(+1)bits, exponent 5 bits (3-decimal digits、6.1 × 10
−5 – 6.6 × 10

4)

the exponent is only 5 bit (cf. BF16: 8 bit; A64FX has only FP16)

from wikipedia

• code set: Bridge++
S. Ueda et al., J. Phys. Conf. Ser. 523, 012046 (2014); Y. Akahoshi, J.Phys.Conf.Ser. 2207, 1, 012053 (2022)

Implementation for Fugaku: T. Aoyama et al., PoS LATTICE2022 284 (2023) [Lattice2022]

• SIMD tuning with Arm C-Language Extension (ACLE)

lattice point dof in SIMD： site = (site % 32) + 32 * (site/32)

• types Float16 (C11 standard) and svfloat16 t (ACLE)

• inner products and norms: calculate after converting FP32



Iterative refinement (or preconditioned Richardson iterations)
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we want: x s.t. Ax = b A = 1 − D −1
ee DeoD

−1
oo Doe

we know an approximate solution: xn (approx. x )

xn + A−1r is the solution with r = b − Axn A(xn + A−1r ) = Axn + r = b

• even if the cost of A−1r high, we assume that an approx estimate A−1
app is easy to obtain

• input: x0

1 r0 := b − Ax0
2 i = 0

3 while |ri | is not small enough do

4 xi+1 := xi + A−1
appri

5 ri+1 := b − Axi+1
6 i := i + 1

We apply low(half)-precision BiCGStab solver for A−1
app



convergence behavior（Wilson Fermion）
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Annual meeting of Physical Society of Japan, 2025.09

Fugaku, 16 nodes (32 × 32 × 32 × 64 lattice; a test configuration included in Bridge++)
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double w/ FP32 w/ FP16

iteration counts 1 1.2 7.2

elapsed time 1 0.70 3.0

outer iter — 3 406

• mixed with FP32 is the fastest

• need some care for FP16.

eigenvalues are complex; |λmax |/|λmin | = 1.22/0.069 = 17.7
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Improved Algorithm



Why is FP16 case so slow?
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1 r0 := b − Ax0
2 i = 0

3 while |ri | is not small enough do

4 xi+1 := xi + A−1
appri

5 ri+1 := b − Axi+1
6 i := i + 1



Why is FP16 case so slow?
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1 r0 := b − Ax0
2 i = 0

3 while |ri | is not small enough do

4 xi+1 := xi + A−1
appri

5 ri+1 := b − Axi+1
6 i := i + 1

ri become smaller as the iterations

develop, so we in practice we use

this with |y | = 1

1 x = 0, r = b

2 while |r | is not small enough do

3 s = |r |, y = r /s // |y | = 1

4 solve low precision system: Ãt̃ = low prec(y ) for t̃

5 x := x + 1

s
double(t̃ )

6 r := b − Ax

• If y is a random vector with N elements, each element is ∼ 1/
√
N .

• For 323 × 64 lattice, N = 25165824 and 1/
√
N ∼ 2 × 10

−4

• smallest value in FP16: 6 × 10
−5, lots of underflow, maybe?



new iterative refinement

I. Kanamori, Lattice 2026 8/21

1 x = 0, r = b, s = given

2 while |r | is not small enough do

3 rescale the residual vector: y = αr s.t. |y | = s
4 ỹ = low prec(y )
5 ŝ = |single( ỹ ) |
6 solve low precision system: Ãt̃ = ỹ for t̃

7 x := x + 1

ŝ
double(t̃ )

8 r := b − Ax

• s is a tunable parameter, assumed large

• because of rounding error, |y | , |low prec(y ) |: we recalculated value 1/ŝ



Wow! Mat-vec mult: 5518 → 920
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Wow! Mat-vec mult: 5518 → 920
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mixed prec. with single prec., tolerance for low

prec. solver is the same as FP16 case.



Further improvements
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Inside the BiCGStab solver:

• the residual vector (and working vectors) may have the same underflow problem

• the solution vector may have overflow: A−1 |λ1〉 = 1

λ1
|λ1〉, |λ1 | ≪ 1



BiCGStab: improved
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1 x = x0, r = b − Ax , σ = given, σλ = given

2 r ∗ = r , p = 0, v = 0, ρ′ = |r |2
3 ω′

= α ′
= γ′ = 1

4 while |r |/γ′ is not small enough do

5 ρ = (r ∗, r ), β =
ρα ′

ρ′ω′

6 p := β (p − ω′v ) + r
7 v = Ap, α =

ρ

(r ∗,v )
8 r := r − αv , t = Ar

9 ω =
(t ,r )
(t ,t ) , ω̂ =

| (t ,r ) |√
(t ,t ) (r ,r )

, if(ω̂ < ω0) ω := ωω0/ω̂

10 x := x + λ′

γ′ ωr +
λ′

γ′ αp

11 r := r − ωt
12 g = |r |, γ = σ/g
13 r := γr

14 γ := g/|r |
15 p := γp, v := γv
16 ω′

= ω, α ′
= α , ρ′ = γρ, γ′ := γ′γ

17 λ = σλ/|x |
18 x := λx
19 λ′ := λ′λ

update with rescaling

normalize the residual and working vectors

normalize the solution vector

res. vector r : rescaled σ, true res. is r /γ′
sol. vector x : rescaled σλ , true sol. is x/λ′



Improved result Mat-vec mult: 920 → 834
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mixed with single prec., tolerance for low prec.

solver is the same as FP16 case.



New parameters
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We have 3 additional parameters:

• s : norm of the input for the low prec. solver

• σ: normalization of the residual vector in the low prec. solver

• σλ : normalization of the solution vector in the low prec. solver

Two-parameter (s , σ) or (s , σλ = σ) search of the optimal point without rescaling the solution

vector



FP16 matrix-vec counts
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N/A: due to overflow of the solution vector

+ 6 × improvement in wide range of the parameters



Underflow?
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• ratio of zeros in the input vector for low-prec. solver

• mixed prec. with FP32 (red circle): after 2nd outer iteration, all elements become non-zero

• Ratio of zeros ∼ ratio of underflowed elements
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Benchmark with Clover fermion



It works: 964 lattice, Mπ ∼ 146 MeV
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configuration: PACS collab., PoS LATTICE2015 075 (2016)
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2-point functions: mq ∼ light/charm quarks
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|res|2 is 10
−26small residual norm does not always mean small error

fine, the same result as FP32-FP64 mixed prec. solver
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|res|2 is 10
−26small residual norm does not always mean small error

fine, the same result as FP32-FP64 mixed prec. solver
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Additional tricks
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• Implementation in FP16 against underflow: (Uµψ)R1 = (Uµ)R11ψR1
︸     ︷︷     ︸

may underflow

−(Uµ)I11ψI1 + . . .

cf. | (Uµ)Ri j |, | (Uµ)
I
i j
| ≤ 1

• hopping: κUµψ
κ
c
Vµψ withVµ = toFP16( cUµ

︸︷︷︸

FP64

), c > 1

• clover: D −1
ee = 1 + . . .

D −1
ee ψ

1

c′Geeψ +ψ with Gee = toFP16(c′(D −1
ee − 1)

︸         ︷︷         ︸

FP64

), c′ > 1

• in this talk: c = 128, c′ = 64

• maximum iteration for FP16 solver: fixed (but exits immediately if converged)
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Conclusion and Outlooks



Conclusion and Outlooks
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• Mixed precision solver with half prec. (FP16): New algorithm with recaling

• 3 times faster than double prec., 1.3–2 times faster than mixed prec. with FP32

Outlooks

• Domain-wall fermion

• more intermediate arithmetics and may cause more rounding error

• applying the rescaling to CG is straightforward

• feedback to GPU implementation
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Backup



FP16 matrix-vec counts: without rescaling of solution vector: (s,σ)
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w/o 1 64 128 256 512 1024 2048 4096 8192 16384
 in BiCGStab

16
38

4
81

92
40

96
20

48
10

24
51

2
25

6
12

8
64

1
s i

n 
Ri

ch
ar

ds
on

956 N/A 964 870 948 950 972 908 928 966 5253
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920 N/A 934 1022 1013 970 896 1016 966 944 4578

930 N/A 1109 974 966 980 896 958 880 994 5426

966 9304 936 934 920 966 924 946 1012 1005 5071

928 N/A 990 954 950 948 946 1059 952 972 5501
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FP16 matrix-vec counts: without rescaling of solution vector: (s,σ)
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920 N/A 1004 914 894 992 934 1159 956 950 6334

930 7915 988 976 918 920 936 900 1347 914 5355

966 N/A 928 918 924 906 970 918 950 1002 5228

928 N/A 916 920 922 868 964 860 960 972 5216

960 9519 960 910 970 948 946 958 930 990 5070

1166 9770 858 986 928 936 1014 996 934 958 4913

1676 9669 996 952 964 958 878 970 1016 1007 2379

5136 1.3e4 6973 7072 6372 6003 5105 7738 1.4e4 6.1e4 4.7e5

Number of FP16 matrix-vector multiplications
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1
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n 
Ri
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956 N/A 926 918 932 890 974 976 922 894 6924

1008 N/A 952 906 988 916 944 978 894 976 6985

920 N/A 934 1022 1013 970 896 1016 966 944 4578

930 N/A 1109 974 966 980 896 958 880 994 5426

966 9304 936 934 920 966 924 946 1012 1005 5071

928 N/A 990 954 950 948 946 1059 952 972 5501

960 1.0e4 983 912 982 894 976 978 970 978 4019

1166 9124 954 914 950 996 964 984 974 892 3193

1676 8218 1067 942 978 1013 930 926 946 1031 2766

5136 1.6e4 7499 6833 6530 5219 5137 6559 9626 8.8e4 N/A

Number of FP16 matrix-vector multiplications

800

850

900

950

1000

1050

1100

w/o recalculating γ w/ recalculating γ

N/A: due to overflow of the solution vector

+ 6 × improvement in wide range of the parameters



FP16 matrix-vec counts: with rescaling of solution vector (s,σλ = σ)
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N/A N/A 987 892 974 946 882 848 858 954 9788

N/A 8147 972 926 964 914 884 908 1026 914 1.2e4

N/A 8340 930 1025 928 904 984 942 966 930 1.5e4

N/A 9131 922 972 908 892 970 938 1008 978 2.6e4

N/A 1.1e4 974 948 936 973 1012 966 910 978 2.7e4

N/A 8312 975 962 932 950 942 900 896 950 7318

N/A 8891 1009 922 980 928 926 964 912 904 6902

N/A 8741 995 944 970 964 990 998 1014 932 3618

N/A 7702 1009 892 946 894 977 970 910 916 2455

N/A 2.1e4 4057 4171 4003 3817 3891 3669 3859 4409 N/A
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Ri
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N/A N/A 908 926 982 900 938 942 974 1023 1.0e4

N/A 8631 969 958 924 935 960 922 916 908 1.0e4

N/A 9951 944 1035 998 910 924 982 972 904 1.4e4

N/A N/A 975 988 938 934 926 896 854 1008 5.5e4

N/A 9343 1047 958 944 920 898 958 894 980 N/A

N/A N/A 981 900 934 946 928 942 950 970 2.8e4

N/A 7323 920 960 936 960 906 946 920 926 1.1e4

N/A 9084 1049 894 834 944 978 1002 946 904 4964

N/A 9409 968 872 958 930 962 966 950 924 1858

N/A 1.9e4 4057 4135 3855 4128 3915 4197 3907 3795 N/A

Number of FP16 matrix-vector multiplications

800

850

900

950

1000

1050

1100

w/o recalculating γ w/ recalculating γ



FP16 matrix-vec counts: with rescaling of solution vector (s,σλ = σ)
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w/o 1 64 128 256 512 1024 2048 4096 8192 16384
 in BiCGStab
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N/A N/A 987 892 974 946 882 848 858 954 9788

N/A 8147 972 926 964 914 884 908 1026 914 1.2e4

N/A 8340 930 1025 928 904 984 942 966 930 1.5e4

N/A 9131 922 972 908 892 970 938 1008 978 2.6e4

N/A 1.1e4 974 948 936 973 1012 966 910 978 2.7e4

N/A 8312 975 962 932 950 942 900 896 950 7318

N/A 8891 1009 922 980 928 926 964 912 904 6902

N/A 8741 995 944 970 964 990 998 1014 932 3618

N/A 7702 1009 892 946 894 977 970 910 916 2455

N/A 2.1e4 4057 4171 4003 3817 3891 3669 3859 4409 N/A

Number of FP16 matrix-vector multiplications
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N/A N/A 908 926 982 900 938 942 974 1023 1.0e4

N/A 8631 969 958 924 935 960 922 916 908 1.0e4

N/A 9951 944 1035 998 910 924 982 972 904 1.4e4

N/A N/A 975 988 938 934 926 896 854 1008 5.5e4

N/A 9343 1047 958 944 920 898 958 894 980 N/A

N/A N/A 981 900 934 946 928 942 950 970 2.8e4

N/A 7323 920 960 936 960 906 946 920 926 1.1e4

N/A 9084 1049 894 834 944 978 1002 946 904 4964

N/A 9409 968 872 958 930 962 966 950 924 1858

N/A 1.9e4 4057 4135 3855 4128 3915 4197 3907 3795 N/A

Number of FP16 matrix-vector multiplications

800
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900

950

1000

1050

1100

w/o recalculating γ w/ recalculating γ

+ 6 × improvement in wide range of the parameters



Performance (Wilson)

I. Kanamori, Lattice 2026 (appendix)25

time to solution

scheme s σ σλ low prec. ǫtol
2 #mult (low) time [sec.]

double — — — — 775 1.39

mixed w/ FP32 1 — — 10
−12 989 0.96

mixed w/ FP32 1 — — 10
−4 919 0.92

mixed w/ FP16 128 64 — 10
−4 858 0.46

4096 — — 10
−4 920 0.47

128 256 256 10
−4 834 0.46

Mat-Vec multiplication kernel
lattice size # node double single half

32 × 16 × 16 × 16 1 145 316 767 GFlops

32 × 32 × 32 × 64 16 2035 3895 8246 GFlops

half-prec performance is more than 4-times of double prec. performance

(maybe effect of the cache)
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