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Introduction - Motivation

Rare flavor-changing neutral-current decays are powerful probes of
new physics [M. Fedele, PoS (WIFAI2023) 022]

e b — s(d) transitions: B —» K*~, B — K(*)Z+£_, B, -yt

Long-distance hadronic matrix elements involving four-quark
operators
e Dominant theoretical uncertainty in B-decay phenomenology

First-principles nonperturbative determinations of complex
Minkowski-space amplitudes via lattice QCD

e Spectral-density methods [R. Frezzotti et al., Phys. Rev. D 108 (2023)
074510]

; j d*z (P T[ 0y (2)J5(0)] |1)

Spectral reconstruction makes the renormalization of four-quark
operators even more important

e Complicated mixing pattern with operators of the same and/or lower
dimension (UV power divergences).

e Renormalization of contact (UV power) divergences in the time-ordered
products of four-quark operators and electromagnetic currents
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Introduction - Motivation

» Gauge-invariant/coordinate-space renormalization scheme (GIRS):
[V. Gimenez et al., PLB598 (2004) 227,
M. Costa et al., Phys. Rev. D 103 (2021) 094509]
e Consider vacuum expectation values of two or more gauge-invariant
operators O; at different spacetime points:

(01(I1)02($2)..-(’)n(zn)), (1‘1 F Ly F e F In)

e Integrate (sum, on the lattice) over time slices
3~ 3 - - 3
Jd l‘l"'J'd Zn-1(01(Z1, 1) On-1(Zp-1,tn-1)0n(0,0)),

(ty #tg # - #Fty,_1 #0)

e Good features:

1. No need for gauge-fixing, 2. No contact terms, 3. No need to consider
mixing with gauge-non-invariant operators

e Challenges:

1. When mixing occurs, n > 2-point Green’s functions are needed,

2. Calculation of Feynman diagrams with more loops at each perturbative
order than Green’s functions with external elementary fields,

3. Narrow renormalization window: Aqcp < p < a_l7 w~ |z — z; |_1,
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(N

where I" € {1, s, Vs Y V55

Operator Setup

» Four-quark operators: (Lorentz scalar and pseudoscalar)

(XX @

a a,B

F’ € {F7 'Y5F}

e We define operators with symmetric/antisymmetric flavor indices:

where
(O
(Orr

R

(Of o) 7
(O )R
(Ofr e 5
(O )7,

f1,f2

VF'})f37f4 =

f1.f2

Opvs O';LV'YS} = {S7 PaMAszf}v Opv =

(OI‘F'+F'F)§3 Fa

Pap g ( )(Z Y @) T v, 7 ))

a' o\

1 f1.
*[(0{1" F'})f; T (O{F F’})f4 fg]:

f2
2[ O{FF} fs i~ (O{FF} fmfa]’
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1 )fl,fz )fl,fz
2 O 1 fs,fa O Vfa,f3

f1,f2

V= O+ (OB R

') f3,fa

(OFF’—F’F)f;’ﬁ = (Orr')gjﬁ - (OF'F);;:Zv
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Operator Setup

» Classification into irreps of SU(Ny) (for mass-degenerate quarks)

]

Ne-tlr ® N ® L ® L -

]

SR ne N == e == N == 2 R ==
fE @f@}@f@@f@@f@@

o f1,f2 on f1,f2
(O[r.r’])fg-M (O[F,F’])fs,le

@ A+ f1.r2

%] f1,f f1.f
(O{r,r’})‘fi,fi (F‘F’))fé,fi <O{r,r’))f3-,f4

S

5+ f1.f2 =+ f1.f2 f1.f2 f1.f2 on f1.f2
(O[F,F’]>f:s-f4 (O[F,F’])fs,m (O{F,F'))f:s-,f4 (O{r,r’))fs,m <O{F.F’)>f:s-f4
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Operator Setup

» Classification into irreps of SU(Ny) (for mass-degenerate quarks)

AE fi.f2 _ + f1.f2 1 Yo f1.f2 1 At f1.f2
(O(I‘.["))f:}nf/l = (O(F,F'})f3,f4 - (N + 2)(O(F»F'))f31f4 - Ny(Ns+ 1)(O(F,F’})f3,f4’
roH f1.f2 £ ot f1.8'

(Or )z = ;(5 730 (rr))f 1 + 87 *p(0 {r,r'))frym

f2 f1.f' 2 At f1.7
+o! f4(0(r r’}) f' +4 f4(o{r r’})f;,f') - Vf(o{r,r’})fé,fi’

o

O = @70 267 1,67 0) 3 (OF o) s
£t
<+ fi.f2 f1,f2 1 == f1.f2
(O[F r'])fj-f4 = (O[ ])fs fa 7(O[F7F'])f3,f4’
Yo fi,f2 _ f1 ot 7.2 f2 + f1.0'
(O[FWF'])fB,fAL = Z(é [F F])f fa +é (O[F r‘])f’ fa
7!
i + flife  of + f1.f!
+6 1f4(O[ ])fs Il +6 2 (O[F,FI])fsyfl)y

= A —+
O*: completely traceless, o*: pure trace (flavor singlets), O™ : support the
adjoint representation of the flavor group.
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Operator Setup

» Operators for flavor-changing processes

© AF =2:[ (£ = fo and f1 ¢ {f3, fa}) or (fs = fa and J5 & {f1, fo}) |

= Only traceless operators:

Y
O{F,F'}’ O[]—*J—-!]
L[ (81, £, fs, fa) ave all different |

= Only traceless operators:

3+

6?1“.1“’}’ O[rir’]
2. ‘ (f1 € {f3, fa} and fa2 € {f3, fa}) or (f1 € {f3, fa} and fy € {f3, f4})

= Operators transforming under traceless or adjoint reps:

<+ =t — —t
Owr,ry Orrys Oty Or

e AF =0: ‘ (f1, f2) are pairwise equal to (f3, f1)

= All classes of operators:

5+ +

< -t -~t At
Oy O[1".r’]7o{l“-,l“'}7 Orr,r'1y Ofr
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AF =1 traceless operators
» Operator basis [Frezzotti and Rossi, JHEP 10 (2004) 070]

Parity even Parity odd
Qi = Ovviaa, Q1 = OV asav,
Q3 = Opy-aa, Q5 = Ova_av,
Qs = Oss5-pp, Q5 = Ops-sp,
Qi1 = Oss4pp, Q5 = Obsssp,
Qs = Orr, Q5 = 6;T~

» Mixing sets: Consider also CP symmetries [Spanoudes et al., Phys.Rev.D
113 (2026) 034504]

st:{of, @5, @3, @i, Qi)
ssa:{oi},

st {0t of},

s; {3, i},
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Renormalization Setup

» Mixing matrices
5 5
+R + * + R + +
Ql = Zzlm‘sz Ql = Zzlm ms l:17'~~,5
m=1 m=1

+

7 ZI;'Q Zli:; Zli4 ZI;'5 z5 0 0 0 0

. Z2;1 ZQ;Q Z2;3 Z2;4 Z2;5 . 0 22;2 22:3 0 0
AR Z?il Z%Q Z3;3 Z3;4 Z3;5 , Z7 = 0 23 233 9 9
Z1 Zia 243 Za4 Zys 0 0 0 Zyu Zi5

Zs Ziy Zss  Zay  Zss 0 0 0 Z3, Zs

e To determine all mixing coefficients (diagonal+nondiagonal), we need to define
25 conditions for Z* and 9 conditions for Z7. Similarly, for Z~ and Z~.
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Renormalization Setup

» Green’s functions in GIRS:

e The determination of the mixing matrices requires the calculation of both
two-point and three—poilgt functions.
e For the parity-even QQ~, we consider:

Gorig:(t) = [ @@ (@t [e50.0]'),
G o 00) = [ [ 7 (0 (G0 @F (6,0) 0 (-7, -1))

where (Op)fl t (x) = e (z)T¢y, () is a quark bilinear operator.
e Similarly, for the parity-odd Qi, we consider:
2pt _ 3= [ Atz ez
¢ = [ (et@n[e@o]),

3pt 1
Or; QF; Orqyg (t.1)
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Renormalization Setup

» Renormalization conditions in GIRS:

e For the parity-even operators Qt, the 25 conditions can be obtained:
* 15 conditions from two-point functions:

5
2pt GIRS _ + \GIRS +GIRS 2pt 2pt free . .
(G M7= ) (Zi)" (25)7 7 Ge (2 (1) = [G s (O], i 5 4,
Q7 MZI : I Qi:Qr QiQF

* 10 conditions from three-point functions: 30!/(10! 20!) possible choices!

5

3pt GIRS GIRS GIRS 3pt _ 3pt free
[GOrle ,or(t’ )] = (Zor Z or;Qﬁ;or(t’t) - [Gor;Qf;or(t )]

where i € [1,5], T € {1, ¥5, Ym> Ym?5, Tmns Tma} (m,n are spatial
directions).
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Renormalization Setup
» Renormalization conditions in GIRS:

e For the parity-odd operators Qi, the 9 conditions can be obtained:
* 7 conditions from two-point functions: (1 + 3 + 3 for each block,
respectively)

2pt GIRS _ + \GIRS2 ~2pt 2pt free
G t =[(2 G t)=[G t s
[ Q%;Q%( )] [(211) 1 Q%;Q%( ) =1 Q%;Q%( )]
3
2pt GIRS _ + \GIRS, o+ \GIRS 2pt 2pt free . .
[ ()] = (Zk) (Z'L) Gy _()=[G7Y ()] , (4,5 =2,3),
Q797 kJZ:2 ‘ 7 Q507 Q7:95
[G2pt (t)]GIRS _ i (21 )GIRS(Z‘; )GIRS a2rt () = [G2pt (t)]frcc (i,j=4,5)
g = ik 3l ()= + ot > (4,5 =4,5),
QiQj ki l=4 Qi Q79

where @ < j.
* 2 conditions from three-point functions: 4 possible choices!

3
3pt 1\1GIRS _ ,GIRS ,GIRS + \GIRS 3pt
[ (t,t)] =Z Z (Z:%) G (t,t)
Or:Q}:Orys or orms k2::2 o+ Or;Q3i0rys
3pt free .
=[G t,t =2 3
[ o opn, (0177 (=2 0r8),
3pt GIRS _ _GIRS , GIRS < + \GIRS 3pt
[ (t, )] =z z (Zi%) (t,t)
or;QF;0ryy or Orvs k; ik Or:Qf:0rqy
(e (t,)]7°°, (i=4 or 5),

or;Qf;0r.;
where I' € {, v, Omn} (m, n are spatial directions).
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Calculation
» NLO calculation in dimensional regularization: [M. Constantinou et
al., Phys.Rev.D 110 (2024) 074506, G. Spanoudes et al., Phys.Rev.D 113
(2026) 034504]

e Two-point functions:

2pt N

G (t) = 6|t|9(6f1 '5f2flli6flfi6f2fé)x

Q7iQ5
1 1 1 + i
(85,7 67,72 67, 57,71 (a0 + a1 V),
2pt _ N f1 f2 f1 f2
GQ%;Qf(t) = 7r6|t|9 (6 O R0 b fé)x

512"‘5136 f1 6f f2 +6f f2 6}" a’l] o +a”’1N

SRR

® = Q, or Q Wavy (solid) lines represent gluons (quarks). Diagrams 2 and

4 have also mirror variants.
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Calculation

e Three-point functions:

3pt _ Ne iop f2 f1 f2
Gor;@%;@r(t’t) T 446 (67 g 07 267 1, 672 ) %
1 1 1 1 i i
(5.)‘3 4 5f4 s i'5f3 f2 5f4 h ) (diF;O + diF;lNc)7
3pt _ Ne iop f2 f1 f2
GOF;Q%;OF«,g,(t’t)_ 7446 (6 OO0 f:';)><

51 51 ! 1 1 1 ~t ~t
((_1) > 3(sf'sfl 5f4f2 i5fe.f2 5f4f1)(d;rf‘;0 +d;rF;1NC)
| E : 2 %
% 4 5
®=QF or Qf, m=Or or Or.;. Wavy (solid) lines represent gluons (quarks).

Diagrams 2-5 have also mirror variants. 142



Conversion matrices

» Conversion matrices from GIRS to MS:
+\MS +\MS,GIRS, ,+\GIRS +\MS ~+\MS,GIRS ; 5 +\GIRS
(z7)"" =(C7) (257, (27)7 =(C7) (7).

P> We explore a wide range of GIRS variants and identify those with reduced
mixing effects. For a promising variant, we have extracted the NLO
conversion matrices to MS (see next slide).

e Selected 3pt functions for Qi:

3pt 3pt 3pt 3pt 3pt

GS'Q%; (tat)z GP~Q%; (tvt)v GVﬁ;Q%;Vi(t’tL GS;Q%;S(t7t)’ GP;Q%;P(tvt)z
3p 3pt 3pt 3pt 3pt

Gs 0,8 g(t:1), G o8 5(t:1), GP;Q?P(t,t), Gvi;Qg;vi(t’t)’ G, 0 (t t),

e Selected 3pt functions for Qi:

G, (1), G°P

;08P t,t).

sg P(

P Alternative variants: a democratic version that treats all mixing operators
uniformly (see [Spanoudes et al., Phys.Rev.D 113 (2026) 034504])
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Conversion matrices

» Conversion matrices from GIRS to MS:

+

(C3;

(C3

» More results on [Spanoudes et al., Phys.Rev.D 113 (2026) 034504]

2
QMS

)

)

MS,GIRS _ (n
) AT
2 -
)m,GIRS — 5. Sslh
ij

1672

> [oi + (@) + 2v) hiju | NE + O(g35(A)),

k=-1
+1

Y (G + (@) + 2vm) R | NE + Ologs (i),

k=—1

- - o3 o3 o3 F F 3
i [ J [ 9ij;-1 [ 9ij;0 [ 9ijs+1 Miji-1 [ hij;0 [ igitl
1 1 —869/140 +379/140 7[2 3 F3 0
2 2 -9/2 0 7/2 -3 0 0]
2 3 0 F2 0 0 76 0
3 2 0 +£99/280 0 0 0 0
3 3 -38/35 0 251/140 -3 0 3
4 4 -307/112 + 31n(2) +169/140 251/140 -3 3 3
4 5 -269/480+1/2 In(2) +(869/1680 - 1n(2)) 0 1 F1/2 0
5 4 —269/40 + 61n(2) F(29/140 - 121n(2)) 0 12 +6 0
5 5 -1229/240 - 31n(2) +309/140 1709/420 1 3 -1
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AF =1 operators in the adjoint representations
» Operator basis

Parity even Parity odd
—t —1
OVV+AA: OVA+AV’
—t —1
Oyv-aa, Ova-av,
—z —1
Oss-pps Ops-sp;
—z —1
Oss+pPPs Ops+sP;
—x —z
OTT7 OT’I:’

» We focus on the weak current-current operators entering the effective
Hamiltonian for b — s decays: [Frezzotti et al., Phys.Rev.D 113 (2026) 034509]

(DirpPrvs) (D2voPLl), (BivpPrwl)(BlvpPrwi),  Pr=(1-s)/2

» Mix with lower-dimensional operators (power-divergent mixing on the lattice)
Nonperturbative renormalization strategy by Frezzotti et al., [Phys.Rev.D 113
(2026) 034509]

» To determine the full operator mixing set, we further investigate relevant
spurionic symmetries on the lattice for mass-nongenerate quarks.

» A preliminary study in lattice perturbation theory, using Osterwalder-Seiler
(OS) fermions, is ongoing.
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AF =1 operators in the adjoint representations

» Candidate operators of dimensions < 6 that can mix with the four-quark
operators under study (in addition to the four-quark operators):

2F;d=3

o? = Py (x)p(x)

035 = P (2)vse()

OFF = 0 (2) 0, G (2) iy (@)

ogF;d’E’ = QOE (z) s Oy uu(ﬂd’b( )

O3 = (g (2)v(x))

077 = o(dy(2)ys¢s ()

OF = g0 G Byt (&) = s (@)D G () (2))
0" = g0 15 G Byt () = B () Dy Gy (2 (2))
OgF;dzﬁ = 900, (%57 Gpvibs)

077 = 900, (Bsv570 G )

oFFae 00,0, (s (z)vuthp(z))

075 = 9,0,0, (% (@)5 7.6 ()
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AF =1 operators in the adjoint representations

07" = aa(«z () B ()
037 = 8,0,(ds(2)v57, D thn(2))
o5 = g (w (@)D, Dy ()
01" = 8,(u(2) D5, Dytin(x))
01" = §,(2)Dyv, B, Dy (a)
013 = §,(2)Dyv57, D, Dty (a)

» The list has been substiantially reduced when considering GIRS.
Gauge-noninvariant operators and gauge-invariant operators that vanish by
the equations of motion (~ 30) have been excluded.

19 /25



Summary and outlook

We classify the four-quark operators into traceless, singlets and operators that
support the adjoint representation of the flavor group.

‘We study the renormalization of traceless operators using GIRS
We explore a wide range of GIRS variants in continuum perturbation theory
and identify those with reduced mixing effects.

For promising variants, we have extracted the next-to-leading-order
conversion matrices between GIRS and MS scheme.

A renormalization study of AF =1 operators that mix with
lower-dimensional operators on the lattice is currently in progress.

A renormalization study of contact terms appearing in long-distance
amplitudes calculated by spectral reconstruction methods is currently in
progress (together with Prof. Martinelli)

Future plans: Extend our study to AF = 0 operators

20/25



Relevant Papers:

1. M. Constantinou, M. Costa, H. Herodotou, H. Panagopoulos and G.
Spanoudes, “Gauge-invariant renormalization of four- quark operators,” Phys.
Rev. D 110 (2024) 074506 [arXiv:2406.08065 [hep-lat]].

2. G. Spanoudes, M. Costa, K. Mitsidi and H. Panagopoulos, “Classification of
four-quark operators with AF' < 2 under flavor symmetry and their
renormalization in a gauge-invariant scheme,” Phys. Rev. D 113 (2026)
034504 [arXiv:2511.04305 [hep-lat]]

THANK YOU FOR YOUR ATTENTION!

Acknowledgements: It is a pleasure to thank V. Lubicz and G. Martinelli for
useful communication. The project EXCELLENCE/0524/0001 (StrongILA) is
implemented under the programme of social cohesion “THALIA 2021-2027",
co-funded by the European Union through the Cyprus Research and Innovation
Foundation (RIF).

\ ]
WA
4
Co-funded by N4
the European Union o N
Republic of Cyprus

RESEARCH
& INNOVATION
FOUNDATION

21/25



BACKUP SLIDES



AF =1 operators in the adjoint representations

» We employ Osterwalder-Seiler (OS) fermions with a clover term [ETMC,
Phys. Rev. D 107 (2023) 074506]

Sosja(my,ry) = Z@;j(r)[qv —iys WE(ry) +ﬂzf]t)f(1ﬂ)

TV =

b | =

Yo Vet V), Wil = Z ViVt Ma(r) + —rsu > 0 [Quu () — Quula)]
" v

» Spurionic symmetries of the OS action:

CS°P =Cx 8% (rs o rp) X (ms & myp)

PP =Px(ry--ry), forall f Jei G - —vwp@)T o, S {djs o Py
PYs < Py
Pssp 5735><(mf H7'm,f), for all f Uu(z) - (Ul(z))T
Yp(a) = yovylep), op = (xo,~7) py(x) = y5v0¢p(zp), ap = (x0,-Z)
. Pr(z) = dp(zp)vo, e bp(x) = =drl@p)v07s,
" | Uo(=) = Uo(zp), *7 M Us(a) ~ Uolap),
Uk(z) » Ul(zp —ak), k=1,2,3 Uk(z) = Ul(zp —ak), k=1,2,3
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Spurionic symmetry transformations

Operator cssP PP PP

OfF"dZS + + -

o2Fid=3 . B .
+ + -
+ - +
+ + -
+ - +
- + +
. _ _
+ + +
- + +
. _ _
+ + +
- + +
+ _ _
+ + +
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Spurionic symmetry transformations

Operator

cssP

PP

TF;d=6
1

+

+

+

+

+
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